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BBEIEHUE

[Ipn u3ydeHun AUCKpPETHBIX CHUCTEM, B YaCTHOCTH, CHCTEM Ipeodpa-
30BaHusA nHpