MATEMATHNYECKAS JIOTUKA
A. B. SIKOBJIEB

1. VICYUCJIEHUE BBICKA3BIBAHUI

1.1.ApudmMernka BbICKa3LIBaHHH. B 5ToM myHKTe MBI He 3a00THMCA O CTPO-
rocru ussoxennsi. OCHOBHBIM TOHATHEM SIBJISETCS MOHIITHE 6blCKA3bI6AHUSA. Bbi-
CKa3bIBAHMEM MBI HA3BIBAEM JII0DOE YTBEPKIEHUE, PO KOTOPOE MOKHO CKA3aTh,
UCTUHHO OHO uJjint JI0xHO. KoHeuHo, a1y bpasy Hesib3s IpUHSITH 33 CTPOrOe OIpene-
JIEHUE TOHATUS BHICKA3BIBAHNUSA; MBI IPOCTO CBEJIN €r0 K IPYTOMY TEPMUHY ymeep-
acdenue. Bpouem, Bpsim ji BO3MOXKHO JATh HU HA YTO HE ONMMPAIOIIEECS CTPOroe
ompeneseHne KakKoro-anoo mepBOHAYAILHOIO MOHATHA. [[0mOOHYTO Ke CUTYyaITrio
MBI UMEJIU [JI MHOXKECTB: HHKAKOrO TOYHOTO OMPENEesIEHNsT MHOKECTBA, MBI JATh
HE MOTJIN, U OBLIIO BO3MOXKHO TPUBECTH JIUIIh HECKOJIBKO CHHOHUMOB TOTO MOHSITHUST
(COBOKYNMHOCTH, KOJIJIEKIMs U T.II.), MO3BOJISIOMAX COCTABUTDL O HEM MPEINCTaBJIe-
HUE.
[IpuBemem HECKOJIBKO MPUMEPOB BBICKA3HIBAHMIA.

) Boura Bnagaer 8 Kacnuiickoe mope.
) Hanousieon ymep 5 mas 1821 rona.
4) Tperbe Thicstyesterne naunercsa 1 sasapsa 2000 roxa.

) Menuatbl HEBBIPOKIEHHOTO TPEYTOJILHAKA NEJIATCA UX TOYKON Iepecede-
HUS IOIIOJIaM.
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(6) Cpenu nepsbix 10'%° uudp necsaruunoro pasnoxenus 4ucia e + T BCTPe-
TATCSA TOOPHAT, 108? HyJI€eit.

BoickassiBanus (1)-(3) ucrunnsl, BoickaspBanus (4) u (5) noxebel. Uro xacaercs
BbICKa3biBaHuA (6), TO MBI He 3HAEM, U BPsif JIA KOTMa CMOKEM y3HATH, UCTUHHO
OHO MJTN JIOXKHO; OIHAKO, 9TO TEM He MEHee sIBJISIeTCS BLICKA3BIBAHNEM, TOTOMY YTO
OHO WJTU BBIMIOJIHSIETCS, WJIA HEeT, He3aBUCUMO OT TOTO, 3HAEM JIM MbI PABUILHBII
OTBeT.

Bymem 0603Ha9aTh BBHICKA3BIBAHUS OOJIBITMMA JIATUHCKAUMHU OYKBAaMU, BO3MOXK-
no, ¢ uanekcamu: A, B, C, D;, A' u r.u. Ilycrs mam maH HeKOTOpbIE HAGOD
BBICKA3bIBAHUI, KOTOPbIE Mbl OYIEM HA3BIBATH NPOCMbLMU BbICKa3biBaHUAMEI. W3
HUX MOXKHO COCTABJISITH HOBBIE BBICKA3BIBAHUSA MPU MOMOIIN HECKOJIBKUX 3JIEMEH-
TapHBIX KOHCTpyKIuii. Hanpumep, eciin A u B — npocThie BHICKA3BIBAHUS, TO MbI
MOYKEeM COCTaBUTH BhicKasbiBauus A u B” ) ”A wom B”, "uwom A, wau B” | "u3
A cnemyer B”,” A, B skBuBaJsiednTHbI”, "He B”. XOTa CMBICJI 9TUX HOBBIX BbI-
CKA3bIBAHUI TIPEICTABIISIETCS SICHBIM, HEOOXOIMMO BHECTH HEKOTOPBIE YTOUYHEHUS 1
Pa3bICHEHUsI: Bellb HAII PA3TOBOPHbBINA A3BIK 3a9ACTYIO JIOMYCKAET HEOTHOZHATHOE
TOJIKOBAHWE, & B MaTEMaTHKE TaKOe TMOJIOKEHIe HEIOITYCTUMO.
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BrickaspiBanue " A m B” HasbiBaercsa kousoHkyuel BbiIcKasbiBannii A u B; oHO
O3HAYAET, 9TO OJHOBPEMEHHO BBITOIHAIOTCA 1 A, u B. 11 KOHBIOHKIUA BBICKA-
seiBaHmit A 1 B ncnosbsyercs obosuadenne A& B. Brickasbianne A& B nctuHHO
TOTHA ¥ TOJILKO TOTIIA, KOTMIA MCTUHHBI 00a BhICKa3biBaHudA A u B; ecam XOTs ObI
OIIHO U3 BBICKa3bIBaHUH A, B JIOXKHO, TO M UX KOHbIOHKIUsT A& B JI0XKHA.

BoickaspiBanue ” A namm B” o3Hadaer, 4TO BBIIOJIHAETCS XOTs Obl OOHO U3 BbI-
ckasbiBaauii A, B. TloguepkHeM, 9TO MOTYT BBIMOJIHATHCS U 002 BHICKA3BIBAHUS; B
Pa3TOBOPHOM PYCCKOM $I3BIKE€ CJIOBO ”MjIn” WHOTIA MOHUMAETCSA B TOM CMBICJIE, 9TO
JIOJI2KHO BBITIOJIHATHCS B TOYHOCTU OJTHO M3 BhICKasbiBaHuil. OO03HAUAETCS BBICKA-
spiBanue ” A witn B” gepes AV B u HazbiBaercs dusstonkyueii A u B. ITn3boHKIMs
AV B ucrunHa, €CJM UCTUHHO XOTs ObI OIHO W3 BbiCKa3biBanuit A, B; ona sBIisi-
eTCsT JIOKHOI TOJILKO B TOM CJIydae, KOTa JIOXKHbBI 00a BhickasbiBauusa A, B. Eme
pa3 MomYepKHEM PA3HUILY MEXKIY IU3bIOHKINEN U TaK Ha3bIBAEMOU paddesumens-

Hotl dusstonkyuel "wau A, mam B” | KoTopas sIBJISETCST UCTUHHOW TOrIA, KOTIaA
MCTUHHO B TOYHOCTH OJIHO M3 BbICKa3biBauuii A, B.

TounbIil cMBICJ BbICKa3bIBaHusA ” He A” coBmagaer ¢ OOMENPUHATHIM: OHO UCTUH-
HO, ecyiu A JI0XKHO, U OHO JIOXKHO, €CJIu A NCTUHHO. DTO BHICKA3BIBAHIE HA3LIBACTCS
OTpULIAHMEM BbICKa3biBaHusi A u obosnadaercs —A.

BrickasbiBanue ” A, B 9KBUBAJIEHTHBI? TOXE WUMeeT OOINENPUHSATHIA CMBICJT:
OHO WCTUHHO, €CJiu 00a BBICKasbiBaHusi A, B OTHOBPEMEHHO MCTUHHBI WJIU OIHO-
BPEMEHHO JIOXKHBI, U OHO JIOXKHO, €CJIN OJHO W3 BhICKasbiBaHuit A, B MCTUHHO, a
JIPYroe JIOKHO. ITO BHICKA3bIBAHME HA3BIBAETCS HKBUBAJIEHTHOCTHIO 1 0BO3HAYA-
erca A + B.

Haxkomer, BoickasbiBanue "u3 A caenyer B”, HazbiBaeMoe umniukayuel 1 3a-
nuceiBaeMoe B Buge A — B, cunTaercs JIOKHBIM TOJBKO ecu A ucrunno, a B
soxHO. Takum 06paszoM, U3 JIOKHOM NOCHLUIIKA CJIEyeT BCE, 9TO YIOIHO, & U3 WC-
TUHHOW MOCBHLIIKU CJIELYIOT TOJBKO UCTUHHBIE BBICKA3bIBaHUA. B 0ObIIEHHON pedun
MBI HE BCErga TOHMMAEM CJIeIOBAHUE UMEHHO B TAKOM CMBICJIE, MO3TOMY MpUBE-
JIEHHOE BBIIIE€ YTOYHEHWE MOHSTUS UMILIHKAIUN ObIJI0 HeoOXomuMbIiM. OTMmerum
KJIACCUYECKUIl puMep UCTUHHON MMIJIMKAINY, PUBEIEHHBIH XaycmopdoM B ero
”Teopun muoxkectB”: ecsim 1 = 0, TO BCe BeIbMbI 3€JICHbBIE.

[TpnMeHsst HECKOJIBKO Pa3 3TU ONEPAINN, MBI MOXKEM COCTaBHUTh HOBBIE, 6osiee
CJIOKHBIE BBICKA3bIBAHWA. YKayKeM HECKOJIbKO TPUMEPOB TaKMX COCTABHBIX BbI-
ckaspiBanmit: 7((A&B) — C) « (B&C), (A - B) - C) & (A - (B = (0)),
(=(AV B)) - (nA&—-B). Ecnu Ham M3BECTHO, UCTUHHBI WU JIOKHBI IPOCTHIE
BbIcKasbiBanusa A, B, C, TO MBI JIErKO MOXKEM BBIYNC/INTH 3HAYEHUE NCTUHHOCTH
IJTsT JTIO6OTO COCTABHOTO BBICKA3bIBaHMA. B KadecTBe mpuMepa mpojesaeM 3To IJ1s
BeickasbiBannsa —((A&B) — C) « (B&C), npennosnoxus, uro A joxHO, a B
n C ucrnanel. BrickaspiBanne A& B JI0XKHO, Tak Kak JIOXKHON SIBJISIETCS ONHA
U3 KOMIOHEHT KOHbIOHKIuY; nosromy umivmkanus (A&B) — C ucrunna, 3ua-
qut, orpunanue 51oii ummmkannn —((A&B) — C) noxso. [lanee, KOHBIOHK-
[ysl ABYX MCTUHHBIX BbICKasbiBaHuit B&C ucTHHHA, W IOTOMY 5KBHUBAJICHTHOCTH
=((A&B) — C) ¢ (B&C) ucTuHHOrO U JIOXKHOTO BHICKA3BIBAHUI JIOXKHA.

Tor ¢axT, 4T0 BhICKa3bIBaHUE UCTUHHO, Oyaem 0b603HaYarTh OYKBOM "u”, a JIoxK-
HBIM BBICKA3bIBAHUIM OyIeM COMOCTaBIATh OyKBYy 7. 3HAYEHNE UCTUHHOCTH BbI-
ckaspiBanust A Oymem obosHadIaTh |Al.
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1.2. Aarebpa BbicKasbIBanui. Tak ke, Kax Ipu mepexone oT apudMEeTUKH K
ajredpe Mbl BMECTO KOHKPETHBIX HATYPAJIbHBIX YUCE HAYMHAEM PACCMATPUBATH
TPOM3BOJIbHBIE YUCJIA, O0O3HAYaeMble OyKBaMU &, Yy U T.1., Oyaem 00o3HAYATH OY-
kBamMu X1, X, ... TMPOU3BOJILHBIE BHICKA3BIBAHUS. V3 HIX MOXKHO COCTABJISTEH HO-
BbI€ BBICKA3bIBAHUs. TOUYHEE rOBOPS, BHICKA3BIBAHUS OMPEIE/ISIIOTCS CJISLY FOIIIM
obpaszom.

Onpenenenwne.
(1) ”u” u”n” — BbICKA3bIBAHUS;
(2) X,, — BbICKa3bIBaHHE IJIsT BCAKOTO HATYPAJILHOTO YHCAA T > 1;
(3) ecam A, B — BrickaseiBanns, to (A&B), (AV B), (A —» B), (A + B),

(mA) — TOX)E BBICKA3BIBAHMHAL.

Hukaxoe Bbipaxkernne, KOTOpOE HE MOXKET ObITh MOJIyYEHO 10 YKA3AHHBIM IIPABH-
JiaM, He sIBJISE€TCS BBICKA3BIBAHHEM.

Takum 06pa3oM, BCAKOE BBICKA3BIBAHUE — 3TO CJIOBO B aJi(paBUTE, COCTOSIIEM
u3 6yKB 9 (n’ n)n’ »&n’ ” n’ LN », LPEN n’ nﬂn’ ”JI”, »Xnn (HO He BCe CJIOBA
SIBJIAIOTCS BbICKasbiBaHusaMu). OObIYHO GBIBAET HEyIOOHO HUCIOJIb30BATH GECKO-
HEYHBIN aJ1haBUT; 3TOrO MOKHO U30€KATH, €CJIM BMECTO DECKOHEUHOTO YNCIa, OYKB
X, ocraButh Bcero nse OykBbl — X m ', u BBecTn obozuagenns: X1 = X, Xo = X/,
Xs=X"urn.

B onpenenennu BbICKa3bIBAHUS BAXKHYIO POJIb UIPAIOT CKOOKM; OHU JAOT BO3-
MOYKHOCTH OJHO3HAYHO BOCCTAHOBHUTH MOCTPOCHNE BHICKA3BIBAHUS U3 MPOCTEHIINX
BhICKa3bIBanuii "u”, " 1”7, ” X,,”. OgHako, B majbHelineM Mbl OyaeM OmyCKaTh IJIst
COKDAIIEHUS 3aMUCH 9aCTh CKODOK, CYUTAsI, YTO OMEPAIUsi — MPEAIIECTBYET Olle-
panusiM &, V, a 3TH [IBe Olepalyy MPEIIeCTBYIOT ONEPAluIM —, <>, TaK ¥Ke,
Kak B ajrebpe BO3BEIEHUE B CTElEHb MPEINIeCTBYeT YMHOXKEHWIO U [IeJIeHHu0, a
OHU TMPEIIIECTBYIOT CJIOKEHUIO U BEIYUTAHUIO. JI1000e BhICKa3bhIBAHUE, KpoMe "u”
17,7 X,,”, 3aKJII09EHO B CKOOKU; 9TH HAPYKHBIE CKOOKM MbI OyHeM, KaK MPaBUIIO,
omyckarh. HakoHer, MbI OyIeM OMyCKaTh CKOOKM B KOH'bIOHKIIUSX U JIU3bIOHKIIN-
sX Bostee YeM IBYX BBICKA3bIBAHWM, CAUTAsl, YTO CHAYAJIA AefiCTBIHEe MPOU3BOIUTCS
HAJI IEePBBIME JIBYMsI BBHICKA3BIBAHUAME, 32T€M HAIl TOJIYYEHHBIM BBICKA3BIBAHUEM
U TPETHUM BBICKA3bIBAHMEM W T.[. Hampumep, MOJIHON 3aMMChi0 BBHICKA3LIBAHUST
Xl&XQ&X3&X4 6yneT (((Xl&XQ)&X3)&X4)

BrickasbiBanust X; Ha3BIBAIOTCST DJIEMEHTAPHLIMU BHICKA3bIBAHUAME. Beskoe
orobpazkeHne MHOKECTBA dJieMeHTapHbIX BbicKasbBanuil {X; |i = 1,2,...} B MHO-
JKECTBO U3 JIBYX 2JIEMEHTOB {1, J1} eCTeCTBEHHbIM 0OPA30M [IPONOJIKAETCS 110 OIU-
CAHHBIM BbILIE OPABUJIAM 10 OTOOpazkeHus B {u, 1} BCEro MHOXKECTBA BbICKA3bIBA~
uuit. Takum 06pa30M, KaKIOMY BBICKA3bIBAHUIO A OTBEYAET ero (PYHKIIUST UCTUH-
HOCTY, COTIOCTABJISIIOIIAA KAXKIOMY HAOOPY 3HAYEHWI MCTUHHOCTY 3JIEMEHTAPHBIX
BBICKA3bIBAHWI 3HAYEHWEe UCTUHHOCTU BbicKasbiBauusa A. Hanpuwmep, dyskins
HCTUHHOCTH PACCMOTPEHHOro Bbime BbickasbBanua A = —((X;&Xs) — X3) <
(X2&X3) onuceiBaercs cuenyiomeit rabsuieil 3HadeHnii:

Xilmw mw wmw wmw a O A JA
Xolw mw g g mw umw Ja Ja
Xglwm 1 mw a wmw Ja #u J
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[Iycts I — HEKOTOpOEe KOHEYHOEe MHOKECTBO MHIEKCOB; MBI OyaeM 0003HAYATD

gepes \/ A; m A\ A; IU3BIOHKINIO W KOHBIOHKIWIO BhICKasbiBanmili A;, i € I, B3a-
iel iel

THIX B IPOU3BOJILHOM TOpsKE (BCe YTBEPKIEHUs, B (DOPMYIMPOBKE KOTOPHIX OY-

IyT Yy9aCTBOBATH 9T OOO3HAUEHUSI, BHIMOJIHSIIOTCS MpU JIFOOOM TOPSIKE BBHICKA-

sbiBanuii). KOHBIOHKIMS NyCTOr0 MHOXKECTBA BbICKA3bIBAHUI cYMTAETCS PABHON

BBICKA3BIBAHAIO “u”’, & MU3BIOHKIINASA IyCTONO MHOMXKECTBA BBHICKA3BIBAHUI — BbI-
cKa3blBaHuoo "Ji1’.

Teopema. ITycrp {u,n}" — n-s gekapToBa CTENEHb MHOXKECTBA {1, 1}, T.e. MHO-
2KEeCTBO BCcex HAOOpOB (€1,...,En), TAKHX 4TO £; = W HJIM €; = J1 IJIs JIOOOIO i,
1 <@ < n. Janee, nycrb I — nonmuoxecrso {u,n}". Cyxaenue

Xi= (A X0&l A\ X))

(e14..0En )€l HEi=m Jgj=a

HCTHHHO TOLJa H TOJIBKO Tornga, korga (| Xi|,...,|Xy|) € I.

Hoxasameavemeso. Konvionkuus (A X;)&( A —X;) ucrunua rorna u ross-
1,6, =0 JrEj=a

KO TOTIA, KOIa 9JIEMEHTAPHOE BBICKA3bIBAHUE X ; NCTUHHO IIPU yCJIOBHU, 9TO &;=1
U JIOZKHO IPH YCJIOBUHM €;=J1; UHbIMU CJIOBAMHU, 9T KOHBIOHKIUSI NCTUHHA, €CIIM 1
rosibko ecan (| Xi|,...,|Xn]) = (e1,...,€n). BoickasbiBanme X aBisgercsa nnsb-
IOHKIMEl TeX W3 9TUX KOHBIOHKIW, KOTOPBIE OTBEIAIOT HAGOpaMm (€1, - . .,Ey ), NIpH-
HaJJIeXKAIUM [; OHA UCTUHHA TOIJA U TOJILKO TOIIA, KODJA UCTHHHA OJHA U3 ITUX
KOHDBIOHKIHI, T.e. xorma (| Xi|,...,|X,|) € I.

CaencrBue 1. Ecsm nonmuoxecrsa I, J muoxecrsa {u,1}" He coBuaunawor, 10 u
(GyHKOUM UICTUHHOCTH, OTBEYAIOIMINAEe BhICKA3bIBAHUSIM X1, X 7 HE COBHATAIOT.

CaencrBue 2. IIycrs f(&1,...,&) @ {u,n}" — {u,n} — ¢ynkuus, conocra-
BJISTIONIAST KAXKIOMY HAOOpYy 3HAYEHHIT HCTHUHHOCTH 2JIEMEHTAPHBIX BHICKA3BIBAHUIT
onua u3 cumBoJioB "u”, "n”. CymectByer BbickasbiBanne X, (PyHKIHT HCTHH-
HocTH 1Ist koTOporo coBmnagaer ¢ f(&1,...,&,), T.e. Takoe BBICKA3BIBAHHE, ITO

|X| = (X1l [ Xn])

Hoxasamenavemeo. Ilycts I C {n,s1}"™ — MHOXKECTBO BCex TeX HAGOPOB (€1, . . ., &p),
[Tt KOTOpBIX f(€1,...,&,) = u. Torna BeickasbiBanue X ; MICTUHHO TOTIA U TOJILKO
rorma, korga (€1, ...,6,) € I, Te. xorma f(e1,...,&,) = 1.

BriBaror takue BBICKa3bIBaHUA, KOTOPbIE ABJIAIOTCA HCTUHHBIMH IIPpHA JIFOOBIX
3HAQUEHUSAX UCTUHHOCTU OCHOBHBIX BBHICKA3BIBAHMI Xl, XQ, ..., TaKne BBbICKa3bIBa-
HUSI HA3BIBAIOTCS MOHNCICCTNGEHHO UCTNUHHBIMY T MaAGMOAOLUAMU. HpI/IBeIIeM
HECKOJIBKO IIPpUMEPOB TaBTOJIOTHIA:

Xl&XQ — Xl, X1 — (_le \/Xl), ((XQ&_|X1) — (JI)) — (X2 — Xl)

1.3. ByuaeBnl anredopbl. PaccMorpum onun Tun aaredbpamdecKux CTPYKTYP, KO-
TOPBIIl OYEHDb XOPOIIO TPUCTIOCOOJIEH /11 OMMCAHUST AJIreOPhl BHICKA3BIBAHUH.
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Onpenesenue. BysieBoii airebpoil Ha3pIBACTCSI MHOXKECTBO B, Ha KOTOPOM 3a1a-
HbI JBe OMHAPHBIX OIIEPAIIHd — CJIOXKEeHHe 4" u ymHOXKeHHe ’-”, omHa yHapHAs
onepanns — JONOJHEHHE T — T’ H B KOTOPOM BBLICJICHBI IBE KOHCTAHTHI — 0 1 1,
npuYeM [IJIs JIF0OBIX 3JIEMEHTOB T,Y, 2z € B BBIMOJHSIOTCS CJIEmyromue COOTHOIIE-

HUA:

) (3aKoHbI mOrVIONIEHUsT) T + X =T, T - T = X;

) (kommyTaTuBHOCTB) T+Y =Y+ T, T-Yy =Yy x;

3) (accommarmsuoctp) T + (y + 2) = (a: +y)+z,z-(y-2)=(x-y)-z
) (mucrpubyrmsrOCTH) T-(y+2) = (2 y)+(2-2), (z-y)+2 = (2 +2)-(y+2);
) (cBoiictrBaOmnl) z-0=0,z-1=z,24+0=z,2+1=1;
) (CBOHCTB&,L[OHOJIHGHI/IH) rr' =0,z4+2" =1, (z+y) ="y, (xy) =2'+y,

(2")" =

Baxueiimum npumepom 0yJieBoit arebpol siBiisercs MHOKecTBO P(A) Beex mom-
MHOXKECTB HEKOTOPOTI'O MHOXKECTBa A, ,HeﬁCTBPIH Ha O IIOOMHOXKEeCTBaMu1 OIIpeaesICHbI
ciemyrommm obpasom: aist iobeix X, Y C A

X+Y=XUY, X-Y=XNY, X'=A\X={a€X|a¢ X}

Enuununeii 6ynesoii anrebpor P(A) aBiserca Bce MHOKeCTBO A, a HyJiemM — mycroe
[IOJIMHOK€ECTBO.

B nmasbuefiniem Mbl 9acTO OyIEM OMyCKATh 3HAK YMHOXKEHUS - M 9aCTh CKODOK,
[IOJIb3YSICh IIPUBLIYHLIMU COIVIAIIEHUSIMU O TOM, YTO yMHOMKEHHUE IPEIIeCTBYEeT
ciaoxenuto. Hanpumep, Bolpaxkenue Ty + ztu B pa3sBEpHYyTOM BUIE BBITJISIUT TAK:
(2-9)+ (= (t-u)).

Bce ob6prunbie asrebpamyeckue TOHATUA — MOmAJIredpa, roMoMopdusM, m30-
MOP(U3M M T.II., ECTECTBEHHBIM 00Pa30M MOr'YT ObITH OIpPeNeseHbl U 111l OyJIeBbIX
asirebp; MbI OIIy CKAEeM BCE 5TH OlIPee/IeHIsI, [IOCKOJ/IbKY OHI HUYeM He OTJINYAF0TCSI
OT COOTBETCTBYIOIIUX ONPEIEIeHU [IJIs1 TPYTI, BEKTOPHBIX TPOCTPAHCTB, MOIYJIei
u ap.

B nocienytomux paccyxaeHusx HaMm OyaeT yaoOHO IPUMEHSTh CJAemyiomee 000-
sHagenne. [lyctb b — ssiemenT HekoTOpOil OysieBoiil asredpsbl, U MyCcTh € paBHO 1
nim -1; gepes b° mbr Gymem 0603HAYATH 3JIeMenHT b, ecymm € = 1, m syement b, ecom
e=—1.

I[Iycts B — mpowmsBosibHass OysieBa ajredbpa, u mycrb by, ...,b, — KakKue-To

snemenTsl n3 B. Ecoau I — mogMHOXecTBO n-if mexkaprosoit cremenn {1,—1}"
n

muoxectBa {1, —1}, To obosHaunm by = > (II%). B uacruoctu, by = 0,

(El,...,Sn)EI i=1

by = X (16 =[Gi+b) =1

(F1semen) =1 i=1

JIemma. /s smo6bix nogmuaoxects I, J C {1, —1}"
br +by =brus, br-by=bins, br=Dbpmnr-

Kpowme Toro, ms moboro s, 1 < s < n, smement by cosnanaer ¢ by, rae I(s)
— MHOXKECTBO BCEX Te€X HAOOPOB (€1, ...,Ep), B KOTOPbIX €5 = 1. Takum obpaszom,
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muoxkectBo S(by,...,b,) Bcex asemenroB by sBJsiercs nogasrebpoii 6ysieBoii aJi-
reopel B; ona comepxur ssiemeHtsr by, ..., b, u comepxurcs B Jr000H momareope
OyJ1eBOIi asrebpbl B, obsiagaroreii 2TuM CBOHCTBOM.

Hoxazameavcmeo. YtBepxkaenue by + by = bryy cpasdy ciemyer u3 3aKOHA IO-

[JIOIIEHUS JIJIsI CyMMbI. 3aMETUM Telepb, 4TO ecyu (€1,...,En) # (01,...,05) Cy-
n

n
MECTByeT HOMEp §, TaKoil uTo £, # 0,; mosromy mpomssemenne ([ b5') - ([T b%%)
i=1 =1

COnEepXKUT COMHOKNTESN by, b, 1 moromy pasHo 0. 113 AuCTpHOY THBHOCTH 1 3aKO-
HOB ITOTJIONMIEHWS 7151 YMHOXKEHUsI W CJIOXKEHUS CJIELYeT, YTO MPOU3BeIeHne
n n

bobr=C S (Ten-C S (5

(e1,--en) €I =1 (61,...,0n)EJ i=1

n

COCTOUT TOJIBKO U3 TAKUX cjaraeMbix |[ b;', koropsie Bxomar u B by, u B by, u
i=1

TTOTOMY b[ . bJ = b[ﬁ].

[Tycts renepn J = {1,—1}"\ I; u3 yxe mokasaHHOro cJjenyer, 410 by + by =
brur =1, by - by = by = 0. Ilosromy bII = b’I(b[ + bJ) = bllbi + b’IbJ =0+ bIIbJ
brby +b'IbJ = (b[ +b’1)bJ =1-b;y=0by.

n

Hakower, b, = b, [[(b; +0;) = >[I0 =by,.

i#s (81yeenseEn) =1
es=1

Bymem roBopuTh, 9TO TIOCTPOEHHAS B TOJBKO YTO JOKA3AHHONI JIeMMe momaJire-
opa S(b,...,b,) mopoxaena smemeatamu by, ..., b,. Ecau S(by,...,b,) = B, 10
roBOpHUM, 910 by, . . ., b, — mOpoKmaromas cucrema 0y aeBoit aaredpsl B; ecoin K TO-
my xke Bce asiementot by, I C {1, —1}", passiuunbl, T0o roopum, 4ro B — csobonnas
OysieBa asrebpa co cBObomHBIME Obpasyitomumu by, . . ., b,. 3 aToro onpenesenuns
cJjiemyer, 9To cBOOOmMHAs OyJsreBa ajaredpa ¢ 1 CBOOOIHBIMY 0OPA3YIOMIUMU COCTOUT
u3 22" s1eMeHTOB.

IIycre Tenepn {b;|i € I} — kakoe-To, BoOOIIE roBOPs, GECKOHEYHOE CeMEHCTBO
aeMeHTOB u3 B. Bynem roBoputs, uTo OyieBa aaredpa B mopoxaeHa 3TuM cemeii-
CTBOM, €CJIU [Ij1s JII0OOTO 3JieMenTa £ € B CymecTByeT ero KOHeYHOe TOACeMeRCcTBO
{biys...,bi, }, rakoe aro x € S(b;,,...,b;,). Hanee, ecnn Gysnesa anredbpa B mo-
poxknena cemeiictBoM {b;|i € I} u ecam Njia KaxKJIOrO KOHEYHOTrO MOjCeMeiicTBa
{biy;...,b;, } mHOKeCTBO S(bjy,...,b;,) ABIAsETCA CBOGOMHON OyseBoit asrebpoil
co cBobonubIMU OOpasyommMu b;, , .. .,b; , To Mbl roBopum, 4yro B — cBoOOIHAA
GyseBa asirebpa co cBobouHbIMU Obpasytomumu {b; |i € I}.

1.4. ByJieBa asre6pa BbIcKa3bIBaHWH. ByaeMmM roBopuTh, 9TO ABA BBICKA3bI-
Banusi A, B 3KBHUBaJIEHTHBI, €C/TN BbICKa3biBanue A <> B aBisieTcs TaBToJiorueii.
[TockoJIbKY 9KBUBAJIEHTHOCTH NCTUHHA TOT/A W TOJBKO TOTAA, KOraa obe eé gacTu
MMET OJMHAKOBOE 3HAYEHNE MCTUHHOCTY, IPUXOAMM K BBIBOIY: JBa BBICKA3BIBA-
uusi A, B 3KBUBAJIGHTHBI TOTHA U TOJBKO TOTHA, KOTHA TPU JIFOOLIX 3HAYEHUSTX
UCTUHHOCTH 3JIEMEHTAPHBIX BhICKa3biBaHuit X; 00a BhicKasbiBanus A, B omHOBpPe-
MEHHO UCTUHHBI I JIOKHBL. OTCioa u u3 Toro pakTa, 9T0 3HAYECHUE UCTUHHOCTH
BoickazbiBanuit A&B, AV B, A, A — B, A < B BnoJjiHe onpenenasercs 3Ha-
YEHWsIMU MCTHMHHOCTHU BBICKa3biBaumii A, B, cpasy BbITEKAeT CJIEMAYIOEe BazKHOE
yTBEpK IeHTE.
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Jlemma. (1) Bcskoe BbiCKa3bIBaHHE 9KBUBAJIEHTHO CAMOMY cefe.

(2) Ecsn BpickasbiBanue A 5KBHBaJIEHTHO BbICKA3bIBAHUIO B, 10 BpICKa3bIBa-
HHe B 9KBHBaJICHTHO BBICKA3BIBAHHUIO A.

(3) Ecsm BpIckaspiBanue A KBUBAJIEHTHO BBICKA3bIBAHUIO B, a BbickaspiBanme
B skBuBajieHTHO BbicKasbiBauuio C, TO BBICKa3bIBaHHE A SKBUBAJICHTHO
BopIckaspBaauio C.

(4) Ecuu BbickaspiBaHue A1 9KBUBAJICHTHO BBICKA3bIBAHUIO A, a BBICKA3bIBAHUE
B, sKBUBaJIEHTHO BBICKa3bIBaHUIO B, 10 BhIckaspiBanus A1& By, A1 V By,
—Aq, Ay = By, Ay < B} 9KBHBaJICHTHBI COOTBETCTBEHHO BBICKA3bIBAHUSIM
A&B, AVB,—-A, A— B, A+ B.

[TepBbie Tpu yTBepXKAEHUs JIEMMbI IOKA3BIBAIOT, 9TO SKBUBAJIEHTHOCTH BBICKA-
3BIBAHUN [TEHCTBUTEIHHO SABJISETCS OTHOIEHHEM 9KBUBAJIEHTHOCTU HA MHOXKECTBE
BCeX BbICKa3bIBaHUil. [109TOMY MHOXKECTBO BBICKA3BIBAHUI pa30UBAETCA B 00 bHEIH-
HEHUE KJIACCOB 3KBUBAJIEHTHOCTH. [lycTh X — MHOXKECTBO KJIACCOB 9KBUBAJIEHT-
HOCTY BBICKa3biBaHuil. KJjlacc 3KBUBAJIGHTHOCTH, COIEpKAaIInil BhICKasbiBauue A,
6yuem obosHauars yepes [A]. Onpenesium Ha X neficTBUs CII0KEHUS, YMHOXKEHUS
U [IONOJTHEHUsI, TOJIOKUB

[Al+[B] =[(Av B)], [A]-[B]=[(4&B)], [A]' =[(-4)};

HoCJIeIHee YTBEPKIEHNE JIEMMBI TOKA3BIBAET, YTO 9TH ONPEIeSIeHNs He 3aBUCAT OT
BBIOODA BBICKA3BIBAHUHN, IIPEICTABJIAIONINX KJIACCHI 3KBUBaIeHTHOCTH. OBG03HAINM
rakxke depe3 0 u 1 kiaccest [71] u [1], a 9epe3 z; — Kiacesl [X;].

Teopema. MuoxecTBo X ¢ BBEIEHHBIMH BBIIIE ONEPAIUAMH SABJIAETCA CBOOOTHOM
OyJ1eBOIi aJrebpoii co cBOOGOMHBIME ObOpasyromumu i, © = 1,2,.... [l1s j00bix
BoICKaspBaamii A, B Bemosmsaforcs coorromenust [A — B| = [A]' + [A] - [B],
[A < B] = [A] - [B] + [4] - [B]. BbickasbiBanusz A, B 2KkBUBaJICHTHbI TOLa U
TOJIBKO Torza, xkoraa [A] = [B]. BeickaspiBaHne A sABJIAETCA TaBTOJIOTHEN TOTIA U
TOJIBKO TOrAa, korga [A] = [u] = 1.

Ioxazameavcmeo. Tlocaennue nBa yTBEpKAEHNUS IPUBEIEHbL AJIs OJHOTHI 1 (hak-
TUYECKU COAEPKATCS B CAMOM OlpeneeHnn MHox)ecTBa X. [lajiee, HemocpemncTBeH-
Has MPOBEPKA MOKA3BIBAET, UTO CJEHAYIONINE TTaphl BLICKA3HIBAHNN SKBUBAJIEHTHBI,
T.. IMEIOT OIWHAKOBBIE (DYHKIINUA UCTUHHOCTHU:

(1) AVA u A, A&A un A
(2) AVB u BV A, A&B u B&A;
3) Av(BVC) u (AVB)v(C, A& (B&C) u (A&B)&C,
(4) A&L(BVC) u (A&B)V (A&C), (A&B)VC u (AV(C)&(BVC);
(5) A&(n) u (), A&m) u A, AV(n) u A, AV(m) u (u);
(6) A&(=A) u (1), AV(=A) u (u), —(AVB) u (=A)&(-B),
—|(A&B) " (—IA) \ (—IB), —l(—|A) u A;
(7) A B u (mA)V (A&B), A<+ B, (A&B)V ((—A)&(—B)).
Bce yTBepxaeHns TEOpeMbl, KpOME TOTO, 9TO SJIEMEHTHI T; ABJAAIOTCS CBOOOIHBIMI
obpasyromumn X, CJeIyI0T OTCIOa; B 9aCTHOCTH, 9KBUBAJIEHTHOCTD AP BLICKA3bI-
Banuit, cobpannbix B (1)-(6), mokaspiBaeT, 4TO BLIIOJIHIIOTCS BCE AKCUOMbI OYJIeBOil
aJredphI.
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fcuo, uro 37ementhr T; mopoxmaoT asarebpy X; i TOro, 9ToOBI MOKA3aTh,
9TO OHU SIBJISIIOTCA CBOOOMHBIME OOpasymomumMu X, OJOCTATOYHO MPOBEPUTH, 9TO
[LJTs1 JTIOOOTO 7, 9JIEMEHTBI X1, - . . &y CBODOMHO MOPOXKIAIOT anredpy S(x1, ..., %n),
T.€. YTO IJIsI JIIOOBIX PA3JIMIHBIX MmopMHOKecTB [, J MHOKecTBa {0,1}"™ s1eMeHTHI

S SN (T Sl |

(e1,..,en )€ =1 (e1,..6n)EJ =1

pasaudubl. Ho 3TH 3/1eMEeHTHI SIBJISIOTCSA KJIACCAMU SKBUBAJIEHTHOCTH BBICKA3bIBA-
HUIT

Xi= \/ (A Xl A X)),

(e1,..nen)ET  d,gi=1 Jej=—1
Xo= \/ (CA Xo&( A -Xp),
(81,...,87,)6.] i,ei=1 jvg]‘zfl

KOTOPbIE HE SKBUBAJIEHTHBI, 10O 10 cjiencrBuio 1 u3 §1.2 OHM MMET pa3JindHbIe
GYHKIUM UCTUHHOCTH.

1.5 Kanoundeckas JU3BIOHKTUBHO-KOHBIOHKTHUBHAaA (bopMa BBbICKa3bIBa-
HHAA.

Teopema. Bcsakoe BbICKa3bIBaHHe, 3aBHCSINEE TOJIBKO OT 2JIEMEHTAPHBIX BBHICKa-
spiBabuit X1, ... ,X,, 9KBUBAJIEHTHO €IHHCTBEHHOMY BBICKA3bIBAHUIO BUIA

Xr=\/ (N X)&( N\ -X)),

(e1,--en)ET  tyei=nm Jrej=m

rme I — HeKOoTOpoe MOAMHOKeCTBO MHOXKeCTBa {u, }".

9Ta TeopemMa HEMEIJIEHHO CJIEIyeT U3 TeOPEMbI MPEIbIAYIIero MyHKTA U U3 TO-

r0, IYTO BCAKUIT 371€MEeHT CBOOOMHOI OyJIeBOi ajiredpbl, MOPOKAECHHON SJIEMEHTaMU
n e
T1,...,Tn, OMHOZHAYHO MPEICTABAM B BHUIE I = > (II =) mms mexoTo-
(15e-mren )€ =1

poro nonmuoxectBa I C {1, —1}". Taxoii mpemcraBuTesb KJ1acca SKBUBAJIEHTHBIX
BBICKA3BIBAHNI HA3BIBAETCS KAHOHWYECKON U3 bHIOHKTUBHO-KOHbHIOHKTUBHOI hop-
MOI1 BBICKA3bIBAHUS.

1.6 Nneansl u myajdbHbIe HIeabl OysaeBol anre6pbl. Ilycts B — Gynesa
anrebpa; e€ HemycToe MOIMHOXKECTBO J Ha3bIBaeTCA mueasioMm asrebpst B, ecsun
1151 JTI00BIX x,y € J, b € B snementst x + ¥y, br npunamgmexar J.

Bo Bcsikoii Oys1eBoit asiredbpe ecTh ABa TPUBUAJILHBIX naeasia — 0 u Bca ajredpa.
[Iycte Teneps S C B; oueBUIHO, TepecedeHre BCEX UALAJIOB OyIeBoil aaredpor 9B,
couepxKamux S, CHOBa SIBJISETCs UaeasoM aarebpel 9B, cogepxammm S. ITOoT uie-
aJ1 Ha3bIBAETCSI MIEATIOM, TOPOKAEHHBIM MHOXKECTBOM S, U SIBJISETCS HAUMEHbIITIM
UI€AJIOM, COIEPKAIIAM STO MHOKECTBO DJIEMEHTOB.
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Teopema. Ilycrp B — 6yseBa anirebpa, u mycrb S C B. HWneasn aarebpsr B,
IIOPOKIEHHBIH MHOXKeCTBOM S, SABJIA€TCA 00bEIUHEHHEeM HIeaJI0B, IOPOXKIEHHbBIX
BCEeMH KOHEYHBbIMHU IIOIMHOXKeCTBaMu S Hﬂeaﬂ, HOpO}K,L[eHHI)Iﬁ KOHEYHBIM MHOZKe-
crBoM {by,...,by}, mopoxknaercsa oqaum astemMeHToM b = by + - - - + b, m cocront uz
BCex sJIeMeHTOB BHOa ab, a € B.

Loxazamenavcmeo. ObO3HAUNM depes J 00beIuHEeHNe BCeX NIeaJI0B, TOPOXK IEHHBIX
KOHEYHBIMU MMOAMHOXKECTBAMI S; KAXKIBI M3 9TUX UIEAJOB COIEPKUTCS B MIeasie
J, mopox aeHHOM MHOX)KeCTBOM S, u motomy § C J. OOparHO, ACHO, 9TO J SIBJISIETCH
uaeasoM aarebpsr B, cogepKaImM MHOXKECTBO S U, HOCKOJIbKY J — HAUMEHbIIn’
uneaJi, cogepxammii S, Haxonum, yro J C J.

ITycrs Teneph J — umeasi, MOPOKICHHBI KOHEUHBIM MHOXKECTBOM by, ..., by;
rorna b =b; +---+b, € J. Obparuo, asiement by = by -1 =by(1+bo+---+b,) =
b1 +b1(b2+ - +bn) = b1b1 +b1(b2+ - +bn) = bl(bl +b2+ - +bn) = blb OpuHaI-
JIEXKUT UIOEAJTY, TOPOXKIEHHOMY OIHUM 3JIEMEHTOM b, M TOYHO TaK ¥Ke DJIEMEHThI
ba = bsb, ..., b, = b,b npunamTexar umeasy, nopoxaeaaomy b. Wrak, sty nBa
naeaJia coBmaaaioT. OcTaercs 3aMeTUTh, YTO UAEAJT, TOPOXK IEHHBII eIMHCTBEHHBIM
®JIEMEHTOM b, COCTOUT U3 BCEX 3JIEMEHTOB Buaa ab, a € B.

B otsimume ot koJI€l, rme omepanuu CJAOKEHUsS W yMHOXKEHUsI OTHIONb HE PaB-
HOTIPABHBI, B OyJIeBOii asiredpe CJIOKEHNe U yMHOXKEHNe 00JIaIAI0T OMHUMEI U TEMU
ke cBoficrBamu. B gacraoctu, ecsim Mbr momensiem mecramu 0 u 1 u Oynem 3a-
MUCBIBATH CJIOXKEHNEe KaK YMHOXKEHWe, & YMHOXKEHUe — KaK CJIOXKEHHUe, Mbl CHOBa,
nostyduM OysieBy asiredpy. W3 9Toit myasibHOCTH CJI€IyeT, YTO B TeOpuu Oy IeBBIX
ajredp MOHSATHE, MyaJbHOE MOHATHIO UAeaJsa, HOJZKHO UTPATh CTOJIb KE BAXKHYIO
POJIb, KaK ¥ MOHTHE Uaeasia (4TO COBCEM He TaK IJid KoJiel). VTak, Mbl IpUXOIuM
K CJIeIYIOMIEMY OMPEIeIeHUTO.

[Tycts B — OyseBa asirebpa; e HermycToe MOIMHOKECTBO J HA3bIBACTCS Ayaslb-
HBIM ueasioM ajreopsr B, ecyu njst Ji00bIX ©,y € J, b € B ajtements Ty, b+ x
MIpUHALTE)KAT J.

Bo Bcsikoit OyseBoit asirebpe ecTh IBAa TPUBUAJIBHBIX NyaJIbHBIX maeaga — 1
u Bca ajiredpa. Ilycts temepp S C B; 04eBUIHO, MEpECEYEHUE BCEX IyaJIHbHBIX
uneasioB 0yJieBoit ayrebpel B, comepkammx S, CHOBA ABJIAETCA IyaJIbHBIM HUIea-
JioM asirebpbl B, comepxkamuM S. ITOT AyaTbHBII WIeas HABBIBAETCS IyaIbHBIM
UIEAJIOM, TIOPOXK IEHHBIM MHOXKECTBOM S, U SBJISIETCS HAMMEHDIITUM Iy aJTbHbIM 16~
aJIOM, COMIEPKAIINM HTO MHOXKECTBO IJIEMEHTOB.

Teopema. Ilycrp B — 6yseBa ajrebpa, u mycrb S C B. lyasbHbli mieas aj-
re6pol B, MOPOKIEHHBIH MHOXKECTBOM S, SIBJISAETCSI O0bEIUHEHUEM Iy AJIbHBIX HIE-
aJIoB, MOPOXKICHHBIX BCEMU KOHEYHBIMH MOAMHOXecTBaMu S. JlyaJibHbIi mmead,
MTOPOKICHHBI KOHEYHBIM MHOXKECTBOM {b1, ..., b, }, MOpOKIAETCI OMHIM SJIEMEH-
Tom b = by -...-b, W cocronT n3 Bcex 371eMeHTOB BHAa a + b, a € B.

1.7. BeiBomumocTtb. Ilycrth S — HEKOTOPOE MHOXKECTBO BBICKA3LIBAHUI; MBI TO-
BOPHM, YTO BBICKA3bIBaHNE A BHIBOIUMO U3 MHOXKECTBA BHICKA3bIBAHUIT S 1 3aNMUCHI-
BaeMm 370 B Bume S - A, ecsiu cymecTByer KoHedHOe (ObITh MOKET, ITyCTOE) MHOKE-
CTBO BbICKasbiBauuil Y1, ..., Y, € S, rakoe 4ro BoickasbiBanue (V1& ... &Y,,) = A
SIBJISIETCSI TOXKIECTBEHHO UCTUHHBIM BbICKasbiBanueM (raBrosiorueii). [lycr A —
TABTOJIOIUsI; TOCKOJIbKY BbICKasbiBauue (1) — A TOXe sBJIeTCs TaBTOJIOrHEl, a
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TOXKIECTBEHHO UCTUHHOE BBICKA3BIBAHNE U~ — 3TO KOHDBIOHKIIUS IIyCTOTO MHOXKE-
CTBa BBICKa3bIBaHUil, TO BbICKa3biBaHue A BLIBOIUMO u3 S.

TeopeMa. BBICKa,B’BIBaHI/Ie A BBIBOJJUMO N3 MHOXKECTBa BBICK&B’BIB&HI/Iﬁ S TOor.aa
M TOJIBKO TOTja, Korjma ero kjacc [A] B GyseBoii aiarebpe BbIicKasbiBaumii X mpn-
HAJIEXKUT AyaJIbHOMY HA€aJly, HOPOXKAeHHOMY Kjaccamu [Y| Bcex BbickaspiBaHuid

Yes.

Hoxazameavemeo. Ilycrs S+ A; Torma cymecTByioT BhICKa3biBauust Yy, ..., Y, €
S, takne uro BhickaswiBanme (Y1&...&Y,,) — A roxnecrsenno ncruauro. 060-
3Ha4YUM depes Z BbickasbiBanue Y1 & ... &Y,,. Tlo reopeme u3 §1.4 ToxmecrBeHHAs
UCTHHHOCTH BbicKadbiBanus Z — A osuagaer, uro [Z] + [Z]|[A] = 1. HomHoxus
0b6e wactm sToro pasenctsa Ha [Z], momygaem: [Z] = [Z]([Z] + [Z][A]) = [Z][4],
OTKY[Ia CJIEyeT, ITO DTIEMEHT

[A] = [A]([2] + [2]) = [A][Z2] + [A][ 2] = [Z2] + [A][2) = ). [Ya] + ALZ]

MPUHANJIEXKUT 1yaJTbHOMY Uaeasty OyJieBoii airedpsr X, MOPOKIEHHOMY BJIeMeHTa-
Mu [Y1]7 )[Ym]

O6parno, mycrb KJiace 9KBuBajeHTHOCTH [A] BbiCKasbiBanusa A npuHagiexur
IIyaJIbHOMY HIeaJsTy, MOPOXKIEHHOMY KJACCAMU BBICKA3bIBAHUIL, MPUHAIIEKAIINX
S. Tlo Teopeme U3 MPeBIAYIIEro IyHKTA, CYIECTBYIOT BLICKA3bIBAHUA Y7, ..., Y, €
S u BoIckazbBanue X, takne 410 [A] = [Y1]...[¥,]+[X]. ObosnaunM, kax u BbIIe,
4epes Z BbickasbiBanue Y1& ... &Y,,; rorna [A] = [Z] +[X]. Haxomgum reneps, uro
[Z] + [Z][A] = [Z2]) + [Z)([Z] + [X]) = [Z] + [Z] + [Z][X] = 1, a 2710 o3Havaer,
9YTO BBICKA3bIBaHWME 7 — A TOXKIECTBEHHO MCTHHHO, T.€. YTO BbICKA3bIBaHue A
BBIBOOMMO M3 BhICKasbiBanna Z — Y& ... &Y,.

1.8.HpaBI/IJIa IIOOCTAaHOBKHX W CHJIJIOTU3Ma. HOKa}KeM, YTO €CJIN BBICKAa3bIBa-
HHY€e BbIBOOMMO M3 MHOXKECTBa BBICKA3bIBAHMIA 6, TO OHO MOXKET ObITb IIOJIy49€HO
MHOT'OKPATHBIM IIPpUMEHEHNEM HECKOJIbKUX IIPOCTBIX IIPaBUJI.

Teopema. Ilycth S — HEKOTOPOE MHOXKECTBO BBICKA3bIBAHUII.

(1) Ecim X € S, 1o X BeIBOgMMO M3 S.

(2) Ecsn BbickaspiBanne X — raproJiorus, 70 X BBIBOIHMO U3 S.

(3) Ecsm BrickaspiBanusa X, X — Y BbBogumbl u3 S, T0 H BeICKa3bIBaHHEe Y
BBIBOIHAMO H3 S.

(4) JIo6oe BbICKa3bIBaHUE, BBHIBOAUMOE U3 S, MOXKET ObITH MOJIYYEHO MHOIO-
KpaTHBIM HpuMeHeHneM npasui (1)-(3).

Hoxazameavcmeo. Yrsepxkiuenue (2) yxe ObLJIO OTMEYEHO BBILIE, 8 YTBEPKICHAE
(1) rpuBnasibHO: BhicKaskiBanme X — X sBjisiercsa TaBrosioruneii. Ilokaxem Te-
nepsb (3). Iycrs J — AyasibHbIHE umeast aarebpbl BhICKa3bIBaHui X, MOPOXK IeHHbI
KJIaccaMu Bcex BbicKasbiBaHuit u3 S. Ecan BeickasbiBanus X, X — Y BeIBOOUMBI
u3 S, To, o Teopeme u3 §1.7, ux knaccst [X], [X — Y] = [X] + [X][Y] upunasie-
xar J, a moromy u [Y] = [V] + [X]([X] + [X][Y]) € T, a 910 u 3Ha4MT, IO TOl Xe
TeopeMe, YTO BBICKA3bIBAHUE Y BBIBOAUMO U3 S.

Heckosibko csioxknee nokasbiaercs obparHoe yrsepxienue (4). Cuavasna ub-
IyKIUeli Mo m TOKaXKeM, YTO €CJIM BhICKA3bIBAHUA Y7, ... Y, OpuHammexar S,
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TO BbICKasbBanue Y1& ...&Y,, nmomydaercsa npumenenuem mpasuit (1)-(3). Ba-
3a wHAYKuu pocrasiaserca npasusom (1). Ilycte m > 1 m yxe mokasano, 9TO
BbicKasbiBanue Y& . .. &Y;,—1 mosygaercs npumenenueM npasui (1)-(3). Boicka-
3bIBAHNE

V& ... &YVimo1) = (Vi = (Vi& ... &Yy))

AIBJIAETCS TaBTOJIOTUE(l, T.e. OHO mosyvaerca npu nomomu npasuna (2). IIpume-
HAA K NOCJIEAHNM JIBYM BbICKA3bIBAHUAM NPABUIIO (3), BUIAMM, 9TO BHICKA3BIBAHUE
Y = V& ... &Y),) nonyyaercs npumenenuem npasut (1)-(3). Onars npuMensis
npasusio (3), Ha ceii pa3 K BbICKasbiBauusaM Yy, € S, Y, = (Y1& ... &Y}, ), naiinem,
470 BbIcKa3biBanue Y1 & ... &Y, nomydaerca npumenennem npasui (1)-(3).

[Iycre BbicKasbiBaHne A BBIBOMMMO U3 S TOrIA HANILY TCS TAKME BBICKA3BIBAHUS
Yi,..., Y, € S, uro BoickaseiBanue (Y1&...&Y,,) - A — raBrosiorusi, T.e. OHO
HoJIy9aercs npu momomy mpasuia (2). Ho MBI TOJIBKO 9TO NOKA3aJIM, YTO BHICKA-
spiBanne Y1 & ... &Y, nonydaercsa npumenenuem npasuit (1)-(3). BeickassiBanme
A nosygaerca u3 NpeaplLIyIUX IBYX BBICKa3bIBaHuii no npasmiy (3).

Teopema TOJHOCTHIO JOKA3aHA.

[Ipasuno (3) HaspiBaercs NpaBusIOM CUJLIOrU3Ma, uiu modus ponens. O6bIYHO
€ro WJIJTIOCTPUPYIOT CJIEIYIONINM PACCYKICHUEM:

Bce sronu cmepTHBI.

CnenoBaresbao, COKpar cMepTeH.
Cokpar — 4eJsIoBeK.

Koneuno, sror mpumep He coBcem TotueH. IIpaBuibHee 3mech ObLTO ObI BMe-
CTO MEPBOTO BBICKA3BIBAHMS TOCTABUTH €ro crenuasibubiii ciaydait: ”Ecau Cokpar
qgesioBek, To Cokpar cmepren”.

O6parumcs renepb K npasuity (2). CrTporo roBopsi, 310 He OLHO IIPABUIIO, A
GECKOHEYHO MHOTO MPABUJI, TOTOMY YTO MMEeTCss DECKOHEYHO MHOTO TABTOJIOIHA.
Onnako, ucnoab3ys modus ponens U eie OJHO TPABUJIO — MPABUJIO MOACTAHOB-
KM — MBI MOKEM BBIBECTH BCE TABTOJIOTHH M3 HEKOTOPOT'O KOHEYHOTO MHOXKECTBA
TABTOJIOTUN. DTOT OCHOBHOI KOHEUYHBII HAOOP TABTOJIOIMI MOXKHO BBIOPATH MHO-
TUME CIoco0aMu; MBI MPUBEIEM 37eCh OIMH TaKoil HabOp; XOTsI HEKOTOpbIE BXO-
JSIME B HEr0 TaBTOJIOMMU MOLYT ObITh BBIBEIEHbI M3 APYrux (Tak 4ro HAbOp He
MUHAMAJIEH), HAM OH KaKeTCs HaumboJsiee ecTeCcTBeHHbIM: Tasrosiorun (6)-(18) mo
CYIIECTBY COBIAIAIOT C aKcuoMamu Oy ieBoit ajrebpsi, Tasrosioruu (4) u (5) Bbipa-
JKAIOT XapaKTepPUCTUIEeCKNe CBOMCTBA AM3BIOHKIINU N KOHDBIOHKIINU, & OCTAJIbHBIE
TaBTOJIOTUU U3 BTOr0 HAOOPA CBOAAT UMILIMKAIINIO U S9KBUBAJIEHTHOCTD K OyJIEBBIM
oTIepaIsM.

(1) (A< B) = ((A— B)&(B — A));

(2) ((A— B)&(B — A)) = (A + B);
(3) (A— B) & (-AV B);

(4) A—>(AvV B)-

(5) (A&B) — A;

(6) (A& B) < (B&A);
U)«A&Bﬁdﬂ (A& (B&C));

(8) (A&A) &

(9) (AVB) « (va
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(10) ((AVB)VC(C)+ (Av(BV(O));

(11) (AV A) & A4;

(12) (A&(BVC)) < ((AV O)&(BV C));

(13) (AV (B&C)) < ((A&C) V (B&());

(15) (~(AV B)) & (~A&~B);

(16) (=(=A4)) ¢ 4;

(17) (A&(BV —B)) «» A;

(18) (AV (B&—B)) «+» A.
IIpasuio noncranoBku. Ilycrs F(Aq, As, ..., Ay) — raBroJiorus, u mycrs Y,
Ya, ... Y, — NIpomsBOJIBHBIE BBICKA3BIBAHMS,; TOTHA BBICKA3BIBAHUE, MOJIYICHHOE
uz F(Ay, Ay, ..., Apy) 00o0cTaHoBKOH BMecTO Kaxaoro Bxoxkaenus OykB Ay, As,

., Ay, coorBercTByOMUX BoICKa3bIBaHuli Y1, Ys, ... Yy, , ABJIA€TC TaABTOJIOrHEH,

Teopema. JIro6as TaBTOJIOTH MOKET OBITH MTOJIy9eHa H3 TaBrosornii (1)-(18) npu
MTOMOITH NIPABUJI TOACTAHOBKH H CH/LIOTH3MA.

Mpu1 omyckaeM HOKa3aTeIbCTBO 9TOI TEOPEMBI: OHA HAM HE MOHAIOOUTCSI.

CaencrBue. Ilycth S — HEKOTOpOE MHOXKECTBO BBICKa3biBaumii. JIi060e BbICKa-
3bIBAHUE, BBIBOAUMOE U3 S, MOXeT ObITh HOJIydeHo uz taprojoruii (1)-(18) u us
CyKIeHUl, MIPUHALICKAIMUX S, MHOTOKPATHBIM HIPUMEHEHUEM TIPABUJT HOACTAHOB-
KU U CHJLTOTH3MA.

1.9. HemporuBopeunBocTb. Bynem roBoputh, 9T0 MHOXKECTBO S BBICKA3bIBA-
HUU TPOTUBOPEYNBO, €CJIN TOXKIECTBEHHO JIOKHOE BBICKA3BIBAHUE ~JI” BBIBOLUMO
u3z S, r.e. S+ 1. Eciu ke TOXIECTBEHHO JIOXKHOE BHICKA3BIBAHNE HE BHIBOAUMO U3
S, TO MHOXKECTBO BBICKA3bIBAHUIT S HA3BIBAETCSA HEMPOTUBOPEUUBbIM. 13 TeopemMbl
§1.7 ciiemyer, 9TO MHOXKECTBO BBICKA3BIBAHUI S MPOTUBOPEYUBO TOTHA U TOJBKO
TOTA, KOTMIA AyaJIbHBIN UIeaJsI, MOPOKIEHHBIN KJTaCCaMy BCEX BBICKA3BIBAHUI U3
S, conepxut 0. Ho Torma »ToT nyaabHbIi neas COIEpKUT TakxKe J000i seMeHT
xz = 0 -y + = Oynesoit anrebps! BbickaspiBanuil X, T.e. on coBmagaer ¢ X. Ta-
KM 00pa3oM, u3 MPOTUBOPEYUBOTO MHOKECTBA BBICKA3BIBAHUI BBIBOIUMO JTIODOE
BBICKA3bIBAHUE.

2. ICUYUCJIEHUE NPEOUKATOB

2.1. Ilpenmkarer Ha mHOXKecTBe. Kak u B §1.1, B 9TOM myHKTE MBI HE CTpe-
MHUMCHA K IIOJIHOM CTPOrocTw; HAma UeJb — [IaTh WHTYUTHUBHOE MPEICTABJIEHUE O
TeX IOHATHUAX, KOTopble OyayT (popMmasim3oBanbl Huxke. Ilycrb M — Hekoropoe
MHOXKECTBO, U MyCTh OJIs KaXkKIOro HAbOpa Ci,-..,Cy, € M 3aIaHO BHICKA3LIBAHUE
P(cy,-..,¢p). Mbl roBopuM TOrOa, 9T0 P — M-MECTHBI NPEIUKaT Ha MHOKECTBE
M. Ojist mobbIX ¢, - .., ¢y € M BbicKassiBanue P(cq, .. ., ¢y) UCTUHHO UJIA JIOKHO;
npenukar P moJIHOCTBIO ompenesiercs 3amanneM muoxectsa Py C M™ Bcex Tex
Habopos (c1,...,c,) € M™, nna xkoropbix BbickadbiBanue P(cy, . .., ¢,) UCTUHHO.
[IpuBemem HECKOJIBKO MPUMEPOB MIPEOUKATOB, U3 KOTOPBIX CTAHET SICHO, YTO HA
SA3BIKE MPEINKATOB MOXKHO BBIPA3UTH MHOTHE MATEMATUIECKUE COOTHOIIEHUSI.

Ipeduram caodcenus. BoickaspiBanue P(a,b, ¢) MCTUHHO TOrAA U TOJIBKO TOIA,
Korma a + b = c.
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Ipeduram cmpozozo nepasencmsa. BoickasbviBanue P(a,b) ucrunuo Torna u to-
JIBKO TOTa, KOrma a < b.

Ipeduram pasencmsa. BroickaspiBanue P(a,b) MCTUHHO TOrHA U TOJIBKO TOLIA,
korma ¢ = b. IlockosbKy mpenumkar paBeHCTBA UTPAET O0COOYIO POJib, MBI OyIeM
00603HAYATH €r0 TPUBBIYHBIM 00PA30M, T.6. 3AIMUCHIBATH BHICKA3BIBAHUE HE B BUIE
P(a,b), a B Bune "a =1b".

3 BbICKa3bIBAHUIT, CBA3BAHHBIX C MPEIUKATAMN, MOXKHO MO MTPABUJIAM HCUUCIIe-
HUS BHICKA3bIBAHU{I CTPOUTH HOBBIE BhICKa3biBanus. Hanpuwmep, eciu P(cy, co, ¢3),
Q(c), R(c1, c2) — npenukarsl Ha MuOXKecTBe M, u a,b, ¢ € M, TO MOXKHO COCTaBUTD
BoickaspiBanusa (P(a,b,b)&—Q(a)) V R(b,a), ((a = ¢)&Q(b)) — P(a,b,c) u np.

Kaxk u BbIe, HAPsLY ¢ CAMUME BBICKA3BIBAHUSAME MOYXKHO PACCMATPUBATH CBSI-
3aHHYIO C HEMHI aJjredbpy BbicKaszbiBaumii. IlycTh, mHampumep, Ha MHOXKecTBe M
3a/IaHbl MPEIUKATHl paBeHCTBA U npenukarbl P, (), R w3 npenpiaymero absana;
paccMOTpuM ajarebpy BbhICKA3bIBaHMA 2, CBOOOIHO MOPOKIEHHYIO BCEMH BHICKA3HI-
BaHuamu BunoB (a = b), P(a,b,c), Q(a), R(a,b), rae snemenTs a, b, ¢ He3aBUCUMO
npoberaior muOKecTBO M. Todumnee roBops,

(1) u,m e,

(2) Bwipaxenns (a = b), P(a,b,c), Q(a), R(a,b) npuranmexar A njs 06X
a,b,c € M;

(3) ecm A, B € A, 10 (A&B), (AVB), (A — B), (A + B), (—A) npunajexar
2.

Huxkaxoe BbIpaxkenune, KOTOpOE He MOXKET ObITh MOJIYYEHO 110 YKA3AHHBIM MPaBU-
Jam, He BxoauT B 2.

OTMerum, OIHAKO, CYIIECTBEHHYIO PA3HUILY C aJre0poil BhICKasbiBauuii u3 §1.2:
TaM 9JIEMEHTAPHBIE BBICKA3BIBAHUSA X; MOLJIM UMETh JIIOOBIE 3HAYEHUS MCTUHHO-
CTH, B TO BpeMs Kak BbiCKasbiBauue (a = a) obazaresibHo ucruauo. Kpome roro,
HCTUHHBIME fIBJIAIOTCA U COCTaBHbIE BbICKasbIBaHus Buna (a = a1) — (R(a,b) —
R(a1,b)) u mpyrue momoOHbIE UM BBICKA3BIBAHUS. ITO, KOHEUHO, CBABAHO C TEM,
YTO B YUCJIO TIPEIUKATOB MbI BKJIIOUUJIU MPEIUKAT PABEHCTBA, O0JIAIAIOMMIi Crie-
nuduIeCKIMHU CBOCTBaMu, B TOM 4HUCJIe, CBOicTBOM: a = a mjist itoboro a € M.

Tor daxT, 9TO HAIIM BBICKA3BIBAHWUS 3aBUCAT OT IIAPAMETPOB, IMPOOErafIIuX
MHOKECTBO M, mo3Bosser (hOPMYIUPOBATH CyXKAEHUsA APYroro tuna. I[lycrsh He-
Koropoe BbicKasbiBanue A(cy,...,C,) 3aBUCAT OT HAPAMETPOB Ci,...,Cp; MYCTb,
JaJiee, 9TO BBICKA3bIBAHUE UCTUHHO HE TOJILKO B CJIydae, KOr[a MepBbIil mapaMerp
paBeH ¢i, HO U MpH JIO0OM ero 3HadeHuu ¢ € M (4 Tex Ke 3HAYEHUAX OCTAIIb-
HBIX TapamMerpoB). B »Toil curyanuu Mbl GyneM MEepeMeHHBbId NepBblii mapaMerp
0003HAYATH T, & YTBEPKIEHUE O TOM, YTO BBICKA3BIBAHME CHPABEIIMBO IIPU JIHO-
60oM 3HavYeHuu x 3anucbiBarb Tak: Vr(A(z,cs,...,c,)). AHasorudno, eciau cpenu
BbicKasbiBanuit A(c,ca,...,c,), ¢ € M, eCTb XOTb OOHO BepHOe, OyIeM MUCATD:
Az (A(z,co,- -, cn))-

Beenennbie TOJILKO 9TO CUMBOJIBL V 1 3 HA3BIBAIOTCST KBAHTOPOM BCEOOLIHOCTH U
KBAHTOPOM CylnecTBoBanusg. OTMeTHM, 4T0 B CJIy4ae KOHEYHOro MHoxkecTBa M B

HUX HeT HeobxomumocTu: yrBepxkuenue Vr(A(z,cs,...,¢,)) PABHOCHIILHO BbICKA-

spiBanuio  \ A(c,co,...,cy), a yrepxaenue 3x(A(x, ¢z, ..., C,)) — BbICKA3bIBA-
ceEM

o \/ A(c,ca,...,¢,). Ommaxo, mmsa GECKOHETHBIX MHOXKECTB, W TeM 0oJee B

ceEM
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curyanuu, Korga MHOKecTBO M He 3aduKCUpOBAHO, HE yIaeTCs CBECTU KBAHTOPBI
K ollepalnuaM MCYUC/IEHUS BbICKa3bIBAHUML.

2.2. Ucuncienue mpeaukaroB. B 9ToM myHKTe MbI CTpOoUM (HOPMAJIBHYIO CH-
CTeMy, B KOTOPYIO BKJIaObIBAIOTCA COOEPIKATEJIBHBIE PACCMOTPEHUA TPEObIAYyIIero
nyukra. Kak u B §1.2, mpeaqMeroM Hamero pacCMOTPEHUs ABJAIOTCS CJIOBA B HE-
xoTOpOoM KoHeuHoM asipasure. Ha ceit pas asdaBur cocTont u3 OyKB

, () =&V m > V3¢ oy Poua

(n=1,2,...). 9ror andasur GeCKOHEUEH, HO MPU KEJTAHAU €r0 MOKHO CBECTH K
KOHEYHOMY aJihaBUTY, BBEIA BMECTO Tpex OECKOHEUYHBIX cepuil 6YKB Tpu OYKBBHI ¢,
z, P u eme onny G6ykBy ' m 0603HaMmB ¢; = ¢, 1 =z, P, = P, cs = ', 3 = 2"
u T.0. BykBbI ¢; Oy/ieM Ha3bIBATH CUMBOJIAMHU KOHCTAHT, OYKBBI Z; — CHUMBOJIAMU
MepeMeHHbIX, OYKBBI P; — CUMBOJIAMU MpenukaroB. B majibHeineM Mbl OOBIYHO
He OymeM CTpOro CJIemoBaTh TOH cucreme 00O3HAYEHWH u OyHeM HCIOJIb30BATH
OyKBBI ¢, d, ... (BOBMOXKHO, C MHIEKCAMH) IJIs 3aIIUCH CUMBOJIOB KOHCTAHT, OYKBbI
Z,Y,Z,... — JIJIs 3allCH CAMBOJIOB ITepeMeHHbIX, OykBbl P, Q, R ... — nyis 3anucu
CHUMBOJIOB npeaukaroB. KaxmoMmy CUMBOJIY MOpeauKaTa COOTHECEM HATYPAJTbHOE
YUCJIO; €CJIN CUMBOJIy P COOTBETCTByeT YHCJIO 7, TO TOBOpUM, 4T0 P — cumBOI
N-MECTHOTO TPEINKATA.

He Bce ciioBa npencraB/igior [ijis HAC WHTEPEC: HEKOTOPbIE U3 HUX — MPOCTO
GeccmbicsieHHbIe HAOOPBI OykB. CJemyrolnee OnpenesieHne BBOOUT CPA3Y IBA, MOHS-
THs: OCMBICJIEHHOE BBIpAyKEHUe U CBOOOIHOE WJIU CBI3aHHOE BXOXKIEHUE CUMBOJIA
MEPEeMEeHHOH B OCMBICJIEHHOE BBIPAKEHUE.

Omnpenesnenwne.
(1) ”u” u”n” — OCMBIC/ICHHbIE BBIPAKECHUST;
(2) (z =y), (z = ¢), (¢ =d) — ocMbIC/IeHHDbIE BBIPAXKEHHSI, U BCE BXOXKICHUS
CHMBOJIOB IIEDEMEHHBIX B HUX CBOOOIHBIE;
(3) ecsim P — cHMBOJI n-MECTHOTO HPEIHKATA, U KaxKaas u3 OYKB ti, ...ty
0603Ha9aET CUMBOJI IIEPEMEHHON HJIM CUMBOJI KOHCTAHTBI, TO P(t1,. .., ty,)

— OCMBICJIEHHOE BBIPa2KCHHE, H BCE BXOMICHH: CHMBOJIOB IEPEMEHHBIX B
HEro cBOOOIHBI;

(4) ecim A, B — ocmbicstennsie Bbipaxkenu:, To (A&B), (AV B), (A - B),
(A & B), (mA) — TOKe OCMBIC/IEHHBIE BBIDAXKEHHST; IPU 9TOM KaXkK0€ CBO-
6omHOe (CBA3aHHOE) BXOXKIEHHE CHMBOJIA TTepeMeHHol B A i B ocraercs
cBobonubiM (cBasanubiM) u B (A&B), (AV B), (A — B), (A < B), (-A);

(5) ecim A — ocMbICIEHHOE BBIDa2KE€HHE, BCE BXOXK ACHHs CHMBOJIA IIEPEMEHHOH
x B KoTOopoe cBoboaubl, 70 (VxA) u (3 A) — ocMbIC/ICHHbIE BBIDAXKEHU, BCE
BXOXKJIEHUS CHMBOJIA IIEDEMEHHOI & B KOTODBIE CBA3AHHBIC, & BXOXICHUS
OCTAJIPHBIX TTEDEMEHHBIX — TaKHe ke, Kak B A.

Hukaxoe Bbipaxkernne, KOTOpOE HE MOXKET ObITh MOJIyYEHO 10 YKA3AHHBIM IPABH-
JlaM, He fABJIAE€TCA OCMbBIC/IEHHBIM.

Kak v B mcuncsiennn BbICKA3bIBaAHUN, HEKOTOPbIE CKOOKM B OCMBICJIEHHBIX BbI-
paxKeHusAxX Mbl OyZeMm [Ijisl KPATKOCTU OIMYCKaTh 0e3 ymepda [Ijisi UX MOHUMAaHUS:
®TU CKOOKU MOTYT OBITH BOCCTAHOBJIEHBI €IMHCTBEHHBIM €CTECTBEHHBIM 00pa30M.
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[Mpex e, yem chopMyupoBaTh CJIEAyONMEee OMPEIeIeHne, PACCMOTPUM CUTYaA-
LU0, HECKOJIBKO HamoMuHarmolLyo vamy. [lycrs f(x) — nexkoropas dbyHKUus HATY-

n n

paspHOTrO aprymenTa. Torma Beipaxenus » . f(s), Y. f(t) asaaorca GyHKmaMu
s=1 t=1

TOJILKO OT BEPXHETO MpeIesia CyMMUPOBAHWS 1L M HE 3aBUCAT OT ” CBSI3aHHBIX MEpe-

MeHHBIX” §, t. [109TOMYy OOBIYHO 9TH [IBA BBIPAKEHUSI OTOXKIECTBJISIOTCS, XOTA U
SIBJIAIOTCS TPAPUIECKU PA3TAIHBIMEA. AHAJJIOMMIHOE OTOXK IECTBIIEHUE TPOU3BEIEM
U 171 OCMBICJICHHBIX BbIPazKeHU.

Omnpenenenne. Ilycrs A, A1 — oCMbIC/IeHHbBIE€ BbIPaXKEHHsT; OyaeM CYHTATh, 9TO
A = Ay, ecotm A MORHO IPEOOPa30BaTh B A1, IDUMEHHUB HECKOJIBKO Pa3 CJICLYIOIIHE
npasmia (1)-(3).
(1) Ecim A — ocMmbicaieHHOe BhIpazkeHne, To A = A.
(2) ecim A, B, Ay, By — ocmbicsiennbie Boipakenus, u A = A, B = By,
TO (A&B) = (Al&Bl), (A\/B) = (Al \/Bl), (A — B) = (Al — Bl),
(A B)=(4) & By), (4) = (-4).
(3) ecsm A(x) — ocMmpbic/IeHHOE BBIDAXKEHHE, Y — CHUMBOJI HEPEMEHHOI, He BXO-
gsmeii ceobonro B A(x) n A(y) — BEIpakeHHe, MOJIyYAIONIeeCs U3 CJI0BA
A(z) samenoii Bcex CBOGOMHBIX BXOXKICHUIT CUMBO.JI& MEPEMEHHOIT T Ha, CHM-
Bout tepemenHoii y, ro (VY A(z)) = (VyA(y)), (3zA(z)) = (FyA(y))-

Nuaue rosopst, A = Ay, ecu cjioBo A nostydaercs us cjioBa A 3amenoii cBsizan-
HBIX BXOXKIEHUI CUMBOJIOB IEPEMEHHBIX HA IPYTHUE CUMBOJIBI TEPEMEHHBIX, TPUYEM
JTOJKHBI CODJTIOIATHCST HEKOTOPBIE IPABIIIA IPEIOCTOPOKHOCTH. B 9acTHOCTH, BCe
BXOXK/IEHHsT CAMBOJI& [IEPEMEHHO, CBI3aHHBIX OJIHUM KBAHTOPOM, JOJIZKHBI 3aMe-
HATLCA HA OIHY U Ty XKe OyKBY.

Ecim A, Ay — ocwmbiciienHbie Beipaxkenus, 1 A = Ay, ToO MBI OTOXKIECTBJIAEM
Bhipakenus A, Aj, mojarasi, 9To 3T0 — [IBe 3AMUCU OJHOTO W TOTO YK€ OCMBICJICH-
HOT'O BBIPAZKEHUSI.

OcMBICTIEHHOE BBIPAaZKEHNE, B KOTOPOE HU OJWH CHUMBOJI IIEPEMEHHOI HE BXOIUT
CBODOMIHO, HA3BIBAETCS CyKIECHUEM.

2.3. aTepnpeTaliuy CHMBOJIOB KOHCTAaHT u npeaukaroB. Moneman. Cope-
pIKATEJIBHOE OTIMCAHNE MCUYNCIICHNs TpeanKaToB n3 §2.1 moaydaercst uz popmasib-
HOI CXEeMBI NIPEABIIYINEro IIYHKTA OIPU MHTEPIPETUPOBAHIN CHMBOJIOB KOHCTAHT 1
IPEIUKATOB B HEKOTOPOM MHOXKeCTBe. IlycTh € — MHOXKECTBO CUMBOJIOB KOHCTAHT,
a B — MHOXKECTBO CUMBOJIOB IPEAMKATOB. [I1sI CAMOro MCYUCIIEHNsT TIPEIUKATOB
¢ = {c,¢2,...}, B = {P1, P2,...}; ongHako B masibHeimeM Mbl OyIeMm IOIyc-
Karh B KadectBe € n P moOble MHOXKECTBA, MOCKOJIbKY OCHOBHBIE COHNEPKATEh-
HBIE PE3YJIBTATHL HE 3aBUCAT OT KOHKPETHOrO BUOA MHOXKECTB CHMBOJIOB KOHCTAHT
n npemukaroB. Ilycts M — MHOXKECTBO, I ITyCTh KaxKIOMY CHMBOJIY KOHCTAHTBI
¢ € € COmOCTaBJIEH 3JeMeHT ¢y € M, a KaxKaoMy CUMBOJIY 7-MECTHOTO IMPEIuKATa,
P € P comocraBieHO TOIMHOXKECTBO Py n-it nekapToBoii crermern M ™ MHOXKECTBa,
M. HaGop, cocroamuii uz muoxecrsa M, sjmementos ¢y (¢ € €) U MOOMHOXKECTB
Py (P € $P) uasbiBaerca UHTEpIpETaIyeii MHOXKECTB CUMBOJIOB KOHCTAHT € u
CHMBOJIOB IIPEOUKaToB ‘L.

IIycrs A = A(zy,...,ZN) — OCMBICJIEHHOE BbIPAXKEHUE CO CBODOMHBIMU CUMBO-
JIAMU TEPEMEHHBIX T1, . . . , TN, B 3aIIICA KOTOPOTO MCIOJIb30BAHEI TOJIBKO CUMBOJIBI
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xoHCTAHT n3 ¢ U CUMBOJIBI TPEAUKATOB U3 *P; 11 JIFOOBIX BJIEMEHTOB My, . .., My
upucBouM Bbipazkenuto A(mg,...,my) 3HaAYEHME UCTUHHOCTU B MHTEPIPETALUN
{M;en, Py}. TlpucBoenne sHaveHMst MCTUHHOCTH TTPOBENEM WHIYKIHEH MO Mmo-
cTpoennio Belpakenns A. Brpaxenus ¢ = d, ¢ = m, m = m/, toe c¢,d € €,
m,m' € M, uctueHLI B nHTEppeTamun M TOrma u TOJBKO TOTIA, KOTHA, COOTBET-
CTBEHHO, cpy = dp unu ¢y = m uwim m = m'. Boipaxkenune P(t1,...,t,), B KOTO-
POM KazK/IpIii CUMBOJT £; O3HAYAET MJIM SJIEMEHT 13 M , myim CuMBOJI KOHCTAHTBI 13 €,
UCTUHHO B mHTEepnperaimu M Torma u TOJIBKO TOrma, Korma (mi,...,my,) € P,
roe m; = t;, ecnu t; — saement us M, u m; = (t;)m, eciu t; € € — cUMBOJ
KOHCTAHTBLI. JHAYeHWsI UCTUHHOCTU Bhipaxkenuit A&B, AV B, A —+ B, A < B,
—A onpenensrOTcs No mMpaBmJIaM MCYUCJIEHUs BLICKa3biBaHuii. Ecim BhIpakenne
A(zy,...,zN) umeer Bun Ve B(z,z1,...,2N), TO Boipaxenue A(my,...,my) cau-
TAeTCs UCTUHHBIM TOLJA U TOJIbKO TOLHA, KOrua Bbipaxkenue B(m,mq,...,mpy)
UCTUHHO 111 Jioboro m € M. Haxowen, eciu Boipaxkenue A(z,...,oN) umeer
Bun dxB(x,x1,...,TN), TO Boipakenue A(my,...,my) CIATACTCSI UCTUHHBIM TO-
r1a W TOJIBKO TOrAa, KOrma Hafimercs rtakoif smement m € M, 9TO BhIpakeHme
B(m,my,...,my) UCTUHHO.

Hauunas orciona, n/1s MHOXKECTBA CUMBOJIOB IIPEAUKATOB P 1 MHOXKECTBA CUM-
BoJsioB KoHcrant € Gymem obosnauarb depes A(P, €) MHOKECTBO BCex CyKIeHuit,
B 3aIMCU KOTOPBIX yYIACTBYIOT JIMIIL CUMBOJIBI IIPEAMKATOB, NPUHAIIERKAIHE I3,
W CHMBOJIBI KOHCTAHT, mpuHaaexamue €. MHorma Mer OyaeM omyCKaTh yITOMIHA-
HI€ O MHOXKECTBe CHMBOJIOB mpenmkaroB u mucarb A(C) Bmecro A(P, ). Ilycrs
S € AP, ¢) — nexoropoe muoxkecTBo cyxkuenuit. Uurepnperanus {M;cpr, P}
MHOZKECTB CUMBOJIOB KOHCTAHT € ¥ CUMBOJIOB TIPEIMKATOB P8 HA3BIBAETCS MOAEHIO
S, ecsim Bce cyxnenns n3 G UCTUHHBI B 9TOI MHTEPIPETAINHN.

O6branast popMaIbHAS AKCHOMATUIECKAsT TEOPUsT CTPOUTCST CJISAYIOMUM O6pa-
30M: 33JAI0TCs MHOXKECTBA CHMBOJIOB KOHCTAHT € M CHMBOJIOB NPenuKaToB P u
HEKOTOpOe MHOXKeCTBO cyxkuaeHuih & € A(P, ), HA3BIBAEMBIX AKCUOMAMU, U W3-
Y9aIOTCA BCEBO3MOKHBIE YTBEPKICHUS, KOTOPhIE MOXKHO BBIBECTH U3 AKCHUOM TIPU
[IOMONIN TPABUJT BBIBOJIA, N3JI02KEHHBIX BBIIIE, & TAKIKE BCEBO3MOKHbIE MOIEIIU CH-
cTeMbl aKCHOM. B KadecrBe mpuMepa pacCMOTPUM AKCHOMATHYECKYH) TEOPHUIO C
OIHUM CHMBOJIOM KOHCTAHT € W OJHUM 3-MECTHBIM CHMBOJIOM Ipenukara P co ce-
Oyoomeil cucTeMoil akCuoM:

(1) Vavy3=P(z,y, 2);

(2) VaVyVaVi((P(z,y, 2)&P(z,y,1)) = (z = 1));

(3) VavyVaVivuVuVw((P(z,y,t)&P(t, z,u)&P(y, z,0)&P(z,v,w)) = (u=w));
(4) V(P (z,e,2)&P(e, x, x));

(5) VaIy(P(z,y,e)&P(y, z,¢)).

[Iycrs G — s06as Momesib 31oit cucrembl akcuom. Coornoumenue P(z,y, z) 3anu-
IeM B BHUIE TY = Z; IepPBasl aKCHOMa O3HAYAET, YTO MJIsI JIIOOBIX IBYX 3JIEMEHTOB
z,y € G cylecTByeT nx MpPOU3BENeHNE 2 = TY, & BTOPas aKCHOMa, TOKA3BbIBAET, YTO
BTO MPOM3BENEHNE ONPEeHesIeHO OnHO3HAYHO. TaxuM 0b6paszom, G ABJIAETCS MHOXKe-
CTBOM C OIIHO#T OmHApHOIT onepanueii ymuoxkeHus1. OCTaIbHbIE AKCHOMBI Y TBEPIK 1A~
10T, 9TO TO YMHOXKEHNE aCCOIMATUBHO, YTO € HABJIAETCS €MUHUIEH /115 Hero u 94To
Beakuit ssrement u3 G obparum. Takum 06pazoM, MOIEISIMA MHOXKECTBA aKCHOM
(1)-(5) stBIATOTCS TPYNIIBL.
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2.4. YHuUBepcaJbHO BepHbIe CYXIOeHUdA. B ncuncsiennn BbICKA3bIBAHUN MbI
BBIIEJINJIN KJTACC TABTOJIOTUI — CyK/IeHUil, HCTUHHBIX [IPU JIIOOBIX 3HAYEHUAX MC-
TUHHOCTH DJIEMEHTAPHBIX BHICKA3bIBaHMWil. TOYHO TaK )K€, YHUBEPCAJIbHO BEPHBIMU
CYXKJEHUAMHU B UCUYUCJICHUU IpPeJUuKaTOB HA30BEM TaKHe CYXKIEHUA, KOTOpPbIE UC-
TUHHBI TpX JTIFOOO0# MHTEPIIPeTAIIY CUMBOJIOB KOHCTAHT U TPEIUKATOB, BXOISIINX B
3aIMCh BTUX CyXKIeHuil. B 3ToM myHKTE MBI OmHUIeM HECKOJIBKO CIIOCOOOB MOCTPO-
€HUs YHUBEPCAJHHO BEPHBIX CyXKIeHU#. A priori He siCHO, JOCTATOYHO JIU ITUX
NIpaBUJI [JI MOCTPOEHUA BCEX YHUBEPCAJIbHO BEPHBIX CYXKOEHU, U IMOSTOMY MBI
mOKa OyIeM HA3BIBATH CYKIEHUsI, TOJIYyIEHHBIE [0 STUM MPABUIAM, BIBOIUMBIMA
(Toumee, BHIBOAMMBIMU U3 IIyCTONO MHOXKECTBA, CYKICHUIA).

(1) Ipasunao nodcmanosxu. Ilycrs F(Xi,Xs,...,X,,) — TaBrosiorns ncun-
CJIEHUs BBICKA3BIBAHWIA, U MyCTh Y7, Ys, ... ,Y,,, — Npoms3BOIbHBIE CyXK/Ie-
Hus; Torma cyxinenue, nosydennoe uz F(Xp, Xo, ..., X,,) noncranoskoii
BMECTO Kazk10ro BxoxAeHust OykB X1, Xso, ..., X;;, COOTBETCTBYIOMMX CY-
xnoenwit Y1, Ys, ... ,Y,,, BBIBoguMO.

(2) Modus ponens. Ecnu cyxnenna X, X — Y BbIBOOUMBI, TO U CyxkaeHue Y
BBIBOZINMO.

[Tepen Tem, kak chOpPMyIUPOBATH OPYTUe MTPABUIIA MOCTPOEHUST YHUBEPCAIHHO
BEPHBIX CyKIEHUI, BBEIEM OIHO moJjie3noe obosnauenue. Ilycrs A(t) — ocMbIC/IeH-
HOe BblpazkeHue, a ¢ — CHUMBOJI KOHCTAHTBI MJIU [IePEMEHHO, U IyCTb ¢ — CUMBOJI
KOHCTaHThI; Yepe3 A(c) mbl Oynem o603HAYATH CJIOBO, MOJIyYAIOUIEECST U3 CJIOBA
A(t) 3ameHoil Bcex cBODONHBIX BXOXKIEHU ¢, eciiu ¢ — CUMBOJI IIEPEMEHHON, niin
BCeX BXOXKIEeHUi {, ecin ¢ — CHMBOJI KOHCTAHTBI, HA CUMBOJI C.

(3) Cyxnenus (¢ = ¢), (c =d) = (d = ¢), ((c = d)&(d = ¢€)) = (¢ = ¢)

BBLIBOJIAMBI.

(4) Ecom A(c) — moboe cyxnenne, o (¢ = d) — (A(c) = A(d)) — BeiBOIMMOE
CyKIEHUE.

(5) IIycrs A(z) — ocMbIC/IeHHOE BbIpazKeHHE, B KOTOPOE CBOOOMHO BXOMUT

TOJILKO CHUMBOJT IIEPpEMEHHON =, B — j1r060e CyXKIeHne; TOraa

(VzA(z)) — A(c),

~(VzA(z))) < (Jz(-A(z))),
(VxA(x) ) & (Vz(A(z&B))),
(

(
( )&B z(A(
(3zA(2))&B) ¢ (3x(A(z&B)))

—
—
— BbBIBOOUMDbIE CYXKOEHUA.

Haxkowner, ormMeruM ele oauH, IPUHIUIHAIBHO OTJIMIHBIN OT TPeabIIyIuX, CIocod
MMOCTPOEHUS BHIBOIUMBIX CyXaeHuit. {1 Toro, 9robbl 000CHOBATH €10, JAJIUM CHA-
4YaJia ero HHTYUTUBHBIH cMbICI. fIcHO, 9To ecu cyxaenue Vo A(z) BepHO, TO mjis
J1I060r0 CUMBOJIa, KOHCTAHTBI JOJIZKHO OBITH BEPHO U CcyxkaeHue A(c); HaM XOTeI0Ch
Obl, 9TOOBI U OOpaTHO, ecu cyxaenne A(c) BepHO 11J1s BCeX CHMBOJIOB KOHCTAHT,
10 6b1710 Obl BepHO 1 cyxnenue VrA(x). Ho BepHO mjisi Bcex CUMBOJIOB KOHCTAHT
— 9TO TO K€ caMoe, YTO BEPHO [Jis MPOU3BOJIBHOIO CHMBOJIA KOHCTAHTBHI. MbI
MPUXOIUM K CJIEHYIOMEMY MPABUJIY MOCTPOEHUS BBIBOIUMBIX CYKICHIUH.

(6) IIycrs A(z) — OCMBIC/IEHHOE BBIPasKeHHEe C €OUHCTBEHHBIM CHMBOJIOM II€-
PEeMeHHO# &, BXONSAMNM B HEro cBobomHo. Ecsim ¢ — cMMBOJI KOHCTaHTHI,
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He Bxonsamuii B A(z), u cyxnenue A(c) BIBoIuMO, T0 u cyxaeHne YrA(x)
BBIBOIMMO.

Ewme pa3 orMeTnm, 9TO B HOCJIEIHEM NPABUIIE ¢ — CHMBOJI KOHCTAHTBI, HE CBi-
3aHHBII HUKAKMMH IOIOJIHATEIbHBIMU OTPAHUYEHUIME; BOOOIIE TOBOP, CyKIEHHE
((A(c)) = (VzA(x))) He 00sa3aHO OBITH BEPHBIM.

Teopema. Bcskoe BbIBOLHMOE CyXKIEHUE SABJIAETCA YHUBEPCAJIHHO BEPHBIM (T.e.
HMCTHHHBIM TIPH JIIOO0H HHTEPIPETAIINY CAMBOJIOB KOHCTAHT U IpeaukaroB). Obpar-
HO, BCAKOE YHUBEPCAJIbHO BEPHOE CYXKIEHHE BBIBOINMO.

Loxasamenvcmeo. IlokaxkeMm, 4To CyXIeHUs, TTOCTpoeHHbe mo npasuiam (1)-(6),
YHHBEPCAJIBHO BEPHBI. HAMOMHUM, 9TO CyXKIEHUS ABJISAIOTCA BBICKA3bIBAHUIMU;
npasusia (1) u (2) kak pas3 u aBiA0TCA nepedOPMyIUPOBKAMEU COOTBETCTBY IOIIUX
IPaBUJI UCYUCTIEHNs BhICKa3biBaHMA. COBEpPIIEHHO OYEBUAHO, YTO IO MPABHIAM
(3)-(5) mosyualoTCs CyXKIeHUsl, UCTUHHBIE TIPU JIOOOH MHTEPIPETAIMY CUMBOJIOB
KOHCTAHT 1 npeaukaroB. OcTaioch Nokasarh, 9T0 u no npasuiy (6) nosydaiorcs
YHUBepcaJIbHO BepHble cyxkaenusa. [Iycrs {M;cpr, Py} — smobast mHTeprpeTanms
MHOXKECTB KOHCTAHT W NMPEIuKaToB, u myctb m € M. [Ipenmosoxkum, 910 MBI yiKe
ybenuauch, B yHUBEPCAJIbHONW BepHOCTH BbIBOAMMOrO cyxienus A(c). 3uavenue
UCTUHHOCTU Bbipazxkenusi A(m) B uareprnperamuu M coBOAIAET COBIAAAET CO 3HA-
YeHneM UCTUHHOCTHU CyxkaeHusa A(c) B uHTepnperanyu, OTIndaiomeicss 0T uaTep-
nperarmyun M TOIBKO TE€M, 9TO CUMBOJIy KOHCTAHTBI ¢ CTABUTCS B COOTBETCTBUE HE
DJIEMEHT Cj7, a ss1ement m. Ho cyxnenue A(c) uctunuo B 11060l unrepnperanuu;
nosTomy Bbipaxkenue A(m) ucrunuo B unrepuperauuu M s sawoboro m € M, T.e.
cyxnenue Ve A(z) ucruano B unrepuperanuu M.

ObparHOe yTBepKIeHNEe 3HAYNTETHHO TJIyOxKe 1 OyIeT T0KA3aHO HIKE KaK CJIe]-
CTBUE TeopeMbl 'efesiss 0 moJTHOTE.

2.5. HenporuBopeuuBocth. Teopema I'emesissi o mosiHOTe. IlycTh Temepn
G — HEKOTOPOe MHOXKECTBO CYXKIEHHUIl; MbI TOBOPUM, 4TO CykieHue A BbIBOIHU-
Mo w3 &, ecsm CymecTBYIOT CyxRaeHus Xi,...,X,, € &, takme 4To CyxKaeHue
(X1&...&X,,) = A BbiBonumO (T.e. BBIBOIUMO M3 [yCTONO MHOXKECTBA CYZKIe-
uuit). Cucrema cyxuenuil & Ha3bIBaeTCs HEIIPOTUBOPEYUBOIL, €CJIU TOKIECTBEHHO
JIOXKHOE cyxaenue "1’ He BoIBOOUMO u3 G.

fAcHo, 9TO ecyn IS MHOYKECTBA CYKIEHUl CyIIeCTBYeT MOIE/Ib, TO 9TO MHOXKEe-
CTBO CyXk[eHuil HempoTuBOpednBO. OKA3bIBAETCS, BEPHO U 0OpPATHOE.

Teopema Tenensi o nosore. ITycrs & C 2A(P, ) — HEKOTOPOE HENPOTHBO-
pednBoe MHOXKeCTBO cyxenuti. Torma cymecTByer MoAe b 9TOr0 MHOXKECTBA Cy-
xnerunii. Bosee toro, ecoim maoxecrsa 3, € koHedHbI, TO CymecTByeT He boJiee
geM cuerHas1 Moaesib S, a ecsn x0Ts1 661 OMHO U3 HUX OECKOHEYHO, CyIIeCTBYET MO-
Jestb MOk ecTBa &, MONIHOCTHh KOTOPOH He NPEeBOCXOAHT MAaKCHMYMa MOIIHOCTelH
mHOXKecTB B, €.

IlokazareibCcTBO TOi TeOpeMbl OYIET JAHO B CJEMyomeM naparpade.

To xxe camoe orpaHuYeHNe Ha MOIIHOCTh, 9TO U B Teopeme [enestst, Oymer BCTpe-
9aTbCsA y HAC elle HECKOJIbKO pa3. [Li1s coxpalnenus pevdn 6yaeM HA3bIBATh MHOMKEe-
CTBa, MOIIHOCTb KOTOPBIX YAOBJIETBOPSET 3TOMY YCJIOBHIO, MHOKECTBAMHU MAJION
MOITHOCTU (IO OTHOIIEHUIO K MHOXKECTBAM CHMBOJIOB KOHCTAHT U NpeaukaroB &,
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PB). B srux repmunax reopema [enesis rapanTupyer CymecTBOBaHUE MOIEIIA Ma-
JIOI MOIIHOCTH.

B crenyrommx myHKTaX Mbl YKaXKeM HECKOJIBKO BAXKHBIX CJIEACTBUI TEOpeMbl
lenmests.

2.6. BeIBOmUMOCTh U CYNIECTBOBAaHUE MOIEJIIH.

Teopema. IIycte X C A(C,P) — HEHpOTHBOPEIUBOE MHOKECTBO CYKICHHI.
Eciu cyxnenme A € A(C,B) we BbBOAMMO U3 X, TO CYMECTBYET MOIEIb MHO-
xectBa cyxaenuii X, B koropoii cyximenne A Jioxuo. Huaade roBopsi, cyxieHue
A € A(¢,P) BbBogUMO U3 X TOrHA M TOJIBKO TOLAA, KOIIA OHO HCTHHHO BO BCEX
Mozessix MHOXKecTBa cyxaenuti X. B wacrHocTH, CyXKiaeHue BbIBOAUMO (T.€. BbI-
BOIUMO U3 IIyCTOTO MHOXKECTBA) TOTJA H TOJBKO TOTAA, KOI/A OHO YHHBEDPCAJIBLHO
BEPHO.

ﬂonasameﬂbcmeo. 3aMeTI/IM CHa4vaJIa, 9TO BBICKA3bIBaHUE
((XQ&_|X1) — (JI)) — (X2 — Xl)

rToxaecrBeHHo ucrunuo. Ilycrs cyxumenme A € A(C,P) He BbBomumo us X.
Ecsin 661 MHOKecTBO cyxaernii X U {—A} Obly10 TPOTHBOPEYNBBIM, TO CYIIECTBO-
BaJI0 ObI KOHEYHOE MHOXKECTBO CyXKOeHuit Yi,...,Y, € X, Takoe 4TO CyxKIeHUE
& ... &Y, &—A) — (s1) 66110 GBI BHIBOOMMBIM. IIOfCTABIIAA B yKA3aHHOE BbI-
1€ TOXKIECTBEHHO UCTUHHOE BhICKa3biBaHue cyxaenue Y& ... &Y, Bmecro Xo u A
BMecTo X1 1 0J1b3ysach modus ponens, Mbl yBugesiu 0bl, uro (Y1& ... &Y,) - A —
BBIBOIMMOE CYXKIEHUE , T.e. 4TO CyXKaeHue A BbIBOIMMO u3 X BONPEKU MPEIINOJIO-
xennio. Mrak, MEHOXecTBO cyxnenunit X U {—~A} HempoTnBOpednBo, u Mo reopeme
[émesist 0 MOTHOTE CYIIECTBYET €r0 MOOEJIb. ITa MOIEJb ABJASIETCS MOIETIHI0 MHO-
KecTBa cyxkaeHuit X, HO cyxjeHne A B 3TOi MOHesN JIOXKHO, MOCKOJIbKY B Heil
BBITIOJTHSAETCS CyXKaeHne —A.

[Tocienmee yTBepKaeHNEe TOJIBKO YTO TOKA3AHHON TEOPEMBbI MOKA3BIBAET, UTO
IJ14A IIOCTPOEHNA BCEX YHUBEPCAJIbHO BEPHDBIX Cy}K,HeHI/Iﬁ JOCTAaTOYHO II0JIb30BATbCA
snb ipasusiamu (1)-(6). Mrade roBopst, 9TH paBUIa COCTABJIISIIOT MOJHYIO CHCTe-
MYy MIpaBUJI BBIBOOa YHUBEPCAJIBHO BEPHBIX Cy}KI[eHPIﬁ, 9STUM O6'bHCHHeTCH Ha3BaHNUE
TeopeMsl ['emesisi: 3T0 MO CymeCTBY TeopeMa O MOJIHOTE CUCTeMbI MPABIJI BLIBOIA
(1)-(6)-

2.7. TeopemMa KOMIIAaKTHOCTH.

Teopema. Ecjm g1 BCIKOrO KOHEYHOTO MOJMHOXKECTBA MHOMXKECTBA, CYKICHUIH
X C 2A(¢,P) cymecrByer Momesib, TO CyHWECTBYIOT H MOJAEJIb BCEI'O MHOXKECTBA
cyxmermnii X.

LHoxazameavcmeo. Eciu 661 MHOXKECTBO cyx)aeHuii X ObL/IO IPOTUBOPEYUBBIM, TO
cyuiectBoBasm Obl cyxkaenns Xi, ..., X, € X, Takue 4T0 CyKOeHUE

(Xi&...&Xn) = (1)

651710 661 BRIBOMUMBIM. HO TOrma 661710 OB IPOTUBOPEYUBBIM Y2KE KOHETHOE MHOKE-
crBo cyxkuaenuit {Xi,...,X,} C X, u a4 Hero He CywecTBOBAJIO Obl MOIEJIH, Y4TO
MIPOTUBOPEYUT MPEINOIOKEHNI0 TeopeMbl. Cie1oBaTebHO, MHOKECTBO CYKIEHUH]
X menpoTmBOpeunBoO, u 10 TeopeMme ['énesist 0 MOJHOTE CYMIECTBYET MOJIEIIb STOr0
MHOXKECTBa, CyKIEHUIA.
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2.8. CyumiecTBoBaHHEe CKOJIb YTOOHO GOJBIINX Momesaeid.

Teopema. Ecau gz muoxecrsa cyxmenuii X C 2(C,P) cymecrByer 6eckoned-
HasT MOIEJIb HJIH JaxKe CKOJIb YTOTHO GOJIBIINEG KOHETHBIE MOMEIH, TO CYIMIEeCTBYIOT
H MOIeJIH MHOXKECTBA, CyKAeHuii X CKOJIb yroaHo GOJIbIION MOITHOCTH.

Loxazameavcmeo. PacmupuM MHOXKECTBO CHMBOJIOB KOHCTAHT €, 100aBUB K HEMY
npousBoOJIbHOE MHOXKeCTBO . Obosuaunm depes X' C 2A(C U D,R) MHOKECTBO
cyxenuii, nosydennoe uz X nobasiienuem cyxpenuit —(d = d') miis Bcex map
d,d e®,d#£d.

Kaxmoe konegnoe momMHOKeCTBO %) MHOKecTBa X' momyckaer momenb. eii-
CTBUTEJILHO, B ) y94acTByer JIMIIb KOHEYHOE YUCIIO DJIEMEHTOB di,...,d, € .
ITo ycsoBuio, cymectByer momesnb M mHOXKecTBa cyxkaenuit X, cocrosmas He Me-
Hee 4eM U3 17 9JIEMEHTOB; COIIOCTABJIsAsS CUMBOJIAM KOHCTAHT dy, . . . , d,, pa3JIndHbIE
3JIEMEHTHI U3 MHOXKeCTBa M, MbI ipeBpaTuM M B MHTEPIIPETAINIO0 MHOXKECTBA, CUM-
BoJIoB KOHCTAHT €U {dy,...,dp} 1 cuMBOIIOB TpEnUKaTOB B, B KOTOPOH NCTHHHBI
Bce cyxpenus us X u cyxnmenust ~(d; = d;), 1 <i,j < m, i # j. B wactuocru, B
M Bwimosiaenst Bce cyxaeHus u3 ), tak 9410 M — MOmesib MHOXKECTBA CyXKIAEHUt
9.

ITo TeopeMe KOMITAKTHOCTH CYIIECTBYET W MOIEIh M’ BCero MHOKECTBA, CyzKIe-
uii X'; oueBmImHO, OHA ABAAETCA MOMEJIBLIO MHOXKECTBA CcyxkieHuil X, a eé mom-
HOCTb HE MEHbIIe MOIIHOCTH MHOXKECTBa %), TaK KaK BCEM CUMBOJIAM KOHCTAHT U3
%D IOJIKHBI COOTBETCTBOBATH PA3JIMIHbIE SJIeMeHTH u3 M.

3. JIOKABATEJILCTBO TEOPEMBI ['EIEJIS O TTOJTHOTE

3.1. MakcumMmaJibHbIE HEMPOTUBOPEYUBHLIE U IKIUCTEHIMAIHLHO MOJHbIE
MHOXeCTBa cyX)aeHun. Onpene/imM IBa BaXKHBIX KJIACCA MHOXKECTB CYXKICHUI.
[MopmuoxkecrBo & muoxkecTBa cyxuenuil A(P, C) Ha3bIBAETCH IKIUCTEHIUAIBHO
HOJIHBIM, ecyiu AJis Jioboro cyxaenus Buna Jr(A(z)), npunagiexamero &, Haii-
JIeTCsL CUMBOJI KOHCTaHThl ¢ € €, Takoii uyro cyxuenue A(c) TOxKe NPUHALJIEKUT
MHOXecTBY & (3mech, Kak 00bIuHO, A(Z) — OCMBICJIEHHOE BBIPAKEHNE, B KOTOPOE
CBOGOIHO BXOIUT TOJIKO CUMBOJI IEPEMEHHO ).

MuoxecrBo cyxuenuit S C A(, €) HazbBaeTCA MAKCUMAILHBIM HEIIPOTUBOPE-
quBbIM mogMHOKeCTBOM 2A(P, €), ec/iu MHOKECTBO CyxKIeHuii & HEMPOTUBOPEYUBO,
HO JII000€ ero COOCTBEHHOE PACIINPEHNE YiKe He sIBJISIETCS HEMPOTUBOPEYUBBIM.

IIpengioxenne. Ilycrp & — makcmMaibHOE HEIPOTHBOPEIHBOE MOIMHOXKECTBO
A(B, €), u nycrp A — smo6oe cyxaenne uz AP, €). Torga oqHO, H TOJIBKO OLHO,
w3 cyxaennii A, ~A conepxurcs B 6. Ecim cyxnenune A BoBogumo uz &, To
A € 6. B yactHOCTH, BCe BBIBOAMMBIC CyKACHU (T.€. CYKIEHUs, BHIBOAUMbIC U3
IIyCTOro MHOXKECTBa CyKjenuii) npunaaiexar .

Hoxazameavemeo. Oba cyxmenus A, mA He MOTYT COIEPXKATHCS B HEMTPOTUBOPE-
YUBOM MHOXKECTBe &, Tak Kak B MPOTUBHOM CJIYYAE TOXKICCTBEHHO JIOXKHOE CYK e~
nne A& —A 661710 ObI BEIBOAUMO 13 &, 4TO HECOBMECTUMO C HEIIPOTUBOPEUYNBOCTHIO
S. Ilycrs A,—A ¢ &; nockosibky & — MaKCUMAaJIbHOE HEIIPOTUBOPEYUBOE MHOKE-
cTBO, 06a MHOXKecTBa cyx)aenuit & U {A}, & U {—A} ne aBnsaiorca wenporuBope-
guBbiMu. [ToaTomy cymiecTBytoT cyxneuust By, ..., By, Bpt1,- .., By € B, Takne
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YTO CYyXKIECHUA

(A&B1& ... &Bp) — (1), (~A&Bpmir& ... &Bn) — (1)
BBIBOOUMBI. llanee, BBICKA3bIBAQHUE

(X&Y) = (m)&((-X&Z) = (1)) = (Y&Z) = (1))

SIBJISIETCSI, KAK HETPYIHO BBISCHUTH, BBIYUCJIsisA (DYHKIMIO UCTUHHOCTHU, TABTOJIO-
rueit. IloncraBnsas ciona A, Bi& ... &By, v By1& ... &By, Bvecto X, Y, Z n
MOJTB3YACh Modus ponens, HAXOAUM, 9TO U CYXKICHNe

BBIBOMMO, & 3TO 03HAYAET, UT0 & — MPOTUBOPEYMBOE MHOXKECTBO CyxkaeHuii. Cire-
JIOBATEJILHO, MPEINOJIOKEHNe O TOM, 4TO HU cyxkiaenue A, wu cyxmenue —A He
npunagiexar &, ObLsI0 HEBEPHO.

Ecnu cyxnenue A BoiBogumo uz G u A ¢ &, 10, KaK MbI TOJIBKO 9TO JOKA3aJIH,
cyxnenune - A npunagexur &; takum obpasom, oba cyxpenusi A, 7A BbIBOIM-
MBI U3 &, a TOTOMY M TOXKIECTBEHHO JIOXKHOe cyxkneHne A&—A BrBomumo u3z &
BOMPEKN HEMPOTUBOPEUNBOCTU MHOKECTBA CyxkaeHuit &.

3.2, I/IHTepHpeTaH,I/II/I MaKCHMaJIBHBbIX HEIIPOTHUBOPE€YHUBbLIX 3K3UCTEHIIHA-
JIbBHO IIOJIHBIX MHOXK€CTB Cy)K,ELeHI/Iﬁ.

Teopema. ITyctb M = {M;cy, Py} — wWHTEpHpETAnns MHOXKECTB CHMBOJIOB
xoHcTaHT € U CHMBOJIOB IPEIUKATOB B, Takas 410 i Jiroboro ajaementa m € M
CyHiecTByeT CHMBOJI KOHCTaHTHI ¢ € &, m1s koroporom = cpr. MuoxecrBo & Bcex
cyxaeruii u3 (P, €), ucrunupix B unrepuperanuu M, ABjiseTcss MAKCUMAJIbHBIM
HEIPOTHBOPEYUBBIM U 9K3UCTEHIUAJIbHO nojabiM. Obparno, nycts & C 2A(B, €)
— MaKCHMAaJIbHOE HEIPOTHBOPEYHBOE U HK3UCTEHIIHAJILHO MOJTHOE MHOXKECTBO Cy-
Kaennti; Torga cymecrByer rakas unrepuperanus M = {M;cp, Py} muOX)ECTB
¢, B, uro gt smoboro ssementa m € M cymectByer cumBOJT KOHCTAHTHI ¢ € €,
JJIsT KOTOoporo m = ¢y, u cyxaenue u3 A(P, ) ucrunno B M rorma u 1o1bKO
TOra, KOra OHO COAEPKHUTCS B MHOXKeCTBe 6.

[Hoxazameavcmeo. Ilycrs cuavaia & — mHOXKecTBO Beex cyxuaenuit us A(P, €),
UCTUHHBIX B nHTepnperamun M. fcHo, 9To oHO HemporuBopeumBo. Eciau cyxme-
e A € A(P, €) ve npunaniexur &, 10 OHO HE UCTUHHO B uHTepnperamuu M; 310
3HAYUT, 9TO ero orpunanue - A ucruano B M u nmoromy npunagiexutr &. Taxum
obpasoM, MHOXKecTBO cyxkaennii G U {A} comepxkuT oqHOBpeMeHHO cyxKneHus A,
= A, u noromy nporusopeunBo. CiemgoBarenbio, & — MmarcumaibHoe HEIPOTUBO-
peuauBoe mMHOXKecCTBO cyxuenuii. asee, eciu cyxnenue dx(A(zr)) npunaniexur
&, 1o oHO uctuHHO B M, T.e. HalimeTcs cUMBOJI KOHCTAHTBI ¢ € &, Takoil 41O Cy-
xnenue A(c) (tounee, cyxnenue A(cpr)) uerunno B M v moTOMy TPUHAIJIEKUT
MHOXKecTBY &. HTak, MHOXKECTBO Cy)KOeHUI G 9K3MCTEHIINAIHHO TOJTHO.

Ciroxuee mokasbiBaercs obparnoe yreepxaenue. Ilycrts & C A(P, €) — max-
CHMAJIbHOE HEIMPOTUBOPEYUBOE U SK3UCTEHIINAJILHO TOJIHOE MHOXKECTBO CYXKICHUI.
IIBe xoucTauTel ¢,d € € OymeM CUMTATH SKBUBAJIEHTHBIMU U MUCATH ¢ ~ d, ecjiu
cyxnaenne ¢ = d comepxkurcsa B 6.
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Jlemma 1. OrHomenme ¢ ~ d ABIAETCS OTHOIEHUEM SKBHBAJIEHTHOCTH HA MHO-
xecrBe €. Ecim P — cHMBOJI N-MECTHOI'O HPEAHKATA, Cl,...,Cp,d1,...,dy € €,
¢ ~di, ..., ey~ dy ucyxgeaue P(cy,...,c,) conepxurca B S, T0 u CyxKIeHue
P(dy,...,d,) conepxurca B S.

Hoxazameavcmeo. CyxneHue ¢ = ¢ BBIBOIUMO U MOTOMY NpUHAAIEXKUT &; 3HAYUT,
¢ ~ c. Ecim ¢ ~ d, to cyxxnenne ¢ = d npunanyexur &, u u3 HEro u BHIBOIU-
moro cyxnenus (¢ = d) — (d = ¢), Toxe npunagiexamero &, no modus ponens
BBIBOOMTCS cyxkaenne cyxnerune d = c. [lo mpemjioxkeHuio n3 mpeapbIaymero myHK-
Ta cyxnenne d = ¢ toxke npuHamiaexut &, t.e. d ~ c¢. Touno Tak ke, ecamn
c ~d,d~ e, 1o cyxmenusi ¢ = d, d = e BMeCTe C BBIBOOUMBIM CYXKICHUEM
((c = d)&(d = €)) = (¢ = e) npunagyexar &; 0 NPEIJIOKEHUIO U3 TPEABLILYIIErO
MyHKTa BBIBOIMMOE M3 HUX CYXKIEHHEe ¢ = e Toxe npunaigmexar &, t.e. ¢ ~ e.
Nrak, oTHOIEHNE ~ SIBJISETCS 3KBUBAJIEHTHOCTHIO.

AwnastorndHo MOKA3BIBAETCS M BTOPOE yTBEPKIAEHNE JIeMMbl. Ecn ¢ ~ dy, ..
Cp ~ dy, TO CyxaeHus ¢ =dj, ..., ¢, = d, npunaminexar S. 3 nux, cyxneHus
P(cy,co,...,¢n) U BBIBOOUMBIX CYKIECHUI

s

(01 :dl) — (P(Cl,CQ,...,Cn) —>P(d1,02,...,cn)),
(CQ :dQ) — (P(d1,02,...,cn) —)P(dl,dg,...,cn)),...,
(Cn :dn) — (P(dl,d2,...,cn) —)P(dl,d2,...,dn))

HOCJIEIOBATEIbHO BbiBOAATCA cyxkuaeuus P(di, ca,...,¢), P(di,da, ... ¢n), .-,
P(dy,ds,...,d,). Tlo npenjioxenuio u3 npeabiiyuiero myHKTa I0C/IeAHee CyxkK e~
uue P(dy,ds,...,d,) npunagnexur S.

O6o3naunM depes M MHOXKECTBO KJIACCOB DKBUBAJIEHTHOCTH MHOXKeCTBa, € 10
OTHOIMIEHNIO ~. [T KaXKIOro CUMBOJIA KOHCTAHTHI ¢ € C' 0003HAUNM Uepes3 Cpr
KJIACC SKBUBAJIEHTHOCTHU DJIEMEHTa, ¢, & IJIsT KaXKOIO0TO CHMBOJIA 7-MECTHOTO Tpe-
mukara P € P obosnaunm depe3 Pp; HMOIMHOXKECTBO 1ekaproBoil cremenu M™,

COCTOSIIIEe U3 BCEX TAKUX HAOOPOB (M, ..., My,), uro cyxuenue P(cy, ..., cy,) npu-
HamaeXKUT & 117151 JII0OBIX 3JIEMEHTOB Cf, - . . , Cp € €, KJIACCHI 9KBUBAJIEHTHOCTH KO-
TOPBIX PABHBI COOTBETCTBEHHO M1, - . . , My, € M. Takum 00pasom, 3J1eMEHTHI ¢y U

MHOKECTBA Py COCTABJISIIOT MHTEPIPETAINI0 MHOXKeCTBa cyxaeuunii S C A(P, €).

Ina mokasaresibCTBa TEOPEMBI OCTAJIOCH MOKA3ATh, YTO 3HAYEHUs] MCTUHHOCTHU
cyxnenus A € A(P, ) B unrepnperauuu M = {M;cp, Py} u BbicKasbiBaHus
(A € &) copmamaror. Ilycts 3T0 He Tak, m myctb A € A(P, &) — cyxnenue
HaUMEHbINeH IInHbI (KaK CJI0BO B ajipaBUTe U3 CUMBOJIOB KOHCTAHT, IPEIUKATOB,
HNEePEMEHHBIX U APYTUX JIOTUIECKUX 3HAKOB), TAKOE UTO €ro 3HAYEHUE UCTUHHOCTH
B unrepuperauuu M He coBOanaeT co 3HaYeHNEeM MCTUHHOCTY BbICKa3biBanus (A €
S). Paccmorpum Bce BosmoxHbIe BapuanTsl (1)-(5) aia cyxaenns A u nmokaxem,
YTO B KQXK/IOM U3 HUX MBI IPUXOIUM K MPOTUBOPEIHIO.

(1). Cyxnenne "u”, uctuHHO B JI000H MHTEpHpeTaluu U mpuHaIIexRuT &, a
cyxnaenve "1’ He UCTUHHO B JIIOOOI MHTEpIpeTanu U He MPUHALTEKUT HEITPOTH-
BOPEUYMBOMY MHOXKeCTBY cyxnernit &. IlosTomy cyxnenne A He COBIamaeT HU C
"u”, v c ’a’.

(2), (3). Uuarepuperamuss M nocrpoena Tak, 4TO CykKIEHUS BUIOB ¢ = d,
P(cy,...,¢p) uctunnsl B M TOrma U TOJIBKO TOTMA, KOTA OHM mpuHaiiexar &.
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[Tosromy cyxnenne A HE MOXKET COBIAAATH C CyXKIAEHNEM OIHOIrO U3 BUIOB ¢ = d,
P(ey, ..., cn).

(4). Iycrs B,C € A(P,¢). Cyxnenune B&C BbiBOnuMo u3 cyxienuii B
u C, u maobopor, cyxaeunss B u C BuBomumbl u3 cyxaeuus B&C'; mostomy
(B&C) € & rorma u Tosibko Torma, korma B € 6 u C € 6. IlosTomy 3HadYeHus
ucrunaocTy BhickaspBanuil (B € 6)&(C € 6) u (B&(C) € & cosmanmator. [la-
Jiee, OYEBUIHO, YTO COBHANAIOT 3HAYEHU UCTUHHOCTH BbicKadbiBauuii =(B € &) u
(=B) € 6. Orciomna, noJb3ysach TeM, 4To 3Hadenus ucruauocru njisg BVC, B — C,
B + C cosnapator co sHadenusamu ncruauoct myist —((—B)&(~C)), =(B&(~(C)),
=((=(B&C))&(=B)&(~C)), naxogum, 9T0 3HAYEHUS UCTUHHOCTU BLICKA3BIBAHWI
(BEBG)V(CeB),(BeB)— (CeB), (BEeB) <« (CeB)coBnamaior co 3Ha-
YeHUsAMU UCTUHHOCTH BbicKasbBanuii (BV (C) € 6, (B - ()€ 6, (B + C) € 6.

Ecinu cyxnenne A umeer ogun w3 Bunos B&C, -B, BVC, B - C, B & C,
o cyxnenus B, C' xopode cyxnenns A, U MOTOMYy MX 3HAYEHUs] MUCTUHHOCTH B
urTeprnperanyuu M COBIA[AIOT CO 3HAYEHUIMU UCTUHHOCTU BbICKasbiBauuii (B €
6), (C € 6). Us paccyxkuenuii mpenpiaymero ab3amna Mbl BUIUM TENepb, 9TO U
3HAYEHUS UCTUHHOCTHU CyxkaeHusa A u BoickasbiBanus (A € &) coBIanaoT, BOIPEKH
BbIOOpY CyxneHusi A.

(5). Iycrs cyxnenue A umeer Bun VeB(z). Ecou A € &, 10 n/15 Bcex cuMBOJIOB
koucrauT ¢ € € cyxuaenus: B(c), BbiBonumMble u3 cyxaenus Ve B(x), npunagiexar
S, u, mockoJsibKy csioBo B(c) xopode ciosa Ve B(x), Bce cyxnenust B(c) ncTuHHbL
B unrepnperanuu M. CienoBaresnnbno, cyxaenue Vi B (1) UCTUHHO B UHTEPIIPETa-
uun M. Ecnu ke BoickassiBanue (A € &) jioxuo, 1o cyxnenue 3z(—B(z)), pas-
HOCHUJILHOE CyXKIEHUIO — A, NPUHAIIEKAT MHOXKECTBY CyxkneHnit &, u, moCKOIbKY
9TO MHOKECTBO CYKIEHHI SK3MCTEHIMAIBLHO MOJIHO, HAWIETCA CHMBOJT KOHCTAHTHI
¢ € €, rakoii uro cyxkuenue —B(c) npunagnexur 6. Ho cyxnenue —B(c) kopoue
cykaeHus A; MO3TOMY OHO MCTUHHO B MHTEeprperaiuu M, U, 3HAYUT, CyKICHUE
B(c) ve ucrunno B unrepnperanuu M. CiemosaresbHo, cyxaenune A, mMeromee
Bun, VxB(z), ne ucrunno B M. Urak, B 06oux ciydasx 3HAYEHUE UCTUHHOCTH
cyxnenus A B maTepnperanuu M coBmamaer co 3Ha4eHNEM UCTHHHOCTHU BBICKA3bI-
Banus (A € ), 4T0 NPOTUBOPEYUT HAIIEMY [PEIIOJIOKEHUIO.

IoiicrBennbiv obpasom pasbupaercs ciaydaii cyxuenns A suna JxB(z). Ecau
OHO MPUHALIEKUT &, TO U3 HKIUCTEHIUAILHON NOJTHOTEL & ciiemyeT, 4To Hafinercs
CHMBOJI KOHCTAHTHI ¢ € €, Takoii uro cyxaenue B(c) npunamiexur &; oHO KOpode
cyxnenus A u noromy uctTuHHO B unTepnperainuu M. CremoBaresibHO, CyXKIeHUe
JzB(z) uctunno B unrepuperauuu M. Ecau xe cyxknenue A we npunamiexur &,
1o cyxaenue Vz(—B(z)), paBHOCHIIbHOE CYXKIEHUIO — A, IPUHANJIEZKUT MHOKECTBY
cyxnenuit &, u BMecre ¢ HUM MHOXKeCTBY & mpunaiiexar Bce cyxkuenus —B(c),
¢ € €. Orcioma cienyer, 9T0 HU OfHO U3 cyxkuenuii B(c) He npunagiexur & u,
MOCKOJIbKY 9TH CyKIEHUsI KOPOUe CykKIeHUsA A, HU OIHO U3 HUX HE UCTUHHO B UH-
repuperauuu M. ITosromy cyxuenue A, umetomee Bun 3z B(z), ne uctunuo B M.
CHOBa MBI TIOJTyYnJIA, 9TO 3HAYEHHE MCTUHHOCTH CyXKAeHus A B mHTEpmperanun
M coBnanaer co 3HaYeHHEM MCTUHHOCTH BbicKasbiBanus (A € 6).

OTUM ¥ 3aBEPIIAETCS NOKA3aTE/IHLCTBO TEOPEMBI.

3.3. CymecTBoBaHHe MaKCHMAJIbHBLIX HEIPOTHBOPEYUBLEIX MHOXKECTB CY-
KJIeHUU.
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Teopema. [T BCIKOrO HEMPOTHBOPEYUBOTO MHOKECTBA Cyxkaeanii & € A(E) cy-
miecTByeT colepiKaliee ero MaKCHMAaJIbHOe HeIPOTHBOPEIHBOe MHOXKECTBO CyZKIe-

auii B € A(C).

Loxazamenvcmeo. Koneano, Hanbosiee €CTECTBEHHBIM TIPU IOKA3aTE/ILCTBE MOI00-
HBIX YTBEPKJEHUH sBJIAETCA UCHOJb30Banue jemMbl opra. ITycts M — MHO-
JKECTBO BCEX HEMPOTUBOPEUUBBLIX MHOXKeCTB cyxkaenuii B C 2A(€), comepxammx
MHOKecTBO &. MHOKECTBO M ecTecTBEHHBIM 06PA30M YIOPSIOYEHO OTHOIEHUEM
BKJIFOYEHMST; IOKAXKEM, 9TO OHO MHIyKTUBHO, T.e. 9TO JII0O0e TUHEHHO yIIopsaaoueH-
HOE MIOJMHOKECTBO MHOXKECTBA M UMeeT BEPXHIOI M'DaHb, TOXKE [IPUHAIJIEKALLY O
M

[Iycrs {B;|i € I} — nuueitno ynopsmodensoe nonmuoxkectso M. Obosnadnm
4epes B obbearHeHne Beex monMHoxkecTs B; muoxectsa A(C) (i € I). MuoxecTBO
B COmEepKUT BCE MHOXKECTBA, B;, U [IJIsl TOTO, YTOOBI MOKA3ATh, 9TO B — BEpPXHsIs
rpanb 1y cemeiictBa {9B;|i € I}, mocrarouHo ycraHoBuTh, uto B € M, Te.
YTO MHOXKECTBO Cyxjaenuil B menporusopeumso. Ho aTo neficrBurensHO Tak: B
IPOTUBHOM CJTydae HAULIUCH Obl cyxKaenus Ap, ..., A, € B, Takue 4To CyxKIeHUe
(A1& ... &A;,,) — (1) BBIBOOMMO; HO KOHEYHOE MHOXKECTBO CcyxieHuid A, ..., A,
COMIEPKUTCS yKe B KAKOM-TO U3 MHOXKECTB B;, i € I, u, 3HAYUT, 370 MHOKECTBO
B; He ABJIAETCS HENPOTHBOPEYNBHIM, T.€. B; ¢ M BONPEKU MPemoIOKeHHIO.

Nrak, 9acTUYHO YMOPAJOYEHHOE OTHONIEHUWEM BKJIOUEHMsT MHOXKECTBO M uH-
JIyKTUBHO, 1 110 jiemMe [[opHa B HeM ecTh MaKCUMAJIbHBIH 3/1eMenT B. MuoxkecTBo
B u OyeT MaKCUMAaJILHBIM HEIIPOTUBOPEUNBBIM MHOXKECTBOM CYKICHUI, COmepKar-
M S.

3.4. CymecTBoBaHMe 3K3UCTEeHIIAAIbHO IOJIHBLIX PaCIIMPEeHN’ MHOXecTBa
CyXOeHHuMU.

Teopema. s snoboro HenporuBopeduBoro Mmuoxkecrsa cyxueauii S C A(P, €)
CYHIECTBYIOT MHOXKECTBO CHMBOJIOB KOHCTauT €' DO € Masioli MONIHOCTH H 9K-
3HCTEHIUAJILHO IIOJIHOEe MAKCHMAJIBHOE HEIPOTHBOPEYHBOE MHOKECTBO CyKICHHIT
&' C AP, "), conepxamee S.

Loxasameavcmeo. Ilycts €5 = €, u nycte S9 C A(Cy) — mMakcumasbHOE He-
MTPOTHBOPEYINBOE MHOXKECTBO CyXKIeHnit, comepxamee &. Ilycth yike mocTpoeHb!
MHOKECTBO CHMMBOJIOB KOHCTAHT &; M MaKCHMaJIbHOE HEMPOTHBOPEYMBOE MHOXKE-
crBo cyxneanit 6; C A(¢;). OboszHadnm depes I MHOKECTBO BCEX OCMBICTICHHBIX
Boipaxenuii A = A(z) ¢ enuHCTBEHHON CBOGOMHON NEpeMeHHOl T, TaKuX 4T0 Cy-
xnenne Jz(A(z)) conepxurcsa B &;. Huia kaxmoro A € 9t BBeIeM HOBBII CUMBOJT
KOHCTaHTHI ¢4 1 obo3Ha4unMM uepe3 €;1 MHOXKECTBO, TMojiyueHHoe u3 &; mobassie-
HIEM BCEX HOBBIX CUMBOJIOB KOHCTAHT 4, a 4yepe3 &) | C A(C;y 1) — MHOKECTBO
cyxnenuii, mostyyennoe u3 &; nobasienuem Bcex cyxuenuit A(cy), A € M.

[TokazkeM, 9TO MHOKECTBO CyxkaeHuii & 41 HenpoTusopeunso. Ecm 661 0HO ObI-
JIO IPOTUBOPEYNBO, TO IJIsT HEKOTOPHIX Cy:X)kAeHui By, ..., By, € &; u BhIpaxkeHnnit
Ay, Ay, € M cyxnenne (B1& ... &Bnr& A (ca)& ... &An(ca,)) — (11) ObL1O
6b1 BBIBOAMMO. V3 NpaBu/I MCYNCIEHUS BBICKA3BIBAHUN OTCIONA OBl CJIEN0BAJIO, 9TO
BBIBOIVMO U 3KBUBAJIEHTHOE MPENBIIYIIEMY CYXKIEHIE

_I(Bl& e &Bm&Al (CAl)& .. .&An(CAn)),
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KOTOpO€ B CBOIO O4Yepenb 9KBUBAJIEHTHO CYZKIEHUIO
By V---VaB, VoAi(ca,) V-V -oAy(ea,)).
ITo mpasusy (6) orciona CJIemyeT BHIBOAUMOCTD CyKICHUsI
Vay .. Ve, (0B V-V aBy VoA (x) V-V a4y (z,)),
KOTOpOE 1O IPYTUM IpaBUJIaM BbIBOIdA 9KBUBAJICHTHO CYXKIEHUIO
=By V-V =By, Va(3z (A1 (z1))) V-V =(3(An(20))).

U3 wero u u3 npunanmiexamux maoxecrsy &; cyxnenuit By, ... ,By,, 321 (41 (21)),
., (A, (x,)) O mpaBUIAM UCYUC/ICHNST BHICKA3BIBAHNUI BHIBOAUTCS TOXK IECTBEH-
HO JIOKHOE CyZKIeHUe

(Bi&=B1) V -V (Bn&=Bpm)V
V(3z1 (A1 (21))&~(Fo1 (A1 (21)))) -+ V B(An(z0) &~ (3(An (20)))),

a 9TO HECOBMECTUMO C HEPOTHBOPEYNBOCTHIO G ;.

Urak, maoxectso cyxaennii &), C A(€;11) HEMPOTHBOPEUUBO, I €r0 MOXKHO
JIOMIOJTHUTD 10 MAKCUMAJILHOIO HEIPOTUBOPEYUBOrO MHOKECTBA CyxKaenuit S, 11 C
A(Cip1).

O6o3nauum reneps yepes €' obbenunenue Bcex muoxects &;, a yepes &' C A(¢')
— obbenuHEHNEe BCex MHOKECTB cyxaennii G;, i = 0,1,.... Ilokaxewm, ato &' —
HK3WCTEHINAIBLHO TIOJTHOE W MAKCUMAJIHLHOE HEITPOTHBOPEINBOE MHOKECTBO CyKIe-
uuii. JelicrBuresnuo, eciu cyxaenue Jz(A(x)) comepxurca B &' 1o 910 CcyxK e
HHUEe CONEPKUTCA yxke B HekoropoM &;, a Torma B muoxkecrse &, C &;1; C &'
ectb cyxuenue A(ca), rne ca € €41 C €', Takum 06pasom, MHOKECTBO CyzKIeHU
&' BK3UCTEHNUAIBLHO HOJTHO. Eciu ObI 9TO MHOXKECTBO He OBLITO OBl MaKCHMAJThb-
HBIM HEIPOTUBOPEYUBBIM, TO CYIIECTBOBAJIO Obl cyxkaenue A € A(C'), rakoe 4To HE
cyxnenne A, uu cyxnaenne A He npuHamiexann 661 &', Ho nna sammen cyxne-
HUA A MCHOJIB3yeTCs JIUIb KOHEYHOE YUCI0 CUMBOJIOB KOHCTAHT u3 ¢, u moromy
cyuiecTByer HoMmep i, miist Koroporo A € 2(&;); no semme 1, onHo u3 cyxueHuit
A, = A npuHAIIEKAT MAKCUMAJIBHOMY HETPOTUBOPEIMBOMY MHOXKECTBY CyKIEeHUit
S; C &', uro mpoTMBOpPEYNT BHIGOPY CyxRaeHusT A.

N3 mammx mocTpoeruii acHo, uro €' — mMHOKecTBO MaJsoii MmomHocT. Teopema,
MOJIHOCTBIO OKA3aHA.

3.5. ITokasaresqbcTBO TeopeMbl I'emensa. Temepb Mbl MOXKeM 3aBEpPIIATD TOKa-
3aresibcTBO Teopembl lenmesis o mosHoTe. ITycrs € C A(P, €) — mHenporuBopeyn-
BO€ MHOXKeCTBO cyxaenuii. [1o Teopeme u3 §3.4 cymecTByeT MHOXKECTBO CUMBOJIOB
koHcTanT €' D € Masoil MOIHOCTH 1 MAKCUMAJIBHOE HEIIPOTHBOPEYNBOE SK3UCTEH-
uMaJsbHO 1oJiHOoe MHOxkecTBO cyxkaenuit &' C A(P,¢'), couepxamee &. Iasee,
no reopeme u3 §3.2 cymecrByer rakasa unrepuperamus M = {M;cp, Py} muO-
xectB €' P, uro i ymoboro ssrementa m € M CymecTByeT CUMBOJI KOHCTAHTHI
¢ € €' nyia koroporo m = c¢py (1 noromy mommocTh M He Gostbine momHocTu &),
u cyxnenne u3z 2A(P, ") ucrunro 8 M Torma u TOJBKO TOTMA, KOTMIA OHO COHEP-
xwurcst B MEOXKectBe &'. Takum obpasom, uarepnperamus M ABIsETCS MOIEIIBIO
MHOKECTBa Cyxkaenunit &' n Tem 6oJtee MOIEIBIO COMEPKAMErocs B HEM MHOKECTBA
cyxnennii G.
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4. TEOPEMA JIEBEHIEIMA-CKYJEMA

4.1. DurtemeHTapHAsA 3KBUBaJEHTHOCTh. llycTh omath P, € — Kakme-T0 MHO-
JKeCTBa CUMBOJIOB TPEINKATOB M KOHCTAHT. [IBe muTepnperanuu M, N 5TUX MHO-
JKECTB HA3BIBAIOTCS DJIEMEHTAPHO YKBUBAJIEHTHBIMU, €CJAU MHOMXKECTBO CYXKIIEHUI
u3 A(P, €), ucrunubix B uarepuperanuu M, coBnagaer ¢ MHOKECTBOM CyzKIEeHUi
u3 2A(P, €), ucrunubix B unrepuperanuu N.

ycre M = {M;cpr, Py} — unrepnperanus MHOXKECTBAa CUMBOJIOB KOHCTAHT €
¥ MHOXKECTBA CHMBOJIOB MPeOuKaToB P, u myctb N — MOAMHOKECTBO MHOXKECTBA
M, comepIkalee 3JeMEHTHI Cps [I7IsT BCEX CUMBOJIOB KOHCTAHT ¢ € €. Ecymm P € 3 —
CHMBOJI N-MECTHOTO TPEInKara, T0 0003Ha4dnM depes Py mepecedenune MHOXKECTBA
Py C M™ ¢ n-it nekaproBoii crenenbio N™ mHoxkecTBa N ; ecu ¢ € C, TO IOJI0KUM
ey =cy € N C M. Habop N = {N;cn, Py} npencrasnsier coboii unrepupera-
M0 MHOXKECTBA CUMBOJIOB KOHCTAHT ¢ U MHOXKECTBA, CUMBOJIOB IPEINKATOB J3; MbI
Oymem roBopuTh, YTo N — momuHTepnperanus uarepnperanuu M (corsacHo mpa-
BUJTAM PYCCKOi opdorpadun, caeqoBaIo Obl MUCATH NOJLIHMEPTPEMAYUS, HO MbI
Bce ke npeanodrém Bapuant ¢ “u”). OrMerum, 94T0 NOAUHTEPIPETALMS I0JIHOCTHIO
omnpenenserca mommuaoxkectsom N C M, ot KoToporo Tpedyercs JIUIIb, 9TOObI OHO
COIEPKAJIO BCE DJIEMEHTBI Cjf.

[MogwaTepnperamnus N wuntepmnperanuu M HA3BIBAETCA JIEMEHTAPHONU MOIUH-
TepIpeTalueii, ecu OHa, He TOJIbKO 3JIEMEHTAPHO 9KBUBAJIEHTHA M | HO elle u yIo-
BJIeTBOpsieT HoJiee CUILHOMY yCjioBuiO: ecyu A(xy,. .., xs) — 1060 0OCMBICTIEHHOE
BbIpaKeHue (He 00s3aTesIbHO CYKIEHHE), B 3aIMCH KOTOPOIO YYACTBYIOT TOJIBKO
CHUMBOJIBI TIPEIMKATOB, MpUHAJIeKAMMe 3, U CUMBOJIBI KOHCTAHT, MPUHAJIEKA-
mme &, u ny,...,ng — JrooObe sy1eMenTsl m3 N C M, TO 3HAYEHWsT UCTUHHOCTU
Boipaxkenus A(ni,...,ns) B uarepnperaiuax M u N coBnagaor.

4.2. Teopema JIésenreiima-Ckynema. Ilycte M — HekoTOpas mHTEpIpeTa-
LMY MHOXKeCTBA CUMBOJIOB KOHCTAHT & ¥ MHOXKECTBAa CHMBOJIOB IIPeIuKaros BB, u
nyctb X — MHOXKeCTBO cyxnenuit usz A(P, €), uctunubx B unreprnperanuu M. Te-
opema I'enesiss 0 MoOsTHOTE yTBEpXKIAET CYMECTBOBAHNE MOMEJIN MAJIOil MOIIHOCTH
J1J1sI MHOZKeCTBa CyzkaeHunil X; ol1HaKO, OHA HUYero He TOBOPUT O CBA3M 9TOH Monesin
¢ ucxonHoit monesibio M. Bojiee TouHbI pe3ysibTar IaeT Ccjenylolas TeopeMa.

Teopema JléBenrelima-Ckynema. JLi1s 11060ii maTepriperamnn MHOKecTBa cuM-Ji
B0JIOB KOHCTAHT & U MHOXKECTBA CHMBOJIOB IPEIUKATOB P CyIIeCTByeT e€ 2I1eMeH-
TapHAas DOAUHTEPIIPETANNI MAJIOH MOINIHOCTH.

Loxazameavcmeo. Paccyxnenust, mpuBomsamue kK teopeme JIésenreiima-Ckysema,
HAMOMUHAIOT PACCYXAeHus u3 §3.2-3.4, HO HAMHOrO TIPOoIIE (CAELYET OTMETUTD, YTO
U MCTOPUYECKU 3T TeopeMa ObLja MoJIydYeHa paHee TeopeMbl [enesis 0 moJiHoTe).
IIycre M = {M;cp, Py} — unTepnperanus MHOXKECTBa CUMBOJIOB KOHCTaHT €
U MHOXKECTBa CUMBOJIOB npenukaros . Obosuadum depes My C M MHOXKECTBO
BCEX DJIEMEHTOB C)y, OTBEYAIOMNX CUMBOJIAM KOHCTAHT ¢ € €. fcwHo, uro My —
MHOKEeCTBO MaJIoif MOIIHOCTMH.

OmpenesuM BO3PACTAOILYIO IEMOYKY MOAMHOXKECTB MaJsioit mommoctu My C
M; C ... muoxkecTBa M, yHOBIIETBOPSIIOMINX CJISLYIOMEMY YCJIOBUIO:

(%) 1S KazKII0ro OCMBICJIEHHOIO Bbipazkenus A(z,T1,...,T,) U KaXKIbIX dJ1e-
MEeHTOB m € M, my,...,m, € M; naiinercs snement m' € M, Taxoii 4To
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3HAYEHUsT UCTUHHOCTHU Bbipaxkenuit A(m,my,...,m,) u A(m',mq,...,m,)
B nHTepuperanun M COBIALAIOT.

[Tycrs muOxkecTBO M; yxke nocrpoeno; eciu A(x,z1,...,T,) — OCMBICJEHHOE BbI-
paxenue, my,...,m, € M; u ¢ € {u,s1} TAKOBbI, YTO MHOXKECTBO 3JIEMEHTOB
m' € M, njis KOTOPBIX 3HAYEHNE UCTUHHOCTH BhIpazkenust A(m', my, ..., m,) B un-
Tepnperanuu M COBMAmAET C £, HEMYCTO, TO BHIOEPEM B 3TOM HEMYCTOM MHOKECTBE
Kakoii-to omun syemedt m' (e, A, mq,...,my) € M. Ormernm, 910, OCyIIECTBIISAL
9TOT BLIOOD OIHOBPEMEHHO [JIsl BCEX BO3MOXKHBIX HAGOPOB (€, A,my,...,My,), Mbl
mosib3yeMcs akcuomoil Beibopa. B kadectse M; 1 BO3bMEM MHOMXKECTBO, HOJIYI€H-
HOE TPUCOEMHEHNEM K MHOKECTBY M; BCex BRIOpAHHBIX asteMeHTOB M/ (€, A,my, ..., my)J]
Scuo, 9T0 M;11 — MHOKECTBO MAJIONH MOIIHOCTH, yIOBJIETBOPSIIONIEE YCJIOBHIO (*).

Ob6benuuenune N Bcex muOXkecTB M;, ¢ = 0,1,2,... — TOXKe MHOXKECTBO MaJIOH
momuocTh. ITTokaxkem, ato N — 3JIeMEHTApHAS NOAWHTEPIPETALINS MHTEPIIPETAa-
mum M. IIj1st 3TOro HANO MOKA3aTh, YTO [ KAZKIOr0 OCMBICJIEHHOTO BBIPAXKEHHST
A(zy,...,Tn) U KaKABIX DJIEMEHTOB M1, ..., M, € N 3HAYEHUT UCTUHHOCTU BbI-
paxenuss A(mq,...,my) B uarepuperauuax N u M DO N coBuasaior, 4T0 Mbl U
clesiaeM UHIYKI@ell o nocTpoeHuio Bhipakenus A(xy, ..., xy,).

Ecnu Boipaxkenue A umeer ogud u3 BunoB ¢ =d, c =m, m =m', P(t1,...,ty),
roe ¢,d € €, m,m' € N, P — CAMBOJI N-MECTHOIO IPEIUKATA, TO, OUCBUIHO, HC-
TUHHOCTH 3TOrO BblpazkeHusi B uHTepuperamusax N u M onua u ta xe. Ecim A
npencrasssierca B popme B&C, BV C, B — C, B <> C wnu =B, 10 ero 3nadeHune
MCTUHHOCTH ONPEIEJISIETCS 1O MPABUIAM UCYNCIICHNST BHICKA3BIBAHNI 3HAYCHUSIMUI
MCTUHHOCTH Bhipaxkennii B, C', KOTOpbIe, MO MPEAIIOIOKEHIIO WHIYKIINN, OTWHAKO-
BBI 11 00enx maTepnperammii. OcTaercs pacCMOTPeTh CITyvaii, KOTHa BHIPAKeHNe
A(zy,...,z,) umeer Bun VeB(z,x1,...,2,) win JzB(z,x1,...,2,).

IIycts mq,...,m, € N C M; Torma mi,...,m, € M; ojas KakOro-to HO-
mepa i. Ecsu 3navenue ucruauocru Bbipaxenus VrB(xz,mq,...,m,) B unTep-
nperaiun M ucruauno, to B(m,mq,...,my) uctuauao B M njsa Bcex m € M u
TeMm Gosiee ma Bcex m € N; Takum o6pasoM, Bbipaxkenue YrB(x,mi,...,my,)
uctuuuo B momunarepnperanun N. Ecau xe Boipaxenue YrB(x,mq,...,m,) He
UCTUHHO B mHTEpnperanuu M, To cymecrByer ssemenT m € M, Takoil 9TO BbI-
paxenue B(m,m;,...,m,) He UCTMHHO B uHTepuperauuu M; 0O NOCTPOEHUIO
mHOK)ecTBa M;y1, cymectByer sjement m' € M;yy C N, Takoii 4T0 BBIpaxke-
uune B(m',mi,...,m,) He uCTUHHO B WHTepuperanuu M, a mOTOMY, MO Mpem-
MOJIOKEHNI0 MHAYKIMW, W B mHTeprnperammun N. TaxkuM 00pasoM, BhIpaKkeHWe
VxB(x,my,...,my) He UCTUHHO B uHTepuperamuu N.

Hyasnbubivm 06pasoM paccmarpuBaercs Boipaxkenue 3zB(z,my,...,my). Ecau
OHO He ucCTMHHO B uHTepuperauuu M, to B(m,mi,...,m,) He ucruuuo B M
ojst Bcex m € M m Tem OGostee mjiss Bcex m € IN; TakKuM 00OPa3OM, BbIparKe-
wue JxB(x,m1,...,my) He uctuaHO B nomuHTeprnperaruu N. Ecau xe Bbipa-
xenue JxB(x, my, . ..,M,) UCTUHHO B uHTepHpeTanuu M, TO CyIIeCTBYeT JIeMEHT
m € M, rakoit uro Beipaxenue B(m,my,...,m,) UCTUHHO B uHTepuperamuu M;
o mocTpoeHuto Muoxkectsa M1, cymecrByer smement m' € M;11 C N, takoit
uTo Bhipaxkeuue B(m',my,...,my,) ucturHo B unTepnperanuu M, a moromy, mo
MTPEINOJIOKEHNIO MHAYKIMN, 1 B nHTepnpetamun N. Taknm 06pasom, BhIpazKkeHne
dzB(x,m1,...,m,) UCTUHHO B UHTEpIpeTanuu N.
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5. AKCUOMATUKA Z; MOJIYKOJIbIIA HATYPAJIbHBIX YUCEJI

HarypaJsibabie unciia 00BIYHO OMpenessaoTca mpu momomu akcuom lleano. B
3TOl cuCTeMe aKCHUOM HATYPAaJIbHbIE YuCJia 00pa3yioT MHOXKECTBO Ny ¢ equHCTBeH-
HOIl 3a/1aHHOIl Ha HEM yHApHOII omepanueil ciiemOBaHWsA: OJ1d KayKIOTO HATYPaJIb-
HOTO YWMCJIa T OTPEIESIEHO €IMHCTBEHHOE HATYPAIBHOE YNCIIO T, CJICHYIOmEe 34, T.
ITpu 5TOM IOJIKHBI BHIIOJIHATHCS CJeAylomue ycaosusa (akcuombl [leamno):

(1) Ecm 2’ =y, ro z = y.

(2) CywecrByer Harypasibaoe duciio 0 € Ny, rakoe uro z' # 0 Hu A1 KaKoro
rzeNy.

(3) Ecsiu M — nonmuOXKecTBO MHOKECTBA Ny, conepzxamiee 0 1 rakoe, 4To /15
JII060TO 351eMenTa r € M CIIeAyIOmuii 33 HUM SJIEMEHT &' TakiKe MpUHAI-
aexut M, o M =Ny.

D10 onpenesieHre He MOXKET HelOCPEICTBEHHO ObITh BBIPAKEHHBIM B (DOPMAJIb-
HOM BHlle, TaK KaK B HeM y4acTByeT IIOHATHE MHOXKECTBA; U €CJId IepBble JIBe
akcuombl [leaHo eme MOryT ObITH BbIpazKeHbl (hOPMATLHO, TO U3 TPeTheil — akcu-
OMBI MHIIYKIINY — TIOHSTHE MHOKECTBA HUKAK He UCKJII0UNTh. [loaTOoMy mpuxommuT-
Cs1 YEM-TO MMOXKEPTBOBATH; OOBIYHO KEPTBYIOT ODIIUM MOHATHEM MOIMHOXKECTBA, U
BMECTO 3TOr0 aKCHOMY UHAYKIUU (DOPMYJUPYIOT TOJBKO JJII TEX MOJIMHOKECTB,
KOTOpBIE MOT'YT OBITh 3a4aHbI (POPMAJTHHO.

B dbopmasnbhoit apudmernke Z; 1Ba CUMBOJIA TEPHAPHBIX IPEIUKATOB S (T, Y, 2),
P(z,y,z) u nsa cumBosia koucraut 0, 1. Culemyiomue CyxKaeHUs CIYMTAIOTCS UC-
TUHHBIMUA B 7.

1) VaVy3z(S(z,y, 2));
2 ‘v’:v‘v’szVt((S(a: y,2)&S(z,y,t)) = (z =t));
3) VaVydz(P(z,y, 2));
4) VaVyVVi((P(x,y, 2)&P(z,y,t)) = (z = t));

(1)
(2)
(3)
(4)
ES; Vz(S(z,0,2)&P(z,1,x));
(7)
(8)
(9)

6) Vavyvz((S(z,1,2)&S(y,1,2)) = (¢ = y));

7) VYaVyVVitvuVoVw((S(z, y, t)&S (¢, z,u) &S (y, z,v)&S (z, v, w)) = (u=w));
8) VaVyVzVivuVoVw((P(z,y,t)&P(t, z,u)&P(y, z,v)&P(z,v,w)) = (u=w));
9) VaVyVzVivuVoVwVp((S(z,y, t)&P(t, z,u)&P(z, z,v)&P(y, z,w)&

&S(v,w,p)) = (u=p));
(10) VaVyV2Vi((S(x,y, 2)&S(y,x,t)) = (z=t));
(11) VaVyV2Vi((P(z,y, 2)&P(y, z,t)) = (z=t)).

6. [IPUMUTUBHO PEKYPCUBHBIE ®YHKIINN

6.1. Duemenrapabie pyuknuu. Kak o0braHO, MBI 0003HaTaeM uepe3 Ny MHO-
KecTBo, cocrosmee u3 0 U Bcex HAaTypaJibHbIX dnces. Bce dyHKIuMM, paccmarpu-
BaeMble B 3TOM riiaBe, siBJISIIOTCA (PYHKIUAMU HECKOJILKUX IEPEMEHHBIX T1, L2, ...
u3 Ny co snauenusivu B Ny. Crenyromme GyHKIIUN Mbl OyIeM HA3BIBATH DJIEMEH-
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TAPHBIMU:
o(x1) =0,
s(zy) =z + 1,
1d(:v1) =,
pry(z1,32) = 21, pry(@s, 22) = T2
6.2. IloncramoBka. Ilyctb f(x1,...,Tn), g1 (T1, o, Tm), s Gn(T1, or s Ty) — HE-

KOTOpPbIe (PpyHKINN; MBI OyIeM TOBOPUTH, 9TO (DYHKITUST

h(mla 7mm) = f(gl(mla 7mm)7 )gn(mla 7mm))

nosrydena n3 Gyukuui f, g1, ..., g, TOICTAHOBKOIA.

6.3. IIpumuruBHas pekypcusi. OmuimeM erne OAUH CIIOCO0 MOCTPOEHUS HOBBIX
yHKIUH 13 yKe UMEIOIUXCA. DTOT CHOoCO0 HA3BIBACTCS TPUMUTUBHON pEKypcueit
U TIO CYIIECTBY MPEACTaBIsgeT cOO0M mocTpoenre 3uadeHnil (DyHKIUT 0 WHTYKITUH.

Tounee, nycrb h(z1, ..., Tn—1), §(T1,..sTn—1,Tn, Tpy1) — ABe DYHKLUUMU; MBI TOBO-
puM, 9to pyukuus f(r1,...,Tn1, Ly ) MOJIYIEHA U3 HAX IPUMUTHUBHON PEKypcueii,
ecu

f(l‘l, ,1'n71,0) = h(l‘l, ,$n,1),
=g

flz1, ..., xp_1, 2y +1) (T1, ey Tty Ty F(X1 5 ooy T, T))-

fcHo, 9ro Kaxkaoe 3Hadenue pyHkuuu f MoxKeT ObITh HaineHo 1o sTuM popMyJiaM,
U IPUTOM OJHO3HAYHO, TaK 4TO (PYHKIMA f OOHO3HAYHO OonpenesieHa (PyHKIUIMU

h, g.

6.4. IIpumuruBHO pekypcuBHble PyHKIuU. Bce GyHKINNA, KOTOPBIE MOLYT
OBITH MOJIYYEHbI [IPU MOMOIIMU OTepAlMii MOJICTAHOBKY U IIPUMUTUBHON peKypcuu
u3 3JIeMeHTapHBIX DYHKIWIA 0, S, id, pry, pry, HA3BIBAIOTCS MPUMUTHBHO PEKYPCHUB-
opivu. TodHee roBopsi,

(1) dbyuxuun o, s, id, pry, pr, IPUMUTUBHO PEKYPCUBHBI;

(2) ecu f(x1,...,%n), g1(T1, ey Tm)y oo s Gu(T1, ooy Tpy) — IPUMUTUBHO PEKYD-
cuBHbIe (PYHKIUU, TO U (DYyHKIUS

h(xlﬂ b ’:I/.m) = f(gl(x17 e 7:1’.m)7 b 7gn(x17 e 7:1’.m))7

MOJTyYEeHHAS U3 HUX MOJACTAHOBKON (DYyHKIWS, TPUMUTUBHO PEKYPCUBHA;
(3) eciou h, g — upUMUTHBHO peKypcUuBHbIE (DYHKIUM, TO (DYHKIMSL, 101y YEHHAS
U3 HUX IIPU [IOMOIIY IPUMHUTUBHONI peKypcuu, IPUMUTUBHO PEKYPCUBHA;
(4) dbyuxmMH, KOTOPbIE HE MOT'YT GBITH MOJIYYEHBI U3 BJIEMEHTAPHBIX (DYHKIUI
MHOTOKPATHBIM TTPUMEHEHNEM OTepallfii MOACTAHOBKHU W TPUMUTHUBHOI pe-
KYpCUH, HE ABJIAIOTCA MTPUMHUTHUBHO PEKYPCUBHBIMU.

6.5. Ilpocreilimne NPUMUTUBHO PEeKypCUBHBbIE PYHKIIUHA.
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IIpoekruu. Oyuxnun prz(»n), omnpeneieHHbIE PABEHCTBAMMT prgn) (T1,...,2n) = x4y
MPUMUTUBHO PEKYPCUBHBI 151 JIIOOBIX 1 > 2, 1 < ¢ < n, Tak KaK OHU TMOJIYIAI0TCA
MTO/ICTAHOBKAMU:

prgn)(ml, oy @) = pry (w1,pr, (T2,...,pr, _ (Tho1,%n)...)),

roe s; =2npu j <i,s; =1npuj>i.

Koucraurel. Oyukuun s(o(z1)), s(s(o(z1))), ..., npeacrasisor coboit GpyHkmn
OmHOl nepeMeHHOll 1, 3HAYEHN KOTOPBIX TOXKIECTBEHHO paBHbI 1,2,... , a dyHK-
wn o(py” (@1, 2n), (00} @1, .,n))), s(s(0(p}" (@1, 2n)))), oy BT
10TCA PYHKIUAME 1 IEPEMEHHBIX, 3HAIEHNST KOTOPBIX TOXK necTBenno pasub 0,1,2,.. 1
Taxum 06pa3om, nocToaHubIe (HYyHKIMN IPUMATUBHO PEKYDPCUBHBIL.

Cymma u npoussenenue. Cymma sum(xy,2) = x1 + T3 MOXKeET ObITh OIpene-
JIEHa IIPU IIOMOINY IPUMUTUBHONI PEKYPCHI

id(l‘l),

sum(z1, 2 + 1) = sum(zy,22) +1 = s(pr:(f) (x1,x2,sum(zy1,x2))) -

sum(z1,0) = z;

[TpaBble 4aCcTH 00OMX PABEHCTB IPUMHUTHBHO PEKYPCUBHBI, TOTOMY U (byHKIAA SUm
MOJTyYeHa TPUMATHBHO PEKypCUBHA.
[Tpoussenenue prod (1, T2) = 1T ONPENEIAETCA NIPUMATUBHON PEKypCUei

prod(z1,0) =0 =o(z1),
prod(z1,zs + 1) = prod(z1, x2) + 21 = sum(zy, prod(z1,z2)) -
CrenoBaresibHO, prod — IPUMUTUBHO PEKYPCUBHAS (DYHKIIUA.

B nanbreiimem Mbl He OyIeM MPOABIATH CTOJIb MEMeTU/IbHBIN (hopMaIn3M, KaK
B PACCMOTPEHHBIX TIPUMEPAX, U OyIeM 0OBIYHO yIOTPEOIATE IJI BBOOUMBIX (OYHK-
it 60J1ee eCTeCTBEeHHbIE 0003HAUEHNUST; YUTATEITH JIETKO CMOYKET BOCCTAHOBUTH ITPO-
[yLIeHHble AeTasid. B dacrHOoCTH, apryMeHnThl GyHKIUNA Mbl He Bcerma Oyiem 060-
3HAYATb T1,L2,..., & [OJs CyMMbl U IPOM3BEIEHUsA OyleM OOBIYHO HCIOJIb30BAThH
[IPUBBIYHBIC 3HAKU T + Y, Y.

YceueHHada pa3HocTh. Momynas pasHoctu. He njis sobbix yncenr u3s Ny ux
Pa3HOCTH TPUHALIEKUT Ny ; TOITOMY B KA4eCTBE CypPpPOraTa Pa3HOCTU MTPUXOIUTCS
MCIOJIH30BATh TAK HA3BIBAEMYIO YCEUEHHYIO PA3HOCTD: yCeUYeHHAs PA3HOCTh & O Y
YUCesl T W Yy paBHA x — Y, ecyn x > y, u paBHa 0, ecam 3710 He Tak. s 3amaHms
yCeYeHHOl pa3HoCTH CHaYaJIa 3a4a0uM (DYHKIUIO OIHOro aprymenTa a(x) = ¢ 91
TPUMUATUBHOI pekypcueit

0el=0,
(z+1)el==z.
VYceuennast pa3sHOCTH 334a€TCS TEIePh TAKON MPUMUTHUBHON PeKypcueii:

zo0=r,
zoy+l)=(zoy)el=axeoy).

[IpUMUTUBHO PEKYPCUBHOM (byHKIMEH ABJIAETCA U MOJYJib PasHoCTU |z — y| =
(r©oy)+ (y © ). Dra GyHKIUS MOJTyIaeTCS U3 CyMMbI TIOICTAHOBKONW BMECTO
CJIATaeMbIX COOTBETCTBYIONMUX YCEUEHHBIX PA3HOCTEI.
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3uak u anTusHak. Onpenesmm dysxmio sgn(z), nonoxus sgn(0) = 0, sgn(z) =
1 upu x > 0, u byuxuuro Sgn(z), nosoxus 5gn(0) = 1, sgi(z) = 0 upu = > 0. O6e
911 DYHKINY 33JAI0TCS IPUMUTHBHBIMU PEKYPCUAMHE

sgn(0) =0, sga(0) = 1,
sgn(z +1) =1; sgn(z +1) =0.

HemnosHoe wacTHoe m ocrarok. He Bcerma BO3MOXHO pasme/nTh OTHO HATY-
PaJIbHOE YUCJIO HA IPYroe; MO3TOMY BMECTO NEJICHUS Mbl BBOAUM JIEJIEHAE C OCTAT-
koM. IIycrb z,y € Ny. Ecsu y > 0 HenossbiM 4acTHbIM [2/y] HA3BIBAETCSA TAKOe
uesioe unco, 4ro [z/yly < z, ([z/y]+1)y > z, a ocrarok onpenesnsercsa popmynoit
rest(z,y) = z—[z/y]y; 015 TOro, 94TOOBI CAEIATH HEIIOJIHOE YACTHOE U OCTATOK OIpPe-
JIeJTEHHBIME BCErIa, YCIOBUMCS cauTarh, uro [z/0] = 0, rest(x,0) = z. Ocrarok u
HETIOJTHOE YACTHOE MOTYT OBITh 3aIaHBI TAKMMHU MPUMATHBHBIMEA PEKYPCHIMM:

rest(0,y) = 0,
rest(z + 1,y) = (rest(z,y) + 1) - sgn |y — (rest(z,y) + 1) ;
[0/y] =0,

[(z +1)/y] = [z/y] + Sgn(vest(z + 1),y) -

6.6. CyMMBI M NIpOM3BEIEHUA C MIePEMEHHLIMHA npenesiaMu. s mpuvn-
TUBHO peKypCuBHOH GyHKIMU f(X1, ..., Tn—1,Ty) TOJTOKIM

Tn
F(x1, ..., Tp_1,Ty) = Zf(xl, ey T, 1) -
i=0

91a QyHKIUS TPUMUTHBHO PEKYPCHUBHA, TAK KAK OHA MOXKET OBITH OMPEHesIeHa,
MPUMUTUBHON pexypcueit

F(zy,...,2,-1,0) =0,
F(zy,...,zp_1,2, + 1) =F(x1,...,2p_1,2,) + f(T1, e, Tp—1,Zn + 1).

Orcroma ciemyer, 9T0 MPUMUTUBHO PEKYPCUBHA U (DYHKIIUSA

Tn41
Z f(xly ,$n,1,i) =
1=,
Tn41 Tn
Z f(x1,...,zp_1,0) © Z f@1, .oy en_1,0) +gn(Tpy1 S xn) f(T1, 0, Tne1,Tn) -
i—0 i=0
[Toncrap/isist BMECTO Iy, Lpni1 MPOU3BOJIbHBIE NPUMUTUBHO PEKYPCUBHBIE (DyHKIIUH
9(T1, ey Tn1,2n), h(T1, .., Tp_1,Tp), HOTYUaEM, 9TO (DYHKIUS
h’(Ilvnvmn)
f(a:l, ey Tp—1, ’L)
i=g(z1,...,&n)

TOXKe MPUMUTUBHO peKypcuBHA. Takum ke 00pa3oM MOKA3BIBAETCS, YTO MPOM3-
BelleHNe 3HAYEHUH MPUMUTUBHO PEKYPCUBHON (DYHKIIMHU C IEPEMEHHBIMU BEPXHUM
U HIZKHUM TPEIeTaMU, BbIPAXKAEMbIMU TPUMUTHUBHO PEKYPCUBHBIMEU (DYHKIIUIMHE,
CaMoO sIBJISIETCS TPUMUTUBHO PEKYPCUBHON QyHKIIIENH.
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6.7. KycouHoe 3aJaHHe IPUMHUTHBHO peKypcuBHoi dpyHKimuu. Ilycrs

gl(xh >xn)) )gm(mla 7mn)) hl(mla 7mn)) LN hm(mla ,Z’n), h(mla ,l’n)

— IPUMUTUBHO PEKypCUBHBbIE (DYHKIIUU, TPUIEM HUKakue ABe u3 PYHKIUi g, ...,
gm HU TPU KAKUX 3HAYEHUSIX MEPEMEHHBIX He 00pamaroTcs omHOBpeMeHHO B (.

Torpa dbyaxuust f(x1, ..., Ty ), ONPEIETCHHAS YCIOBUIMU
hl(xly"')xn)) ecjim gl(xlw")xn) :07
flzy,..,xy) =
(@100, ) hon (21,0, n), ecmm g (21,...,2,) =0,
h(z1,...,Zn) B OCTAJIBHBIX CJIy4asX,

[IPUMHUTUBHO PEKYypPCUBHA, TaK KaK

f=hisgn(g1) + ... + hn380(gm) +h-sgn(gr - gm) -

6.8. OrpanuuenHas muaumMusammsa. Ilycrs f(xq, ..., Ty, t) — Takas GyHKIMS,
YTO JJIA JUOOBIX T1, ..., %, ypasHenue f(&1,...,%,,t) = 0 umeer pemenue (Hamo-
MHUM, 9TO 3HAYEeHUsT (PYHKIUU W BCE aPTYMEHTHI MPENIIOJIaral0oTCs MPUHAIIeKA-
MUMEA MHOXKECTBY HATYPAJIBHBIX duces Ny, Tak 9TO U PEIIeHue MPernoIaraercst
HarypasbhbiM). Obosnadum 4epes (utf)(x1,...,Z,) HAUMEHbIIEE PELIEHUE ITOIO
ypaBuenusi. Boobmie roBopst, ¢dpyHKIus L f HE TPUMUTUBHO PEKYPCUBHA, IAKe
ecn f NPpUMUTHBHO pekypcuBHa. OmHAKO, ecau f MPUMUTUBHO PEKYPCUBHA U
CYNIECTBYET TaKas MPUMUTUBHO PEKypCUBHAS DYHKIUA (L1, ... , Ty ), ITO JJIS JIIO-
ObIX T1,...,Z, ypaBHenue f(z1,...,ZTn,t) = 0 umeer pemwenue t < g(z1,...,Z,), TO
e f — npumuTuBHO pexypcuBHas pyrknus. elfictBurenbho,

g(z1,..520)

(mef)(@r,nwn) = Y sen([] fl@1, 20, 9)) -
=0

=0

HeiicrButensHo, durypupyiomee B 310l hopMyJsie mpousBeneHne OTndHo OT 0
JIMIIG JI0 TeX TI0p, MOKa MbI HE JIOWIeM [0 pelienus ty ypaBHeHUs (& MbI 10 HErO
JIOii/IeM 110 YCJIOBUIO), U B CyMMe CJiaraeMble, OTBeYaloue naaexcam i < to, pas-

Hbl 1, a Bce ocrasibhbie ciaraembie pasubl 0. Byecto (g f)(z1, ..., z,) Mbl Oyaem
nucarb uHorna iy f(xy, ..., Ty, t); eme pas 0OTMeTuM, 4To 3TO (PYHKLUUI TOJIHKO OT
T1,...,Tn, HO HE OT t.

6.9. Teoperuko-aucsaosbie PyHKIMu. KosmdecTBo meaunresieil ducia

div(z) = ng_n(rest(a:,i))

1 KOJIMYECTBO MPOCTHIX YUCEJI, HE IPEBOCXOOANNUX T,

rla) = Y sE(ldiv(a) - 2)
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SIBJIAIOTCA OIPUMATABHO PEKyPCUBHBIMH, KAK KOMIIO3UIMU OPUMATHBHO PEKYPCUB-
Hbix pyskuuit (Mmbr cauraem, uro div(0) = 0, a Bo BTOpOIl POpMYJIE UCIOIBL3Y-
eM, 9TO YUCJIO ABJISETCS MPOCTHIM TOTHA W TOJIBKO TOTHA, KOTHA YHCJIO €ro Ie-
simresieii pasao 2). IlepeHyMepyeM Bce MPOCTBIE YUC/IA B MOPSIIKE BO3PACTAHUSL:
po = 2,p1 = 3, ps = 5,... Torma n-e mpocToe YUCJIO — HTO HAUMEHBINEE YTUCJIO,
Takoe 4T0 m(x) = n+1, T.e. py = py|m(y) — (x+1)|. Taxum obpasom, pyuxnusa p,;
NOJTy9aeTCs MUHIMA3ANNeil 13 IPUMUTHBHO peKypcuBHOR hyukmmn |7 (y)— (x+1)],
W /11 HOKA3aTEeILCTBA €€ MPUMUTUBHON PEKYPCUBHOCTH JOCTATOYHO JOKA3ATH, 9TO
pemenne ypasuenns |w(y) — (¢ + 1)| = 0 orpannygeHo cBepxy NMPUMUTHBHO PEKYD-
cuBHO# dyukimeit or . Ho 10 meficTBuressro Tak: p, < 22°; B caMoM 1esie, 310
BepHO M1t £ = 0, W, €CJIM HTO JOKA3AHO A1 BCEX MEHBINX T 3HAYEHWIT ApryMeHTa,
TO

Pz Spopl R + 1 S 220221 . -222—1 + 1<2. 21+2+.“+2m—1 _ 2227

160 aucsio N = pop; - - - Pr—1+ 1 He OeIUTCS HU HA OIHO U3 TUCE P, P1y vv s Pr—1 A
MOTOMY BCE €ro IIPOCThIE Ae/uTeu (& XOTa Obl ONUH MTPOCTOMH AEeJIUTE b CYIIECTBY-
er) Gosbine p,_1 u He Gosbime N, a, sHadnt, p, < N. Obosnadum uepes exp(z,y)
MOKA3ATEJIb CTENEHN, C KOTOPBIM MPOCTOE YUCIIO Py BXOIUT B PA3JIOKEHNE Y B TIPO-
usBegenue npocrbix yuces (g y = 0 cuauraem, uro exp(z,y) = 0 misa Beex ).
fcuo, aro

p-5gn(rest(y, p;)) © 1, ecom 5gn(y) =0,
exp(e,y) = 0 B OCTAJIbHBIX CJIy9asx,

Tak 4ro exp(x,y) — TOXKe MPUMUTUBHO PEKYPCUBHAS (DYHKIIU.

6.10. Koopmuuaraeie dbyakmuu. Ilycts n > 1 — HaTypasibHOE YUCIIO; TOCTPO-

UM IPUMATHBHO PEKyPCHBHBIE (DYHKIUI cgn) (), ..., c%") (z), d"™(zy,...,x,), Ta-
KHUe 49TO

d™ (" (@), P (@) =z, VA (@, w0, w) =3 (1< i< n)
IJTsT BCEX &, T1,-..,Tn, € Nyp. OTH PaBEHCTBA B TOYHOCTH O3HAYAIOT, YTO HAIIW

dyHKIUT OCYIIECTBIIAIOT B3aUMHO 0OparHble OuekTuBHbIe oToOpaxkenHus Ny — Ny,
No = Nj. @ysxnun v

;| Ha3bIBAIOTCS KOOPIUHATHBIMU (DYHKITHAMI.

IIpu n = 1 nosioxum cgl)(a:) = dY(z) = 2. Paccmorpum ciyuaii n = 2.
[TockosbKy 9TOT ciydail HamboJiee BaxKHBIA M 9aCTO BCTPEJAIOMUIcs, Mbl Oy-
JIeM KCIOJIb30BaTh BMECTO c§2>, 022) 6os1ee IpOCTBIe OOO3HAUEHUA Ci, C3. PYHK-
mas d?(z,y) = [(z + y)(z + y + 1)/2] + & mpumuTEBHO pexypcuBHa. s
nocTpoenusi (PyHKIUil ¢1, cp ompemesuMm BcrnomorarebHyio dbyskmuio h(z) =
wi(sgn(t? +t © 22)) © 1. Unade rosopd, h(z) — HaubosbIIee 9UCI0, TAKOE 9TO
[h(z)(h(z) +1)/2] < z. QPynknua h(z) noaydeHa MUHIMU3ANKEH W3 NPUMUTHBHO
pexkypcuBHON pyHKUUM, U, ITIOCKOJbKY h(2) < z, 9Ta MUHUMU3AUUA OrPAHUYCHHASL.
Takum obpasom, h(z) — npuMuTuBHO pekypcuBHasa (yukuus. Torma u GyHKIMI
c1(z)=z6 [h(z)(h(z) +1)/2], c2(2) =h(z) © ¢1(z) mpumuTHBHO pekypcuBHbI. Ilpn
2TOM

d? (c1(2), 2(2)) = [(e1(2) + e2(2))(e1(2) + ea(2) + 1)/2 + ea(2) =

(2)(h(z) +1)/2] + z © [h(2)(h(2) + 1) /2] = =.

n
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Hanee, s m0bpix =,y € No nveenm: (z +y)(z +y +1)/2 < d?P(2,y), (x +y +
D(z+y+2)/2> (z+y)(z+y+1)/2+(x+y) > (z+y)(z+y+1)/2+x = d?(z,y),
u noromy h(d? (z,y)) = x4y, c1(d® (z,y)) = d? (z,y) —[(z+y) (z+y+1)/2] = z,
c2(d® (z,y)) = y. Ormernm, aro dbyukumn d?), 1, ¢y, KOTOPbIE MBI TOJTHLKO UTO
OIIPENE/INI, UMEIOT IIPOCTOM CMBICJI: OHM OCYHIECTBJIAIOT HEPEYUCsICHUE HEesI0-
YUCJIEHHBIX TOYEK IIOCKOCTH C HEOTPUIATETbHBIMU KOOPIUHATAMHU IIO IPAMBIM
x+y = b, re. B caemyiomem mopsaake: (0,0), (0,1), (1,0), (0,2), (1,1), (2,0),
(0,3), (1,2), (2,1), (3,0)... KoHeuHo, BO3MOXKHBI U IPYIUe BAPUAHTHI TIOCTPOCHUS

byukmii ¢, d?. Ecmm yxe onpenesenst dynkmum d* 1), cgn_l) (n > 2), T0
CJIEIYIOMIUM OOPA30M ONpeneiuM Oy HKIHT d("), cgn):
d™ (T1,. ., Tp1,Tp) = d® (d("_l)(xl, ce ey Tn—1),Tn),

(n

n —1 .

) =" Da) 1 <i<n, G y) = el).

U3 moc/iefiHero onpesiesieHns, B YaCTHOCTH, CJIEyeT, 9To ¢l (y) sSB/IAeTCa MpuMu-
TUBHO PEKypPCUBHOI (pyHKIMEH He TOJILKO OT Y, HO U OT 1 U .

6.11. Dyskmusa émensa. Hapsay ¢ KOOpOUHATHBIMU (DYHKIUAMEA, HAM T10-
HanobuTcsa u Tak HasbiBaemasa yukius [émens ['(x,y). IlpuMuTuBHO pekyp-
cuHas pynkuusa nyx aprymentos I'(z,y) nassiBaerca dbyunxuueii ['€nesns, ecan
111 iioboro m u Jroboro mabopa ag, @i, ..., Gy € Ny cymectByer uncsio t € Ny,
rakoe uyro ['(¢,0) = ao,['(¢t,1) = a1,..,[(t,m) = a,. IIpumepom byuruun
Dénensa siisieTcst BBEIEHHAs B NpeablayineM nyukre dpyukuus exp(z,y); Tounee,
dyukuua [(z,y) = exp(y,z) asasgerca dyuxumeit T'énensa, rak Kak s JIOOBIX
g, A1, ..., Qm € Ng umeem myra t = p2opit - - - plm:

['(t,0) =exp(0,t) = ao,
[(t,1) =exp(l,t) =a,

[(t,m) = exp(m,t) = ay, .

Oyuxnus ['€nens, kak 1 KOOpAUHATHBIE (DYHKINN, OMTPENEesIeHa HEOTHO3HATHO. 3a-
duKCcHpyeM pas U HaBCErIa KaKne-TO KOOpAUHATHBIE (DYHKIMY U DyHKINI0 [Emnes.

7. PEKYPCUBHO NEPEYUCJ/INUMBIE MHO>KECTBA
7.1. OnpenesieHne peKypCUBHO MePEIYUCTUMOTO MHOXKECTBA UHUCEJI.

Teopema. Ilycts M — HemycToe MOAMHOXECTBO MHOXKECTBA HATYPAJIBHBIX THCEJT
No. Crexyromme ycaoBusi pABHOCHIbHBIL:

(1) a1 HEKOTOPOrO N CyHECTBYET IPUMHTUBHO DEKYDCHBHAS (DYHKIHUT OT M
nepemeHubIx f (1, ..., Ty), MHOXKECTBO 3HAYEHHIH KOTOPOH coBnanaer ¢ M;

(2) cymecrByer npuMuTHBHO peKypcuBHas GyHKIus f(x), MHOXKECTBO 3HATE-
HUIT KOTOPO# coBriazgaet ¢ M ;

(3) cymecrByer upumuruBHO pexypcuBHas pyuxuus h(a, ), rakas 4ro ypas-
merme h(a,z) = 0 (OTHOCHTE/IPHO HEH3BECTHOIH T) HMeeT pelreHue TOrAa H
TOJIPKO TOTa, Koraa a € M ;
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(4) a1 HEKOTOPOIO N CYyHIECTBYET TAKA NIPUMHTUBHO DEKYDPCHBHA (DYHKIIUS
h(a,z1,...,z,) or n + 1 nepemennpix, yro ypasuenue h(a,zi,...,x,) = 0
(oTHOCHTE/IPHO HEH3BECTHBIX &1, ...,%Ly) HMEET DEINIEHUE TOLAA U TOJIBKO
Toraa, korga a € M.

UHoxasameavcmeo. (1)=(2). Hycrs f(x1,...,%,) — NPUMATUBHO PEKYPCUBHASL
yHKIMA, MHOXKECTBO 3HAYEHHIA KOTOPOIi coBIAIAeT ¢ M ; TOrIa MHOKECTBO 3HAYE-
uuii bynxuuu g(z) = f(e1(z), ..., cn(x)), tue ¢y, .., , ¢, — KOOpAMHATHBIE (DYHKLIUY,
roxe coBmamaer ¢ M. (2)=(3). Hycrs f(z) — npuMuTUBHO pekypcuBHAA (DYHK-
1s1, MHOXKECTBO 3Ha4YeHnit Koropoii coBnanaer ¢ M; mosoxum h(a,x) = |f(z) —al.
Paspemumocts ypasuenus h(a,z) = 0 paBHOCH/IbHA CymecTBOBanuo & € Ny, Ta-
Koro 4to f(x) = a, T.e. TOMY, 9TO YUCJIO G TMPUHAIJIEKUT MHOKECTBY 3HAIEHWI
M dynxuun f(x). (3)=(4) — oueBugno. (4)=(1). IIycrs h(a,z1,...,T,) — TaKaA
OPUMUTHBHO peKypcuBHas (pyHkuus, 4ro ypasaenue h(a,zi,...,z,) = 0 paspe-
MIIMO OTHOCHUTEJILHO I1,..., T, TOTIA W TOJILKO TOrma, Korma a € M. Bwibepem
OPOU3BOJIbHBIH dJ1eMeHT b € M u moJioxum

f(xaxla 7:1’.”) =T- Sg—n(h(mamla ﬂxn)) +b- sgn(h(x,xl, ﬂnn)) .

Ecnu ¢ € M, T0 CymecTByIOT X1, ..., T, € Ny, m1st Koropsix A(x, 1, ...,2,) = 0 u
flx,z1,...,xy) =2 -1+b-0 =2 Takum 06pasoM, MHOKECTBO 3HAYCHUI (DYHK-
wun f(xz,x1,...,T,) comepxur M. Obparso, nycrs z = f(x,x1,...,T,) TPUHAI-
JIEXKUT MHOXKECTBY 3Hadenuit byuxkuuu f(x,zq,...,2,); ecou h(z, 1, ...,x,) = 0,
TO z = T NpHHAIJIEKHUT M, TaK KakK CymIeCTBYeT PENIeHUEe T, ..., T, YPABHEHUS
h(z,x1,...,2,) = 0, a eciu h(x,z1,...,x,) # 0, 10 2 = b € M. Teopema mOTHO-
CTHIO TOKA3aHa.

[TommuoxectBo M wmHOX)ecTtBa Ny HA3bIBAETCA PEKYPCUBHO IMEPEYUUC/IIMBIM,
eCcJim OHO JTOO MyCTO, JIMOO YIOOBJIETBOPSAET PABHOCUIHHBIM TPEOOBAHUSIM TOJIb-
KO YTO JIOKA3aHHOII TEOpEMBI.

7.2. PekypCHBHO IepeYHCIUMbIe MOIMHOXECTBA JIeKapTOBBIX CTeleHel
Ny. ITonmuoxkecTBO M mexapToBoii crenmern Nj MHOXKeCTBa HATYPAJIbHBIX YHCEJT
HAa3bIBAETCS PEKYPCUBHO IIEPEIUCIUMBIM, €CJIU TTOAMHOKECTBO

MO = {d(")(al,...,an)|(a1,...,an) € M}

MHO)KeCTBa Ny PEKYPCUBHO TEepednc/imMo (31eCh, KaK U paHbllle, 4epes d™ o6o-
3HAYAETCs IPUMHUTUBHO PeKypCcuBHas QyHKIUsA, HyMepyiomas Touky u3 N ).

Teopema. Ilycte M — memycroe mommHOXkecTBO N ; ciemyromue yCca0BaA PaBHO-
CHJIBHBI:

(1) M pexypCUBHO nepeduc/mMo;

(2) @ HEKOTOPOro M CyHIeCTBYIOT TaKHe NPUMHTHBHO DEKYPCHBHBIE (DYHK-
mua fi(t1, e tm)s s fu(t1, -y tm), 9T0 M cocTour u3 Bcex TOYEK BUIA
(fr(try ooy tm)y ey fu(t1, ooy tm)), e ty, ...ty HE3aBHCHMO HpOGEraroT Ny;

(3) cymecrBytor npumuruBHO pexkypcusubie Gyakuuu fi(t), ..., fo(t), raxme
aro M cocrour u3z Bcex rodek (fi(t),..., fn(t)), t € No;
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(4) cymecrByer npumuTuBHO peKypcuBHas pyukuus h(ay, ..., ap, ), TaKas 9r0
ypasuenue h(ay, ..., an,x) = 0 (OTHOCHTE/ILHO HEU3BECTHON T) UMeeT penie-
HOe TOrJa W TOJILKO Toraa, koraa (ai, ...,an) € M;

(5) a1 HEKOTOPOIO M, CYIIECTBYET TaKasl IPUMHTUBHO PDEKYDPCUBHA (DYHKIIUS
h(ai,...,an, T1, ..., Tyy) OT M + M MEPEMEHHBIX, UTO YPABHEHHE

) ) ) ) ) J
h(ai,..-,an,x1,..., @) =0
(OTHOCHTE/IPHO HEH3BECTHBIX X1, ...,%Lp) HMEET DEIIEHUE TOLAA U TOJIBKO
rorga, koraa (a1, ..., a,) € M.

Ioxazamenvcmeo. TIOBTOpAA MOKA3aTEIBCTBO TEOPEMBI 5.1, MBI IIOJIYYHM PABHO-
CHJIBHOCTD yctoBuil (2)-(5); ocraercst ycTaHOBATH PaBHOCHILHOCTH (1) u (3).

(1)=(3). Eciiu M C Nj — pekypCUBHO IEPEYUCIUMOE MHOKECTBO, TO, 110 OIpe-
nenenmio, muoxkectso My = {d™(ay,...,a,)|(a1,...,a,) € M} ssnsercs pe-
KYPCHBHO II€PEYUCIUMBIM IIOIMHOXKECTBOM Ny U IIOTOMY COBIIAJAET ¢ MHOXKECTBOM
3Ha4eHut Hekoropoii npumuruBHO pexypcuBHOil dyukuuu f(t). Koopuunarubie
dbyuxmmn c§”), et ocymectsasior otrobpakernme Ny — N2, obparroe k d(™;
nostomy M — 310 MHOKECTBO TOUeK (f1(t), ..., fn(t)), rue wepes f;(t) obo3HAYEHDI
MPUMUTHBHO PEKYPCUBHBIE (DYHKIINN cgn)(f(t)) (1<i<n).

(3)=(1).Ilycrs M — muoxectBO TOYeK (f1(t),..., fn(t)), nme t mpoberaer Ny, a
fi(@®),..., fn(t) — npumuruBHO pexypcusBHble pynkuuu. Torma muoxectBo My =
{d™(ay,...,a,)|(a1,...,a,) € M} mpencrapiser coGoii MHOKECTBO 3HAMEHWH
npuMuaTHBHO pekypcusnoi by d™ (fy(t), ..., f(t)) u noTomy mBaserca pe-
KYPCHUBHO MIEPEYUCTUMBIM NOAMHOKeCTBOM Ny. Ho 9T0 1 03Ha9aer, 970 MHOKECTBO
M C Nj peKypCHBHO II€pPEIHCIIMO.

7.3. CpolicTBa peKypPCHBHO MIepPEeYnCIUMBIX MHOXeCTB. IlokaxkeM, 9T0 00b-
eIUHEHNE U MepecedeHrne KOHEYHOTO YUCIa PEKYPCUBHO MEPEINCIUMBIX MHOXKECTB
PEKypCUBHO nepeducauMbl. [leficrBurenbuo, myctsb fi(ai,...an,x) (1 < i < k) —
Tak¥e TPUMHUTHBHO PEKypPCUBHBIE (DYHKIINHU, YTO YpaBHEHNE OTHOCUTEJIHHO &

fi(al, ,an,m) =0

TOr/A M TOJILKO TOI/A MMEeT pelieHue, Koraa (a, ... ,a,) € M;. ®yukuun
f(aly ceey Qpy Ty eee ,Z’k) = E fi(aly 7an7mi) )

g(as, s, Ty, e, ) = H filar, ..., an, z;)
MIPUMHUTHBHO PEKYPCUBHBI, N yPaBHEHU S

flar,...,an,z1,...,x) =0, g(a1,...,an,T1,...,25) =0

PaspeluMbl OTHOCUTEJIBHO &1, ... , Lt TOLAA U TOJIBKO TOLIA, KOrua (@, ... , Gy, ) IpU-
HAOJIEKUT COOTBETCTBEHHO MMEPECEUEHUI0 U 00 beIUHEHUIO MHOXKeCTB My, ..., M.
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8. PEKVPCUBHLIE ®VHKIINNA

8.1. Onpenenenne pekypcuBHBIX dyHKImiA. B cBoiicTBax mpuMuTHBHO pe-
KypCUBHBIX (DYHKIMI, TPUBEOEHHBIX B MPEObIAYIIEi riaBe, OTCyTCTBOBAJIO YIIO-
MUHAHWE 0OpaTHBIX GyHKImii. VI 9T0 He ciy4aiino: obpaTHas K TPUMUTUBHO pPe-
KypPCUBHOI (pyHKIMU, 1aKe eCJium OHA CymeCTBYeT, He 00s3aHa ObITh IPUMUTUBHO
PEeKypPCUBHOIA.

[Tpu HameM noaxoae K ONpeneeHnio peKypCuBHO pyHKIuU MbI Oy1€M MOIB30-
Barbcst nousitueM rpaduka dyukuun. I[Iycrs f(z1,...,%,) — HEKOTOpast HyHKIU;
eé rpadIKOM Ha3BIBACTCSA MHOXKECTBO TOUCK (L1, ..., Tn, f(T1,...,7,)) € Ny, rme
X1, ..., Ty HE3ABUCHMO TIPOOEral0T MHOKECTBO HATYpPAJIbHBIX duces Ny. OyHKIuUA
f(zy1,...,z,) Ha3bIBaeTCA pekypcuBHOW (B APYroll TepMUHOIOrUU OBIIEPEKYPCUB-
HOIt), ecsin eé rpaduk pekypcuBHO nepeunciaum. Ormerum npocreiimue cBoicTBa
pexypcuBHbIX (byHKIH. Besikast npuMUTUBHO pPeKypCuBHAsT (DYHKIUS PEKYPCHB-
ua. [eiicrBuresnbuo, ecnu f (1, ..., %L,) — IPUMATUBHO PEKYPCUBHAS (DYHKIINS, TO
eé rpaduk — MHOKECTBO BCEX TOYEK (T1,...,Tn, f(T1,...,%y)); HO BCE KOODAMHA-
TBL L1, ey Tpy [ (X1, -, Tp) — IPUMUTUBHO PEKYPCUBHBIE DYHKIUU OT L1, ..., Ly, U
o reopeMe 5.2 3TO0 MHOKECTBO PEKyPCUBHO nepeducsumo. Ilycrs f(zy,...,z,)
— pexypcuBHasa (PyHKIUS; NOCKOJbKY €€ rpadpuk peKypCuBHO MEPEINC/INM, CyIIe-
CTBYIOT TAaKKe IPUMUTUBHO PeKypcuBHbie pyHkuuu g (t), ... , gn(t), g(t), aro aror
rpaduk cocrout us Touex (gi(t),...,gn(t),g(t)). IlockonbKY 21, ..., T, HE3ABUCH-
MO IpPYT OT Opyra mpoberaior Ny u ompenensdior 3uadenne QyHKIuu f, QyHKIIN
g1(t), ..., gn(t), g(t) obnamaror coiicrBamu:

(1) miist OGBIX 9mcen Ty, ..., T, € Ny Hafinercsa uucio t € Ny, msa koroporo
g1(t) = 21,0, gn(t) = Tn;

(2) ecn gl(t) = gl(tl)a 7gn(t) = gn(t’)v TO g(t) = g(tl);

(3) f(g1(t),...,gn(t)) = g(t) mna moboro t € Ny.
[IpenmmecTByomiee MpeaCTaB/IEHNE PEKYPCUBHON (DYHKIINN OyIeM Ha3bIBATD €€ Mpu-
MUTHBHO DEKYPCHUBHOI mapamerpusarumeii. 3 cymecTBOBaHUS MapaMerpu3aliuu
Cpasy CJEdyeT, YTO BCAKAA PEKYPCUBHAS (DYHKINS MOKET OBITH MTOJTY I€HA U3 IIPU-
MUTHBHO PEKYPCUBHBIX IIPU TOMOIIN [TOJICTAHOBKHU U €INHCTBEHHBII Pa3 MpuMeHeH-
Holt onepauuu Munumusanuu (cM. 6.8). IeiicTBuresibHO, N1 yKa3aHHOl mapaMe-
TPU3AUA

F@rseesa) = (191 () = 1] + o+ |ga(t) = 2a])) -

Ormernm, 1T0 10 cBOficTBY (1) ypasuenue |gq(t) —z1|+ ... +|gn(t) — x| = 0 Bcerma
umeer perrenne t, Tak 9rto GYHKIM s (g1 (t) — 21|+ ...+ |gn(t) — z,|) nMeeT cMbIcaT.

8.2. TloacraHoBKa Jisi PEKYPCUBHbBIX (DYyHKIIUN.

TeopeMa‘ H.YCTb f(mla 7mn)a gl(y17 7y’m)a 7g’n(y17 7ym) — PEKypCHBHbBIE
¢yuxumu. Torga ¢yuaknus h(yi, ..., Ym ), HOIYIAIOMAACT U3  HOICTAHOBKOI BME-
CTO HEeM3BECTHHIX (DYHKIUI g1, ..., gy (Tak uTo h = t[f, g1, ..., gn]), TOXKE peKypcHB-
HA.

Loxasameavcmeo. 1lyctn

A = {(pi(t), .. pn(t),p(t) |t € No},
Si = {(qi1(54), - qim (51), qi(51)) |si € No}
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— rpaduku Gyaxuuit f, g; (1 <i < n)c IPUMUTUBHO PEKyPCUBHBIMU KOMIIOHEHTa-

MH i, ¢ij, P, ¢i- st TOTO, IT00BI TOUKA (@1, ..., Am, @) IPUHALIEXKATA IPadUKy
A dyuxnun b, HeOOXOOUMO U IOCTATOYHO, ITOOBI CYIIECTBOBAJIA TAKUE T, 81, -.. , Sp
U I1,..., Ty, 9TO

qi1(8i) = a1y, @im(8i) = am, ¢i(s:)) =2 (1 <i<n)
(aru paBeHCTBa 03HAYAIOT, YTO §;(A1, ..., Qm) = T;),
pl(t) =T1y..- )pn(t) = Tn, p(t) =b

(310 smauut, 9to f(x1,...,T,) = b). Ho 3Ta cucrema paBeHCTB PABHOCUILHA OHO-
MYy ypPaBHEHUIO

Ip(t) — b + Z(|Qi(5i) —zi| + |pi(t) —zi]) + Z lgij(si) —aj]) =0,

JleBasl 4acTh KOTOPOIrO — IPUMUTHBHO PEKYPCHUBHAS (DYHKIUST OT a1, ...,0m, b, t,
S1y ey Spy L1y ey Ty TaxuMm 06pazsoM, (ai,...,am,bd) € A Torma u TOIBKO TOrIA,
KOT[Ia Hallle YpaBHEHUE PAa3PEeITuMO OTHOCUTEJIHHO £, S1, ... ,Sn, L1, ... , L. 110 TEO-

peme 5.2 310 03HauaeT, yro rpaduk A GyHKIUM A PEKYPCUBHO MEPEUUCSINM, T.€.
cama Gysxuust h(y, ..., Ym) PEKYPCUBHA.

8.3. MuHuMu3aMsa NJis PeKYPCUBHBIX (DYHKITHUN.

Teopema. Ilycrs f(xy,...,T,,t) — TAKAS PEKyPCUBHAS PYHKIIUS, 4TO AJIT JIEOOBIX
Z1,...,Tn, € Ny cymecrByer pemenwme t ypasuenus f(x1,...,%Tn,t) = 0. Torma
dyuxnausa (uf)(x1, ..., T,) TakKe PEKyPCUBHA.

Loxazameavcmeo. Ilyctn

A ={(Ps(5),--Pn(5),p(s);4(5)) [s € No }

— rpaduk GyHKIuKU f C IPUMUTUBHO PEKYPCUBHLIMU KOMIIOHEHTAMU Pj, P, q. Iljis
TOro, 9T00BI TOYKA (1, -.. , Tn, d) TpuHALIEKATS TPpadury A byuxmu pu; f, Heob-
XOOUMO U JOCTATOYHO, ITOOI

flxe, .., 2n,0) 0, .., f(x1,...,p,a D 1) #0, f(z1,...,25,a) =0.

I 3Toro meobxonumo, 4rodsr muis ¢ = 0,1, ..., a cymecTBOBaIn 3HAYCHUST Tapa-
MeTpa S;, AJIsl KOTOPBIX

pl(sz) =T1y..- )pn(sl) = Tn, p(sl) = i’
q(s;) #0, ecmui < a, q(s,)=0.

K coxasennio, KOJIMYeCTBO HEU3BECTHBIX §; 3aBUCUT OT a; 9YTOOBI YCTPAHUTH
910 HEeyHobCcTBO, ucnosibdyeMm (yukuuio [énensa ['(s,i). Cornacuo onpenesenuro
STOU TMPUMHUTHUBHO PEKYPCHUBHOU (DYHKIUMHU CYIIECTBYET YUCJIO § € Ny, Takoe 9To
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[(s,0) = so, I'(s,1) = s1,..,[(s,a) = s,. [oncrasinssa aru BoipaxkeHus B IPebl-
[Iylye PaBeHCTBA, MPeobpasyeM MX K CUCTEMe ypaBHeHuil
pl(F(sai)) = T1, .. 7pn(r(s>i)) = Tn, p(F(S,Z)) =i,
sgn(q(L(s,i))) =0, ecm i < a, sgn(q(L'(s,a))) =0,
KOTOpas PABHOCUJILHA OJIHOMY yPaBHEHUIO

a1l

sgn(¢(L'(s, a))) + Z sg(q(I'(s,4))) + Z(IP(F(S, i) —il+ Z p;i(L(s,9)) —z]) =0,

JIeBasi 9aCTh KOTOPOTO — TMPUMUTUBHO PEKYPCUBHASA (PYHKIUST OT @, S, L1, ---,Lp-
Takum 06pasoM, (Z1,...,T,,a) OpuHaLIeKRUT rpabuky A dyakouu p;f Torma u
TOJIBKO TOTHA, KOTIa Hallle YpaBHEHHe pas3pennMo oTHocuTesbHo s. [lo Teopeme
5.2 aro o3Hadaer, 4T0 rpaduk A PEeKypCUBHO NEpeduciuM, T.e. cama (PYHKIHUs

(10.1)(@1, -, Tn) EKYpCHBIA,

8.4. IlpumMuTHBHAST PEKYPCHUS IIJIsI PEKYPCUBHBIX (DYyHKIMH.

Teopema. IlIycrs h(x1,...,Tn—1), 9(T1, -, Tn-1,%Tn,Tnit1) — PEKYPCUBHBIE DYHK-
nun. Torma ¢pymknusa f(xy, ..., Ty,), DOJIy9eHHAT U3 HUX IPEMATHBHON DEKYpPCHEH,
TaKXKe PeKypCHBHA.

Iloxaszameavcmeo. Ilycts

A= {(pl(s)a ---pnfl(s);p(s)) |S € No},
S ={(q(t), - Gn1(t),qn(t), gns1(t),q(t)) |t € No}

— rpaduxu ynkuuit h, g ¢ IPUMUTHBHO PEKYPCUBHBIMU KOMIIOHEHTAMU Pj, qj,
p, q. Toukn

(371, s s p—1, 07y0)7

(1‘1, ce s ln—1, ]-)yl))

(371, <o sln—1,Q, ya)
npuHagiexkar rpaduky A GyHKIUN f TOrma u TOJILKO TOTIA, KOrIa
Yo = h(xla )xnfl)a
Y1 = g(wla sy n—1, 07y0)7
Y2 = g(mla ey Tn—1, ]-)yl):

Ya = g(xl, 3 Tp—1,0 O layael) )

T.e. TOYKA (T1,-.,Tn—1,,Y0) OTPUHALIEKUAT A, & TOUKU (L1, ..o, Tn_1,%, Yi, Yit1)
(0 <@ < a) npunamnexar X. s 31010 HEOOGXOOUMO U IOCTATOYHO CyILIECTBOBAHUE
TAKUX S, S1, ..., Sq, YTO

p1(s0) = 21, ,Pn—1(50) = Tpn—1, P(50) = Yo,

q1(8i) =1y Gn=1(8i) = Tn—1, @n(si) =10 1, ,qnt1(5:) = Yio1 ,4(s:) = i
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(1 € i < a). Ucknouas u3z 310l cCUCTEMBI DABEHCTB BEJIMYUHBL Yo, Y1, .- Ya—1 U
obo3Havast Y, 4depe3 b, HAXOMMM, 4YTO AJIS TOrO, YTOObI TOYKA (Z1,...,Tn_1,a,b)
npuHagiexkasia rpabuky A dyaxnun f, HeOOXOOUMO U JOCTATOYHO, YTOOBI CYIIe-
CTBOBAJIA Sq, S1, ... ,Sq € Ny, TaKme 9TO

P1(50) = 1, e s Pn—1(50) = Tn—1, P(50) = Gn+1(51),
G1(8i) =21, s @n-1(8i) = Tp—1, gu(si) =121 (1<i<a),
a(si) = qny1(siv1) (1 <i<a), qsqe) =b.

Bamensisi, KAk U BbIlIe, HEM3BECTHBIE S; HA F(s,i), mpeobpasyeM 3TH PaBEHCTBA K
CHCTEeMe ypaBHCHUIA

pl(F( 70)) = L1 - 7pn—1(F(87 0)) = Tn-1, p(F(Sa 0)) = qn+1 (F(S 1))7
a1 (T'(s,9) = 21, s qu1(T'(5,4)) = Zn1, @([(s,7)) =101 (1 <i<a),
a(L(s, ))—qn+1( (s;,i+1)) (1<i<a), q(s,a))=b

KOTOpas PaBHOCU/IbHA OJJHOMY yPaBHEHUIO

Ip(T'(s,0)) = gn41(T(s, 1))| + Z lg(T = an1(L(s,0 + 1)) + [¢(T(s,a)) — bl+

n—1

> (Ipi(T(s,0)) —$J|+Zlqj (5,0)) — ;1) +Zlqn —@en[=0,

j=1

JIeBas 9aCTh KOTOPOTO MPEACTABJIAET COD0iT MPUMUTUBHO PEKYPCUBHYIO (byHKIIAIO
or a,b,s,x1, ..., tp—1. Taxum obpaszom, (1, ..., Tn—1,a,b) IPUHALIEKUT rpadUKY
A dyHruMu f rorma u TOJLKO TOrMA, KOIMa Halle YpaBHEHHE Pa3spemuMo OTHOCH-
TesbHO S. I1o Teopeme 5.2 310 03HA4AET, 9TO rpaduKk A PEKyPCHBHO NEPEINCIIAM,
r.e. cama byaxuus f (1, ..., T,) PEKYPCUBHA.

8.5. IIpyroe onucaHue KJjacca peKypcuBHbIX dyHkmuii. Coenunssa pesyib-
TaThl TPEILILYIUX TYHKTOB, MBI TIOJIYIAeM CJICAYIONIYIO XapaKTepU3aInio PEKYP-
CUBHBIX (pyHKIUIA.

Teopema. Kiiacc pexkypcHUBHbIX (DYHKIIHI COBIOAIAET C KJIACCOM (DyHKIUH, KO-
TOpbIE MOTYT OBITH HOJIyYIeHBI U3 DJIEMEHTAPHBIX (PYHKIHI 0, s, id, pry, pry mpu
IOMOIIU TPUMEHEHHsT (BOOOIIE rOBOpsI, MHOTOKDATHOIO) ONEpaluii MOJCTAHOBKH,
IPUMUTHBHON PDEKYDPCHH U MUHUMHU3AIIIH.

LHoxazameavcmeo. B xonne nyukra 6.1 661710 OTMedeHO, 9T0 J1i00as PEKyPCUBHAS
yHKIMSA MOy IaeTCsi MUHIMU3AIUel 13 MPUMUTHBHO PEKYPCUBHON (DyHKIINHU, KO-
TOpasi, B CBOIO 0Y€pelb, MOXKET ObITh MOJIyYeHA U3 3JIEMEHTAPHBIX (DYHKIUS MO/~
CTAHOBKAMU U MPUMUTUBHBIMU peKypcusmu. Taxum o0pasom, KJiacC PEeKypCUB-
HBIX (DYHKIWI COMEPKUTCS B KJjacce (PYHKIWE, KOTOPbe MOTYT OBIThH IOJIY9eHbI
U3 DJIEMEHTAPHBIX (DYHKIUI MPU MOMOIIN MOICTAHOBOK, MPUMUTUBHBIX PEKYPCHil
u Mmuaumu3anuii. O6parso, sneMerTapibie GyHKIME PEKYPCUBHbBI, U T€OPeMbl 6.2—
6.4 MOKA3bBIBAIOT, YTO MOACTAHOBKW, IPUMUTUBHBIE PEKYPCUU U MUHUMU3ALUANA HE
BBIBOIAT 33 MPENESIbl KJIACCA PEKYPCUBHBIX (DYHKIWE, KOTOPBI, TaKuM 00pasoM,
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CONEPXKUT KJAACC PYHKIUHA, KOTOPbIE MOJIYyYAI0TCS U3 3JIEMEHTAPHBIX MOACTAHOB-
KaMU, IPUMUTUBHBIMUA PEKYPCUAMU U MUHUMUBALIUAMU.

Ho cux mop y Hac He O6HLJIO HU OZHOTO MPUMEPA PEKYPCUBHBIX, HO HE TPUMUTUB-
HO PEKYPCHUBHBIX (DYHKIN; B CJIEIYIONNX MyHKTAX Mbl TOKAXkKEM CYIIECTBOBAHIE
Taknx PYHKINI.

8.6. Pexkypcusi Bropoii crymenu. HamomunMm, 9T0 KOOpAWHATHBIE (DYHKIINH
c1,00 : Ny = Ny, d® - N2 — Ny NPUMHTHBHO PEKYPCHBHBI, B OTOOPAKEHUE T ~>
(c1(x), e2(x)), (z,y) ~ dP (x,y) ABAAOTCSH B3AMMHO OGPATHBIMII COOTBETCTBUASMA
MEXKIy MHOXKECTBOM Ny M ero nekapToBBIM KBAJIPATOM.

[Tpu BerunceHnn 3HaUeHNH (DYHKITNH, TOTYYAIOMIEHCS MPU TTOMOIIN TIPUMITHB-
HOW PeKypCuu, MbI JIOJKHBI 3HATH 3HAYEHUs 2TOU (DYHKIUU [1J1s MEHBIINX 3HAYE-
uuit aprymenra. Paccmorpum Ternepb GyHKIMIO OT JABYX apryMeHTOB, OIpeIesise-
MYIO CJIEOYIOmuM 00pa3oM:

f(0,0) = a,
f(may) = g(m,y,f(cl(tp(m,y)),cz(ga(x,y)))),
roe a € Ny, g(z,9,2), ¢(x,y) — UPUMUTUBHO peKypCUBHbIe (DYHKLUUM, OPUIEM

o(x,y) < d?(z,y). Herpynuo sumers, uro dynxmus f(,y) KOPPEKTHO ompee-
JIEHA W TIPUMUTHBHO peKypcusHa. [leiictBurensno, dyukmus h(z), onpenenennas
YCJIOBHAMM

h(0) = a,
h(z) = g(c1(2), c2(2), h((p(e1(2), e2(2))))),

IIPUMETHBHO peKypcuBHa, a f(z,y) = h(d® (z,y)). Ipemsiaymiee mocTpoerue mo
CyIECTBY UCMOIb3YET TIOJTHOE YIOPsiAOYeHne TeKapToBa KBaapaTa MHOXKECTBA Ny,
puYeM MOJIYYUBIIeeCs BIIOJIHE yHOPAA0OYeHHOe MHOKECTBO CHOBA n30MOPGMHO Ny .
OnnHako, HeKapTOB KBaJApaT MHOXKeCTBA Ny IOMyCKaeT W JIPYyrue MOJIHBbIE YIOpsi-
[IOYEHWST, HATIpUMED, JIeKcuKorpaduaeckoe. Bynem 0603Ha9aTh JeKcnkorpadmyae-
CKUIi TOPSAIOK HA N% CUMBOJIOM <:

(z,y) 2 (2,t), ecmmz <zwumz=zy<t.

Jlekcukorpaduaeckuii moOpsmOK MO3BOJAET ONPEIE/NTh HOBBIA crocob mocrpoe-
Hust PYHKIMKA, KOTOPBIA MBI OyneM Ha3blBarb pekypcueil Bropoit crynenu. Ilycrb
o(z,y,2), Y(x,y,2), a(z,y), B(r,y) — Takue TPUMUTUBHO PEKYPCUBHBIE (DYHK-
ouu, 9To (a(a:, y): ﬁ(xa y)) =< (CE, y)7 ((p(:n, Y, Z)7 ’QZJ(ZE, Y, Z)) < (JI, Z/) I1s1 10001 TTaphr
(z,y) € Ng, (x,y) # (0,0), u moboro z € Ny. Ilycrs, nanee, a € Ny u g(w,y, z,t)
— OPUMUTUBHO pekypcuBHas dyHKuus, u nycrb f(z,y) — rakas QyHKuus, 910

f(Ov 0) = a,
f(x,y) = g(@,y, f(u,v), fe(z,y, f(u,v)),¥(z,y, f(u,v)))),

roe u = a(z,y), v = B(z,y). Hokaxewm, uro dpyukuusa f(x,y) NOJIHOCTHIO ONpee-
JleHa, 3TuME cBoiicrBamm. ToduHee roBopsi, Mbl JOKazKeM 00Jiee TOYHOE YTBEpKIe-
une. Hazosem nabop touek (z,y) = (zo,%0) > (x1,y1) > - > (Tm,ym) = (0,0) u
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TUCEIT 20,21, - - - ,Zm BBIYUCJAIOMUM 3HaueHne Gyukmun f B Touke (I, y), eCam st
so6oro 4, 0 < ¢ < m, cymecTBYIOT HOMepa j,! > i, g KOTOpbIX a(Z;,Y;) = X,
B(wi,yi) = yj» o(wi,yi,25) = 1, V(@i 9i,25) = i, 9(Ti,Yi,25,21) = 2i; obpar-
HOIl MHIyKIUe# Mo 4 HAXOOUM, YTO W3 TUX YCJIOBUil ciemyer, 4to z; = f(x;,yi);
B "acrHoctH, sHadenne dyukuuu f(z,y) = f(zo,yo) paBHO 29. Mbl yTBEpKIa-
eM, 4TO BblYMC/IAIoNMe HAbOpbl ecTh /1A Beex Touek (z,y) € N2, u moromy Bee
snavenns GyHxmmu f(z,y) OMHOZHATHO OMPENEIIeHBbl HAJIOKEHHBIMHA YCIJIOBUSIMU.
Ecn 661 5T0 6bLIO He Tak, TO, TIOCKOJIbKY MHOXKECTBO NZ BIOJIHE yMOPANIOYEHO
OTHOCHUTEJIbHO JIEKCUKOIPahUIECKOro MOPsAKa, HAILIACH Obl HAUMEHBIIAS TTapa
(z,y), mjig KOTOPOIi HET BBIYUC/IsIIONEro Habopa; acHo, uro (z,y) # (0,0). Ho
napa (u,v) = (a(z,y), S(z,y)) upemmecrsyer nape (z,y), M09TOMy [Jisi HEE €CTh
Habop M c HyxHbIMuU cBoficrBamu. B uacrhocru, onpeneneno suadenue f(u,v).
[To mamemy npemmosioxernnto, (o(x,y, f(u,v)),v(z,y, f(u,v)) < (x,y), m noTomy

JJTST TTapbl
(o, y, f(u,v),(z,y, f(u,v)))

TOXe ecTh Bhraucjsomuit Habop N. Ho sicHo, 9ro 00benuuenune nabopoB M u
N mocjie mepeHyMepaluu, pacroJiaraioleil Bce TOYKN OObEeIUHEHUs B MOPAIKE
BO3pacTaHus, U 100aBJICHUs TOYKU (T,Y) U YUCIIA

9(x,y, f(u,v), fle(@,y, f(u,0)),d(x,y, f(u,0))))

CTAHOBUTCST HAGOPOM, BBIYHUCJIAMUM 3HadeHne GyHKunm f B TOuke (I,%), a 3TO
OPOTHBOPEYHT IPEIIOIOKEHHIIO O TOM, 9TO TaKUX HAOOPOB He CymecTByer. B omnu-
CaHHOIl cuTyamuu MBI TOBOPUM, aTo (byuKIHs f(r,y) TOTyUeHa peKypcrueil BTopoit
crynenn npu nomomu Gyuxumit g(z,y, 2, t), o(x,y,2), v(x,y,2), alz,y), B(z,y)
npu Hagasbaom yesosuu f(0,0) = a.

Teopema. @PyHKIU:A, H0TyYCHHASI U3 IPUMATHBHO DEKYPCHBHBIX (DYHKIHI DEKYp-
cuelt BTOpOlt CTyIeHn, PeKypPCUBHA.

Loxazameavcmeo. Iycts A C N3 — rpaduk bynxmm f(z,y). U3 mpemsimymux
PaCCyXAEeHUIA BUIHO, 9TO TOUKA (T, Y, 2) IPUHALIEKUT rpadury A TOrma u TOJIBKO
TOIJIA KOTIA CYMIECTBYIOT TaKUe TUCTA M, L, Ys, 2i (0 < 1 < m), arox = xo, Y = Yo,
z = zp u mna kaxgoro ¢, 0 < ¢ < m, cymecrByior uucia j, [, 0 < 7,k,1 < m,
AJ1d KOTOPbIX a(l'i,yi) = Tj, ﬁ(xﬂyl) = Yj, (p(mhylaz,]) = Ty, dj(l‘l)yl)’z]) =Y,
9(xi, s, 2, 21) = 2. DU yCIOBUS PABHOCHJIBHBI OOHOMY PAaBEHCTBY

m m
& — ol + |y = yol + |2 — 2ol + Y ([ (eulws, v:) — w51 + [B(wi, yi) — ys|+
i=0 j,I=0

lo(wi,yi, 25) — x| + |0(@i,vi, 25) — il + |g(wi, vi5 25, 21) — 2i])) =0

BameHsis, KAK U BbIlLIE, IEPEMEHHbIE T, Vi, z; Ha ['(s,i), ['(¢,1), I'(u, i), npeobpa-
3y€eM 9TO COOTHOIIEHHE B PABEHCTBO

|z = T(s,0)| + ly = T'(£,0)] + |z = T'(w, 0)|+

> (IT (e(T(s,i),T(t,4) = T(s, )| + |B(T(s, i), T(t, i) — T(t, 4)|+

i=0 4,I=0

lp(T(s,4), 0(¢,4),L(u, 7)) — T(s, D) + [(T(s,4), [(¢,4), D (u, ))—F(t,l)|+
lg(D'(s,4),L'(¢,1), T (u, j), ['(u,1)) — T(u,i)]) =
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O60o3Ha4YKMM JIEBYIO YaCTh TOr0 paBeHcTBa depes h(zx,y, z,m, s,t,u); ACHO, 4TO 3TO
OPUMUTHBHO pekypcuBHas Gyukuus. Takum obpasom, (z,y,2z) € A rorga u T0Jb-
KO TOrfma, Korga ypasaenue h(x,y,z,m,s,t,u) = 0 ¢ OIPUMUTUBHO PEKYPCUBHOI
JIEBOI 9ACTHIO PA3peninMo OTHOCUTEJIBLHO m, S, t, u. CiemoBaresnHo, rpaduk A
dyukuun f(x,y) pekypcuBHO nepeducauM, u moromy cama dyukuua f(z,y) pe-
KyPCHBHA.

9. OYHKINA, VHUBEPCAJIbHAA OJIAd KJIACCA
IIPUMUATUBHO PEKYPCUBHBIX ®YHKIINIA

9.1. Hymepanus IpUMHTHBHO PeKypcHUBHBLIX (dbyHKimA. Hamomuum, garo
JIIOOYI0 TPUMUTHBHO PEKYPCUBHYIO (DYHKIMIO MOXKHO MOCTPOUTH, UCXOMS U3 3JIe-
MeHTapHbIX byHKumit o(z), s(z), id(x), pry(x1,z2), pry(x1, z2) TpU NOMOIM MOJI-
CTAHOBOK WM IIPUMUTHUBHBIX pekypcuil. I[Iponecc mocTpoeHust NPUMUTHBHO PEKyp-
CUBHOI (PyHKIMU MOXKET ObITh 3aKOIUPOBAH B HEKOTOPOM aJI(DABUTE, M, NCIIOJIb3Y T
B3aMMHO OJIHO3HAYHOE COOTBETCTBHE MEXKILy CJIOBAMHU B aJI(paBUTE U HATYPAJIHHbI-
MU 9HCJIAMHU, MBI MOXKEM COIOCTABUTDL Hamrell GpyHKImu (TOUHEee, IPOLECCy ee IMo-
CTPOEHUS: OIHA U Ta kK€ (DYHKIUA MOKET OBITH MOJIyIEHA U3 FJIEMEHTAPHBIX MHO-
IUME CIOCOBAMU) HEKOTOPOE HATYpPaJbHOE Yncjio. KOHEYHO, 3T0 MOXKHO CIIE/IaTh
MHOTEMU CHOCOOAMME; 30€Ch MbI U3JIOKUM OIMH M3 BAPUAHTOB TAKOTO COMOCTABJIE-
Hus. CylmecTBEHHYIO POJIb B Hamell KOHCTPYKIMM UTPAIOT MPUMUTUBHO PEKyp-
cusnbte byukman dF) (z1,. .., xp), cgk) (z), ..., cgck) (z) u3 §6.10, ocymecTBJisIOmME
B3anMEO obparHbie 6mekmim N — Ny, Ng — NE. Hamommmm (cm. §6.10), aTo

cgk) (d(k) (.’I}l, B 737]9)) = T, d(2) (d(k_l) (xla B 7wk—1)7mk) = d(k) (371, - '7:1"]6)'

[Iycrb n € Ny ; mocrpoum npuMuTUBHO peKypcuBHyio Gyukuuio f,,(x) oguoil nepe-
menHoil. CHavasa onpenesinM 3Ty GYHKIIIO JIJIs MepBbIX 3HAYMEHUH 7

fo(z)
fi(z)

o(x) =0,
s(z) =z +1.

IIycrs tenepp n > 1 u NPUMUTUBHO PeKypcuBHbie DyHKUuU f,,(T) yxKe omnpene-
JIeHBI IJ1 BCeXx m < m. YUncso n OIHO3HAYHO PACKJIAIBIBAETCS B TMPOU3BEIEHNE
IIPOCTBIX MHOXKUTEsEil: n = 203" ... plr. Eciu k = ip > 1, TO moI0:KUM

Ecom ig = 0, vo 43 > 1, Te. n = 3157 ... pir (a >0, >0, r > 2), To B KauecTse
fn(z) BO3bMEM (DYHKUUIO, IOy YAIOLLYIOCS CIIeayomeli IPUMUTUBHON peKypcueii:
Fa(d®(x,0)) = fi(2),
Fuld® (@,y + 1) = f;(d? (dP (2,y), f2d®) (2,9))).
Ecnu ip = 43 = 0, 4o = 1,2,3, 10 B xauecrBe dpyukuuu f,(z) BO3bMEM COOT-

Bercreenno dynxuun id(z), c1(x), ca(z). Bo Becex ocranbhbix ciaydasx (r.e. npu
io =11 = 0 m iz = 0 wom i3 > 3) mostoxkum fp(z) = o(x) = 0.
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Teopema. s 060l npuMuTHBHO peKypcuBHON ¢pyHkun g(x) Haiinercs Homep
n € Ny, raxoii uro g(z) = f,(z) as Bcex © € Ny .

Hoxazameavcmeo. Harie onpenesienue NpuMATHBHO PEKYPCUBHOM (DYHKIINU TAKO-
BO, 9TO B HEM yYACTBYIOT (DYHKIIMU OT PA3HOTO UUCJIA MMEPEMEHHBIX, U JAXKe MpU
TOCTPOEHUY MPUMUTUBHO PEKYPCUBHBIX (DYHKIIUN OT OTHOW MepeMeHHOH HaM He
oboiituck 6e3 ucnob30BaHusa (PYyHKIMI HECKOJIbKUX IIepEeMeHHbIX. [losToMy HaMm
MPUAETCS HECKOJIBKO YCHJIATH [TOKA3bIBaeMoe yTBepxaeHue. [[isi JoObIX HATY-
panbHBIX gmcest k > 1, n obosnaunm 4depes fF cienyromyio dyrkmmio k nepemen-
HBIX:

fa@z) = fu(d® (@, ).

Mpbr 6ymeM IOKa3bIBATh CJIEAYIONIEE YTBEPKIACHNE:

List 10601 npuMuTUBHO peKypcuBHOH (yHKiuu or k nepemeHHbix g(Ty,...,Tx)
maiinercs momep n € Ny, takoit ato g(zy1,...,xx) = fF(zy,...,zx) a1 BCex
T1,...,Tk € Np.

Mo onpenesenuo, TPUMUTUBHO peKypcuBHas GyHKIUI §(T1,. .., T)) ABIAETC

BJIEMEHTAPHON WJIM TOJIYYaeTCs U3 PaHee MOCTPOEHHBIX (PYHKINN MOICTAHOBKONM
WM TPUMUTUBHOU pekypcueil. Mpr Oymem [10Ka3biBaTh HAIE YyTBEPKICHUE WH-
JIyKIuel 1mo mocTpoeHuio (pyHKIuu ¢. YOeamMmMcs CHadasia, 9TO OHO BEPHO IJist
BJIEMEHTAPHBIX (DYHKIIIA:

o(z) = folz) = fy(2), s(z) = file) = fi(2), id(z) = fs(2) = f5(2),
prl(x)y) =T = Cl(d(2)(l’,y)) = f25(d(2)(1',y)) = f225(m7y)))
pra(z,y) = y = e2(d® (2,9)) = fi25(d?) (2,9)) = fias(x,v))-

IIycreb renepsb g(x1,...,x%) = h(q (21, .., %K), .-, q(T1, ..., T)) U OyCTH yKE
HalJIeHBI TaKWe HOMEepa j, 41, ... , 4, 9TO

hyr, - u) = Fi(yr, - ),

_ rk
(Is(xla"')xk) —fis(mla"'amk)
nnss =1,...,l m 006X X1, ...,Zk, Y1, ..,y € Ny. L1 cokpalnenns 3amnmucu BBe-
— — gk _ 9l ll+1
nem obosHavenns T = (&1,...,xx), 2 = dF (xy, ..., ). doan = 2130 j 2

HaXOOuM, 9TO

f}(ffl(7)7---7fu(7)) y(d(l (f“(7),---,f5(7)))
= [i(dV(fu(2), -, [ (2) = fal2) = fR(1, - ).

[Tycrs, nakonen, dbyukuus g(xy,. .., Ty) NOJTyIeHA TPUMUTUBHON peKypcueit

g(mla"'amk—lao) = h(mla"'amk—l)a

g(wla"'amk—lamk + 1) = q(mla"'7mk—17mkag(m17'"7:1"]6—17:1;]6))7
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U 0yCTh yKe HalileHbl Takue Homepa i, j, 410 h(zy, ..., Tp_1) = fik_l(a:l, e ,xk,l),l
_ gkt _ qitlxj.
q(x1, .. wp—1,x,y) = {7 (@1, Tp—1, Tk, y)- Tomoxum n = 377157 Torna

frlf(mlv v 7mk7170) = fn(d(k) (1‘1, . -:mkflvo)) = fn(d(Q)(d(k_l)(xh . -:mkfl))o))

= fi(d* V(@ 0) = @, k) = B, 2 ).

Tastee, obosuauas s kparkocrn ¢ = dk—1) (x1,...,Tg—1) U NOJIL3YSACH TEM, UTO
d® (z1, .. xp_1,y) =dPD(dFD (..., x6-1),y) = dP(t,y), naxomum:

Py, o+ 1) = fod® (2, .. 2, 4+ 1) = fuldP (t 24 + 1))
= £i(dP(d® (t, zr), fo(dP(t,71))))
= fj(d(2) (d(k) (1, Th—1,Tk), fn(d(k) (T1,- -, Th—1,%k))))
= fj(d(k+1)(:n1, .. ,:Uk,f,'f(xl, 7))

)
= f](““(xl,_._,mk,fr’j(xl,...,wk)) q(z1, - @, fr (@1, T1)-

Takum obpazom, bynxmaa f¥(zy,..., Tk 1,Tx) TOTy9eHA TOl Ke NPUMUTUBHOL
pekypcueit, aro w dyukmust g(x1,..., Ty 1,Tk), 1 TOTOMY 3Th ABe (DYHKIMH CO-
BHagaioT. TeopeMa MOJHOCTHIO JOKa3aHA.

9.2. YHuBepcasbHas (pYHKIUA IJisd KJacca MPUMHUTHBHO PEeKYPCUBHBIX
dbyukmuii. Paccmorpum reneps dyukuuio nyx aprymenros U(z,y), onpeneseH-
uyio pasencrsom U(z,y) = f.(y). Kak cienyer us npenpiaymeil reopembr, ijis
KaxKI0il IPUMUTUBHO PEKYPCUBHOI (bYHKIMU OTHOI epeMeHHol g(r) cymecTByer
qucsio n € Ny, rakoe uto g(x) = U(n,x) ms aoboro x € Ny. Takum o6pasom, Bce
NPUMATHBHO PEKYPCUBHBIE (PyHKIUU JIETKO IIOJTyIar0TCS M3 OMHON (pyHKIMM aByx
nepemensbix U(z,y), u noToMy ecrecrBeHHO HasbiBarh Gyuxuuio U(z,y) yHuBep-
CAJIBHOI 71 KJ1acCa MPUMUTHBHO PEKYPCUBHBIX (DyHKIMIA.

Teopema. @ynknusa U(x,y) peKypcuBHa.

Ioxazamenvcmeo. U3 paccyXOeHuil IpenplIymero IMyHKTa BUIHO, Y9TO IIOCTPOE-
une byuxnun U(z,y) O9eHb MOX0KE HA PEKYPCUIO BTOPOI CTYNEHHU; OIHAKO, €CJIN
IpY HAIIEM OMPEHEIeHNN PeKypPCHU BTOPOl CTYNEHM IJTIsT BHIYMCJICHUS 3HAYEHUS
dyukuun B Touke (r,y) TpeOOBAJIOCH 3HATH €€ 3HAYEHUE TOJILKO B IBYX TOYKAX,
10 nyis Bbrumcienus 3uadenus U(z,y) = f,(y) B HeKOoTOpBIX ciyuasx (Hampumep,
upy MOACTAHOBKE) Tpebyercs 3Harh 3uadeHus GyHkuuu U B HECKOJIBKUX TOYKAX,
OPEAMECTBYOmUX (,y), IPUIeM KOJIMYECTBO ITUX TOYEK 3aBUCUT OT (x,y). Mbl
00olimeM 3Ty TpYIHOCTH, 3amenus GyHKIUIO U(x,y) TECHO CBA3AHHOM C Hell (pyHK-

T .
uueit V(z,y) = [] p?(l’y). Hoxkaxewm, uro Gbyuxuus V(z,y) Moxer 6bITh HOCTPOE-
i=0

Ha peKypcueil BTOpoii CTyNeHn 1 MO3TOMY OHA PEKYPCUBHA; YTBEPKIAECHIE TEOPEMBI
HEeMEJIJIEHHO CJIelyer orciona, Tak Kak dbyukmus U(z,y) = exp(z,V(z,y)) mosy-
YAETCA TOICTAHOBKON B NMPUMUTUBHO PEKYpPCUBHYIO (GhyHKIMIO exp(x, z) HA MECTOo
BTOPOro aprymenTa pekypcusnoil pynknum V (z,y). B mpomecce nokasarenbcrsa
HaM OymeTr yaoOHO MCIOIb30BATD ABE BCIOMOTATEIbHBIE IPUMUTUBHO PEKYPCUBHBIE
dbyHKRIIN.
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Jlemma. 1. Qywkmms
wk, 7, 2) = d*+D) (exp(exp(2,2)), ), .. . explexp(k + 2, ), 2)
MPUMHTHBHO PEKYPCHBHA Kak (pyHKINT OT k) T, 2.
2. @yuxmms ¢(y) = d? (¢ (y), c2(y) S1) mpuvarrasHO pexypcnsra. Ecm ca(y) >
0, To q(y) < y-

Hoxazameavcmeo. 1. Ira pyHKIMA NOTyIaeTCS IPUMATHBHON peKypcueit

w(0,z,z) = exp(exp(2, ), z),
w(k + 1,2, 2) = d* (exp(exp(2, ), 2), . .., exp(exp(k + 3, z), 2))
= d® (d**V (exp(exp(2, 2), 2), . . ., exp(exp(k + 3, ), 2)))
= d® (w(k,z,z),exp(exp(k + 3,z), 2)).

2. To, yro dyuruusa ¢(y) IPUMUTUBHO PeKypcuBHA, o4eBuaHO. Ecu ca(y) > 0, o
c1(y) + (c2(y) ©1) < e1(y) + c2(y). Hanomuum, aro onpenesiennbie B §6.10 koopau-
HaTHble DYHKIUN HYMEpPYIOT TMaphbl HATYPAJIHHBIX YNCEST TaK, YTO TMapa C MeHbIneit
CYMMOIi KOOPIMHAT BCErIa MPeaNecTBYeT mape ¢ 0OIbINeil CyMMOli KOOPINHAT; MO~
sromy nomep ¢(y) = d® (c1(y), e2(y) ©1) mapet (c1(y),c2(y) ©1) crporo menbue
nomepa y = d® (c1(y), c2(y)) mapet (c1(y), c2(y))-

Bepuemcs kK m0KasarebCcTBy TOro, uro (byukuus V(r,y) CTpouTCs pekypcueit
BTOpPO# crynenu. s 3TOro HAIO MOCTPOUTH IIPUMUATHBHO PEKYPCUBHBIE (DYHKIINT

a(z,y), B(z,y), v(z,y,2), ¥(z,y,2), 9(2,y,2,t), ceasannble ¢ bynxmmeit V(z,y)
Kak B §8.6:

(a(z,y),B(z,y)) < (v,y), (p(z,y,2),¢(z,y,2)) < (z,y)

nuis sio6oit napet (z,y) € N3, (z,y) # (0,0), u soboro z € Ny,

Vi(z,y) = g(z,y,V(u,v), Ve, y,V(u,v)),¥(,y,V(u,v)))),
roe u = a(z,y), v = B(x,y). Mbl 3amaguM 31u GYHKIUA KyCOYHO, PA3OUB BCIO
00J1aCTh 3aJaHUs Ha HECKOJILKO 0bJiacTeil.

Cayuati 1: x = 0. fcmo, aro V(0,y) = 2VO¥) = 2/ = 20 = 1, i moxno
nonoxuts a(0,y) = £(0,y) = ¢(0,y,2) =¥(0,y,2) =0, g(0,y,2,t) = 1.

ITycts Teneps x > 1; Bo Becex ocraBmmnxcs caydasx a(z,y) =z 01, B(z,y) = y.
Bamernm, 90 ipy x > 1 CIpaBeNIMBO COOTHONIEHUE

V(z,y) = V(zoly)pl®Y =V (a(z,y), Bz, y)pl ¥,

U [OTOMY JIOCTATOYHO yKasarb takue dyHruuu o(z,y,z), v(x,y,z), h(z,y,z,t),
4TO

(*)  fe(y) = hlz,y, V(zol,y),V(e(r,y,V(zol,y), ¢y, V(zel,y)))).
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Cayuadi 2: exp(0,2) > 0. Torma x = 2k1305%2 tne k = exp(0,z) — 1,
iy = exp(s,x), u

fx (y) = fil (d(k+1) (flz (y)7 R fik+2 (y)) = fil (d(k+1) (exp(i% Z): RS exp(ik+27 Z)) =
fir(w(k, z,2)) = exp(exp(1,x), V(x ©1, w(exp(0,2) ©1,2,V(z ©1,y)))),

rae 4yepes z obosnaveHo Boipaxkenue V(z ©1,y). Dra dopmysa nosyydaercs u3z
(*), eco nonozxuts @(2,y,2) = @, Y(v,y,2) = wlexp(0,2) 1,2, 2), h(z,y,2,1) =
exp(exp(L, ), ).

Caywati 8: exp(0,z) = 0, exp(l,z) > 0, c2(y) = 0. B arom u caenyromem

cnydaax ¢ = 37157 e i = exp(l,7) — 1, j = exp(2, 7). MbI nmeem:

fe(y) = f2(dP (1 (),0)) = filer (y) = explexp(l,z) OL,V(z ©1,¢1(y))),

4910 mosyvaercsa us (x) npu o(x,y,z) = ¢ ©1, ¥(z,y,2) = c1(y), h(z,y,z,t) =
exp(exp(l,z) ©1,1t).

Cayuati 4: exp(0,z) =0, exp(l,z) > 0, c2(y) > 0. Torma f.(y) =
Fo(dP(e1(y), e2())) = F5(dP (@) (1 (y), ea(y) ©1), fo(dP (e (), e2(y) © 1)) =
Fi(d® (0(y), £ (0(y)))) = explexp(2,z),d™ (v(y), exp(z, V (z,0(y))))),
4TO0 coBnanaer ¢ GpopmyJioi (%), eciu moNoKuUTH B Helt p(z,y,2) = x, Y(z,y,2z) =

v(y), h(z,y,2,t) = exp(exp(2,z), d? (v(y), exp(z, 1)).

Cayuati 5: exp(0,z) = exp(1l,z) = 0. B arom ciyuae dyukuus f,(y) coBuamaer
C OIHOI M3 3JIEMEHTApHBIX (PYHKIWIA OT ¥:

fi(y) = s(y),

fe(y) =id(y), ecmm exp(2,z) =1,

fo(y) =c1(y), ecm exp(2,z) =2,

fo(y) = c2(y), ecom exp(2,z) =3,

fe(y) =o(y), ecmm exp(2,z)#1,2,3, v #1.

Ona Ha caMoM JeJie He 3aBUCHUT OT 2 U ¢, U HOTOMY B Kadecrse p(z,y, 2), ¥(z,y, 2)
MOXKHO B34ATh J100bIe pyukuuu (Hanpumep, ¢(x,y,z) = ¥(x,y,z) = 0), a B Kaue-
cree h(x,y,z,t) — coorBercrBerno dyukuuu s(y), id(y), c1(y), c2(y), o(y).

9.3. IIpuvep peKypCcHBHOW, HO He NPHUMHUTUBHO PEKypPCHBHOU PyHK-
muu. Paccmorpum dyukimio g(z) = U(z,z) + 1. Iockombky dbyuxmms U(z,y)
pekypcusna, Gyuaknusa U (z, ), NOJIydaomasics u3 Hee MOJACTAHOBKO’, TOXKE PEKYP-
cuBHa, a BMecTe ¢ Hell pexypcusHa u Gyukuus g(z) = U(z,x)+1. Ho ara byuxuus
HEe MPUMUATUBHO PEKYPCUBHA: €CJIH ObI 9TO OBLIIO HE TaK, TO CYIECTBOBAJI OB HOMED
n, Taxkoii aro g(z) = fn(z) = U(n,x), w Mot umesm 661 U (n,n) = g(n) = U(n,n)+1.
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10. PEKYPCUBHBLIE MHOKECTBA

10.1. OmpenesieHue pEeKypPCUBHOrO MHOXecTBa. [lycth A — MOIMHOXKECTBO
Np; HATOMHMM, YTO XapaKTEPUCTUIECKOU (yHKIMel MHOXKecTBa A HA3BIBAETCS
dbyHKIMSA, OTpene/IeHHAs CISLY MM 00pa30M:

xa(z) = {

1, ecmzx€ A,
0, ecmax¢A

IMogmuOXKecTBO A MHOKecTBa Ny HA3bIBAETCS PEKYPCUBHBIM (IPUMUTUBHO PEKYP-
CUBHBIM) MHOKECTBOM, ecji pyHKuus X A(Z) pekypcuBHa (IPUMUTUBHO PEKYPCUB-
HA).

[IpUMUTHBHO PEKYPCUBHBIE MHOKECTBA HE UTPAIOT CKOJILKO-HUOYIh BasKHON PO-
sm. HanmpoTus, peKypcHBHbBIE MHOKECTBA MMEIOT TTPUHIATHAIBHOE 3HAMEHUE: IMO-
CKOJIbKY BCE 3HAYEHWS] PEKyPCHUBHBLIX (DYHKIWiA W TOJILKO PEKYPCUBHBIX (DyHKIMI
MOTYT OBITb BBIYHMCJICHBI, PEKYyPCUBHBIE MHOXKECTBA ABJIAIOTCA B TOYHOCTH TEMHU
MHOKECTBAMU, [J1sI KOTOPBIX BOIIPOC O IIPUHAITEXKHOCTH SJIEMEHTA MHOKECTBY MO-
KeT OBbITh B IPUHIUIIE PEIIeH.

10.2. PekypcuBHBIE U PeKYPCUBHO MepeYNCIMMbIe MHOXECTBa.

Teopema. Bcsikoe mNpuMHTHBHO PEKYPCHBHOE MHOXKECTBO DPEKypcHBHO. Bcskoe
PEKYPCHBHOE MHOXKECTBO PEKYPCHBHO HEPEYUCTHMO.

[oxazamenvcmeo. Ecim MHOXKeCTBO A IPUMHTUBHO PEKYPCHBHO, TO €r0 XapaKTe-
pucrtudeckasa (pyHKIEA NPUMUTHBHO PEKYPCHBHA, a IIOTOMY U PEKyPCUBHA, 3Ha-
4uT, MHOXKECTBO A pekypcuBHO. IlycTb Tenepb MHOKeCTBO A pexypcusno. Torma
A MOXKHO OXapaKTepu30BaTh KAK MHOXKECTBO Touek a € Ny, rakux 4ro x(a) = 1;
HO 5TO MHOZKECTBO COBIIAIAET C MHOXKECTBOM TeX ¢ € Ny, /1/1f KOTOPBIX ypaBHEHUE
la — 1|(z + 1) = 0 umeer pemenue. CrenoBaresibHO, MHOXKECTBO A PeKypCUBHO
HEePEINCITIMO.

OxasbIBaeTcs, BCe TPU KJIACCa MHOKECTB, yIaCTBYIOIIUE B 9TOH Teopeme, pas-
JIM9HbL.  JJOBOJILHO JIETKO IIOCTPOUTH PEKYPCHBHOE, HO HE IIPUMUTUBHO PEKYp-
CHBHOE MHOXKECTBO. IIJIsI TOr0 ONATH BOCIOJIb3yeMCs YHUBEPCAJIbHOI (pyHKImei
U(z,y). @yuxmusa h(z) = 5gn(U(x, x)) peKypCUBHA U TIPUHUMAET TOJIHKO IBA 3HA-
gennsa — 0 u 1; cIeH0BATEILHO, OHA SABJIAETCS XaPAKTEPUCTUYECKON (yHKIuel
HEKOTOPOro MHOXKECTBa A (a MMEHHO, MHOXKECTBa TeX Yuces a € Ny, 111 KOTOPBIX
h(a) = 1). 910 muOoxKecTBO A pekypcuBHo. B 1o xe Bpems, eciu Obl QyHKIMS
h(z) ObliIa IPUMUTUBHO PEKYPCUBHA, TO CylecTBoBaJI Obl HoMep i € Ny, Takoit yro
h(z) = U(i,z), u Torma mbr 661 umesu Sgn(U(i,i)) = h(i) = U(i,i), 94T0 HEBO3-
moxkuo. CurenoBaresbuo, Gysruusa x 4(x) = h(r) He IPUMATUBHO PEKypPCUBHA, U
MOTOMY MHOMKECTBO A He MPUMUTUBHO PEKypPCUBHO.

IIpuMep PeKypCHBHO IIEPEYUC/IIMOrO, HO He PEKyPCHUBHOTO MHOXKECTBA, He-
CKOJIBKO CJIOKHEee U OyJeT IpeIbaBJIeH B KOHIIE 3TOro naparpada.

10.3. CoiicTBa peKypCHBHBIX MHOX€ECTB.

Teopema. O0benuHEHUE U NEPECEYCHUE KOHEIHOIO YUCJIA PEKYDPCHBHBIX (IPHMU-
TUBHO PEKYPCHUBHBIX) MHOXKECTB PEKYPCHUBHO (HPUMHTHBHO PEKypPCUBHO). lonoJi-
HEHHe PEKYPCHBHOIO (IPUMHTHBHO PEKYPCHBHOIO) MHOXKECTBA PEKYDPCUBHO (LIpH-
MHUTHBHO DEKYDCHBHO).
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Hoxazameavcmeo. Ilycrs muoxectsa Aj, ... ,A, pexkypcusHbl (IPUMUTUBHO pe-

kypcusnbl). Torma dyukuuu x4, (), ... ,x4a, () pexypcuBHbl (IPUMUTHBHO pe-

KypcuHbl). HO fICHO, 4TO XapakTepuCTUIeCKUMU (DYHKIUAMA OObEIVHEHUS U e~

pecedenust MHOXeCTB Ay, ... A, U OomoJIHEHNsA MHOXKeCTBA Ay ABJIsTIOTCS DYHK-
n

n
mam sgn( Y. x4, (), I1 xa,(x), sgi(xa,(z)), u 3Tn GyHKIUM TOXKE PEKYPCHUBHBI
i=1 i=1

(MIPUMUTUBHO PEKYPCUBHBI). A 9TO M 03HAYAET, YTO OOBLEIUHEHUE U MEPECEUCHUE
mHOKeCTB Aj, ... ,A, u momosHenue MHOXKecTBa A1 PEKypCUBHBI (IPUMHUTUBHO
PEKypPCUBHBI ).

BaMeTrnm, 9TO IOMOJHEHWE PEKYPCUBHO TMEPEIMCIMMOTO MHOXKECTBA, HE O00f-
3aHO OBITH PEKYPCUBHO TEPEYUCINMBIM. [leifCTBATEIbHO, TyCTh MHOXKECTBO A
m ero momoJiHeHne B 06a peKypCHBHO mepeducanMbl. Torma CymecTBYIOT Mpw-
MUTUBHO pekypcuBhble yukuuu f(x), g(z), MHOKecTBaMu 3HAYEHUN KOTOPBIX
SIBJISIIOTCS COOTBeTcTBeHHO MHOXkKecrBa A, B. Ilockosbky Jiroboe uuciio a € Ny
NPUHAIIEKAT B TOYHOCTU OJHOMY U3 MHOXKeCTB A, B, B TOYHOCTH OmHO u3
ypasuenwit |f(z) —a|l = 0, |g(z) — a| = 0 paspemmmo, a 3HAYNT, ypaBHEHHe
|f(z) — a||g(z) — a| = 0 paspemmmo OTHOCHTENBHO T BCErIa, W MOTOMY OMpene-
stena Gyuruua h(y) = p. (| f(x) —yllg(z) —y|), u ara dyukuua pekypcusna. Scuo,
YTO XapaKTepuCTudecKoi pyHkuueil muoxkecrsa A Oyner pekypcuBHasi QpyHKIUsT
sgi|f(h(y)) — yl|, a 910 03HAYAeT, uro MHOKeCTBO A pekypcuBuo. Ho Mbl yromsi-
HyJIW BBIIE, 9TO OBIBAIOT PEKYPCUBHO MEPEUNCINMBIE, HO HE PEKYPCUBHBIE MHOXKE-
CTBa; IPUBEIEHHOE PACCYKICHUE MOKA3LIBAET, YTO IOMOJHEHNE TAKUX MHOKECTB
HE MOXKET ObITh PEKYPCUBHO TIEPEYMCIIMMbIM.

10.4. BameuyaHue 0 PEKypPCUBHO MEPEYUCTIUMBIX MHOXECTBaX.

Teopema. Ilycrs M — memycroe nonmHOxkecTBO N ; cirenyromue yC/IOBUA PaBHO-
CHJTbHBI:

(1) M pexypcuBHO nepeduc/iumo;
(2) a1 HEKOTOPOrO HATYPAJIBHOTO YHCIA T, CYMIECTBYIOT TAKUE DEKYDCUBHBIC

dyuxama fi(t1, . tm)y s fu(t1, s tm), 970 M cOCTOUT U3 BCEX TOYEK BU-
ga (fi(tr, oo tm)y oo s fu(ti, ooy tm)), TOE t1, ..., by HE3aBHCHMO HPOGETAIOT
No;

(3) cymecrBytor pexypcusubie pyuakuuu fi(t),. .., fn(t), rakme aro M cocrour
u3 Bcex touek (fi(t), ..., fu(t)), t € No;

(4) cymecrByer pexypcusHasa ¢yuknusa h(ai, ..., an,x), TaKas 4TO ypABHEHUE
h(ai,...,an,z) = 0 (oTHOCHTE/ILHO HEU3BECTHOI X) UMEET DEHICHHE TOTIA
¥ TOJIBKO TOraa, Korga (ai, ..., a,) € M;

(5) [IsT HEKOTOPOTO HATYPAIBHOTO IHCJIA M, CYMECTBYET TAKAS PEKYPCHBHAS
¢yuknus h(ay, ..., an, 1, ..., Ty) OT M+ M HEPEMEHHBIX, YTO YPABHEHHE

h(ai,-.-,an,x1,..., @) =0

(OTHOCHTEIBHO HEM3BECTHBIX 1, ...,T,) HUMEET DPEHNICHHE TOTAA H TOJIBKO
rorga, korga (a1, ..., a,) € M.

3amenwarue. ITO yIBEPKIACHUE OTJINIACTCA OT TEOpeMbl u3 §7.2 TOJIBKO TeM, 9TO
31IECh BMECTO IPUMUTUBHO PEKypCUBHBIX QyHKuil dpurypupyor dyakumu n3 6o-
Jiee MIMPOKOro KJIACCA — PEKYPCUBHBIE (DYHKIMU; OHO TOKA3LIBAET, YTO TaKasl
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MonudpUKalKsA OIpenese sl He IPUBOAUT K IOABJIEHUIO 00Jiee MIMPOKOro KJIACCa,
MHOZKECTB, 9eM KJIACC PEKYPCUBHO MEPEUNCINMbBIX MHOXKECTB.

Loxazamenvcmeo. TIOBTOPsAs NOKA3ATEIHCTBO TEOPEMBI 5.1, MBI MOJIYIUM PABHO-
custbHOCTH yestoBuit (2)-(5); To, uro us (1) caenyer (3), TpuBMaIbHO: MO TEOpEMe
u3 §7.2 10j1g peKypCUBHO IEPEUUCIMMOTO MHOKECTBA, CYMIECTBYOT 1a7Ke IIPUMUTUHB-
HO pekypcuBHble Gyukuuu fi(t),..., fn(t), Takue aro M cocrour us Bcex To4Yex
(fl(t)> ] fn(t))v t€Np.

Bamerum, uro ecsu f(z) — pexkypcuBnas byuxuusa u g(t), h(t) — raxue npu-
MUTHUBHO pekypcuBhbie dbyHKuu, 910 rpadbuk Gyakuuu f () COCTOUT U3 BCEX TO-
gyek Buna (g(t), h(t)), ro MHOXKecTBO 3HaueHnit dbyHKuNKM f(x) coBmagaer ¢ MHO-
JKECTBOM 3HAYEHUII NPUMUTUBHO pEKypcuBHO# dyukuuu h(t) u moromy saBjiger-
Csl PEKYPCUBHO IEPEYHUCJUMBIM OIMHOKECTBOM MHOKecTBa Np. Ilycrs Temepn
fi(®),..., fn(t) — raxkue pexypcusnble dbyHKUMH, 4TO MHOXKecTBO M cocrout u3
Bcex To4ek (fi(t),..., fu(t)), t € Ny. Torma muOX)KecTBO

My = {d™(ay,...,a,) | (a1,...,a,) € M} C Ny

ABJIAETCS MHOXKECTBOM 3HAdeHmii pexypcmpHoi dbymrkmun d™ (fi(t), ..., fn(t)) u
HOTOMY, KaK MbI TOJIbKO YTO 3aMETUJIM, SIBJISIETCS PEKYDPCUBHO MNEPEUUCTUMBIM
nonmuokecTBOM Ny. Ho 3T0 B TounocTu ozmadaer, uto muHoxkectBo M C Nj pe-
KypcuBHO nepeuncsaumo. Takum obpasom, u3z (3) caenyer (1).

10.5. CymecTBoBaHMEe PEKYPCUBHO IIEPEYUCTUMOTO, HO HE PEKYPCUBHOTO
MHOXeCTBa.

Teopema. IIycrs U(z,y) — pekypcuBHAs (DyHKIH, YHUBEPCAJIBHA AJIS KJIACCA
MPUMHTHBHO DEKYPCUBHBIX (byHKIUH, u mycth M — MHOXecTBO Bcex x € Ny,
rakux 40 ypasaenue |U(ci1(z),t) — x| +|U(c2(x), t)| = 0 paspemmmmo oTHOCHTEIBHO
t. MuoxectBo M peKypCHBHO IEpeIucIaMO, HO HEe PEKYPCHBHO.

Hoxasameavcmeo. Oyuxuus |U(cy(z),t) — x| + |U(cz(2),t)| = 0 pexypcuBHa or-
HOCHUTENIBHO T U ; MOSTOMY IO TEOPEME M3 TIPEIBIIyIIero MyHKTa MHOKECTBO M
PEeKypCUBHO mepeduncyiumo. [TokaxkeM, 4To 3T0 MHOKECTBO HE PEKYPCHUBHO.

[IpeamosioxuM, 9To 3TO He Tak. Torma xapakrepucrudeckas pynkuus X as ()
pekypcuBna. Ilycts f(t), g(t) — Takue NPUMUTUBHO DPEKYpPCUBHBIE (DYHKIUH,
uro rpadur dyskiun X (x) cocrour uz Bcex Todek Buma (f(t),g(t)); rorma
xm (f(t)) = g(t) nna moboro t € Ny, u, nockonbry dyukuus x s (z) oupenesie-
Ha Ha BceM MHOXKecTBe Ny, IJIsi BCAKOro 4uciia a € Ny Haiigercs uuciio tg € Ny,
rakoe 4o f(ty) = a.

®yukuun f(t), g(t) IpUMUTUBHO PEKypPCUBHBI; TOCKOJILKY byukiusa U (z, y) yau-
BepCaJsIbHa, JIJIsl KJIACCA NPUMUTUBHO DEKYPCUBHBIX (DYHKIMH, CYIIECTBYET Takue
gucaa a,b € Ny, aro f(t) = Ula,t), g(t) = U(b,t) ana smoboro t € Ny. Ilycrs
n = d®(a,b).

Ecnu n € M, o njs Beakoro ¢t € Ny, takoro uro U(cey (n),t) = Ula,t) = f(t) =
n no/kHO Ob1Th U(cz(n),t) = U(b,t) = g(t) = xm(f(t)) = xm(n) = 1, u noromy
qucaa |U(ei(n),t) —nl, |[U(cz(n),t)| He MoryT onHOBpeMeHHO obpamarses B 0, T.e.
ypasuenue |U(ci(n),t) —n| + |U(cz(n),t)| = 0 He umeer permenus. ITo 3HAYWT, 11O
omnpeneneHno MEOxecTBa M, ato n ¢ M.
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O6paruo, nycrb n ¢ M; nycrb uucsio ty € Ny takoso, uro f(to) = n. Torma
U(c1(n), to) =n|+|Ulca(to))| = |U(a, to) —n[+[U(b,to)| = | f(to) —n[+]g(to)| = 0,
noromy 410 g(to) = Xm(f(t0)) = xam(n) = 0. CienosaresbHO, ypaBHeHHE
U(ci(n), t) —n| +|U(ez(n), )] =0

nMeer pemreHne tg, a 3TO 03HAYaeT, 9To n € M.
B oboux ciydasix Mbl IPULLIA K [IPOTUBOPEYNI0, KOTOPOE [IOKA3LIBAET, YTO IIPE/l-
MTOJTOKEHNE O PEKYPCUBHOCTH MHOXKECTBA M OBLIIO OMIHOOYIHO.

11.TEoPEMA I'EOEIS

O,IIHI/IM nus Han6onee 3HaAMEHUTHIX pe3yJIbTaTOB MaTeMaTH‘IeCKOﬁ JIOTUKU ABJIA-
ercs Teopema ['émesisi 0 HEMOJIHOTE CUCTEMBI L.

Ecim cncrema Z, HEIpOTHBOpEYNBA, TO CYMIECTBYET TaKOe CYXKACHHE B TEOPHH 1,
YTO HH 9TO CyXKIEHHe, HH ero OTPHUIIAHUE He MOI'YT ObITh JOKa3aHBI B 7.

B sToM myHKTE MBI JaanM HAOPOCOK AOKA3aTeIhbCTBA DTOH Teopembl, chopmy-
JIMPOBAB OCHOBHbBIE MU W OTOPOCUB WX MOBOJIBHO CKYYHOE TEXHUYECKOE OCYIIe-
CTBJIEHUE.

Hamomuuwm, 910 Bee CyKII€HUs SIBJSIOTCA CJIOBAME B HEKOTOPOM KOHEYHOM aJi-
dasure ag, a1, - ,ap—1; OYOEM IIPU 3TOM TOJIATATH, YTO Gy — ITO MPABAST CKOOKA
7). CoBY a;, Gj, - - - @, COTOCTABAM HATYPAJIBLHOE YUCTIO Gy +ip_1n+ - +ian" "2 +
iyn” !, MpbI mosTyumM GHEKTUBHOE COOTBETCTBHE MEXKTY HOJIOKHTETHHBIMU HATY-
PAJIbHBIMU YUCJIAMU U TEMH CJIOBAMHU, KOTOPbIE He HAYUHAIOTCA C cuMBoJia )"
[MockosibKy HE OIHO CyXKJEHUE He HAYUHAETCS C HTOr0 CUMBOJIA, BCE CYXKICHUS
MTOJTy9aloT HEKOTOPhIe HOMepa, IIPUYeM HOMep OIHO3HAYHO OIMpenesisieT CykKIeHue;
®TOT HOMED HA3BIBAETCs TEIE/IeBBIM HOMEPOM CyxkaeHus. OTMeTuM, 4TO HEe BCEM
HOMEpAaM OTBEYAIOT UMEHHO CykKIeHUs (MHOIUM U3 HUX OTBEYAIOT MIPOCTO GECCMBbI-
cJieHHble Habopbl OYKB), HO 1JIs HAC HTO HE CYIECTBEHHO.

Bce nokasarenscrBa B Teopun Z1 TOXKE MOTYT ObITh IPOHYMEPOBAHbI (AHAJIOI WY~
HO TOMY, KaK BBIIIE Mbl TPOHYMEPOBAJIU BCE IPUMUTUBHO PEKYPCUBHbIE (DYHKIIUY).
[Tpu 3TOM B pesysbTare n-ro 10Ka3aTeSIbCTBA MOy IaeTCs CYXKIeHNe, TEneieB HO-
Mep KoToporo obosuaunm udepes h(n). HerpymHo mpoBecTu HyMepamuio J0Ka3a-
TeJIbCTB TaK, YTOObI o/1yYuBLIascsa PpyHkuus h(n) Oblia peKypcuBHA.

[Mycts M — pexypcuBHO MEPEYUCTUMOE, HO HE PEKYyPCHUBHOE MHOXKECTBO U3
npenpiayiero nyakTa. Eme ogua GaxT, T0Ka3aTeTbCTBO KOTOPOrO MbI OMYCKAEM:
yTBepxkaenue n € M u ero orpunanue n ¢ M MOryT GbITh BBIDAXKEHBI KAK CY¥KIIe-
uus By, =B, B cucreme Z;, IpuieM IréIe/ieBbl HOMepa 3Tux cyxueruit g(n), g'(n)
SIBJISIFOTCSA PEKYPCUBHBIMU (DYHKIUAMEA OT N.

Teopema. CymecrByer n € Ny, a1s1 KOTOpPOrO HE Cy:KAeHHEe By, HE ero orpura-
HHE HE MOTYT ObITH JOKA3aHBI B /1.

Iloxaszameavcmeo. Ecnu cymecTByer moka3aTeabCTBO CyxKaeHus B, , To cyime-
crByer t € Ny, takoe uro g(n) = h(t). TouHo Tak xe, ecim MOXKHO IOKa3aTh
cyxnenue —B,, To cymecrsyer t € Ny, Takoe uto ¢'(n) = h(t). Ipenmosoxum,
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YTO AJIA BCEX N MOXKHO JI0Kasarb Jmbo cyxnenue B,, nubo cyxnenue B), (oba
CyKJIeHMsI HE MOI'YT ObITh OJJHOBPEMEHHO [IOKa3yeMbl, TaK KaK TOI/la CYIIeCTBOBa~
JIO OBI IOKA3aTe/ILCTBO TOXKIECTBEHHO JIOKHOTO cyxkaeuus B,&—B,,, T.e. cucrema
7y 6pima 661 npornBopeunBa ). Torma ypasuenne |g(n) — h(t)| - |¢'(n) — h(t)] =0
pasperuMo 11 JI000ro n; 0603HaYMM 4Yepes w(n) HAUMEHbIIEee DPEIIEeHUE STOro

YPaBHEHU:
w(n) = pe(lg(n) — h(t)] - 1g'(n) = h(t)]).

®Oyukuusa w(n) peKypcuBHa; BMecTe C Hell pekypcuBHA U (DYHKIUSA

v(n) = sgn(lg'(n) — h(w(n))))-

Jlemma. Qynxuus v(n) sAB/IAETCsS XapaKTepUCTHYECKOH (DyHKIHeH MHOXKeCTBa

M.

Hoxasamenavcmeo. Ecoimn € M, o yrBepxkaenne n ¢ M He MoXeT ObITh JOKa3a-
Ho. Torma |g'(n) — h(t)| # 0 nnsa Beex ¢t € Ny, u v(n) = sgn(|g'(n) — h(w(n))|) # 0;
HO yukumsa v(z) npuHuMaer Tosibko 3uadenus 0, 1, u moromy v(n) = 1.

Ecnu n ¢ M, 1o yrBepxuaenue n € M ne mMoxer ObiTh IOKA3aHO; IIOITOMY
lg(n) — h(t)] # 0 mus Becex t € Ny. CurenoBaresnbro, ducino w(n) = u(lg(n) —
h(t)| - |9'(n) — h(t)|) He aBAseTCA KOpHeM ypasHenus |g(n) — h(t)] = 0 u noromy
19'(n) — h(w(n)| = 0, Te. v(n) = sgn(lg'(n) — hw(n))]) = 0.

Takum 06pa3zoM, Mbl [OJIYyYUIIU, YTO PEKyPCUBHAsL (DYHKUUS ¥(N) sABJIAETCT Xa-
pakTepucrudeckoit pyukiueit Muoxecrsa M, v.e. MHOXKeCTBO M PEKypCUBHO. ITO
IpoTUBOpeYne JOKa3bIBAET, YTO IIPEAIIOJIOKEeHUe O TOM, 4YTO [Jid BCAKOrO N Cylle-
CTBYET HOKa3aTeJIbCTBO OOHOTO U3 CyX)Ieunii B,, =B, HeBepHO.



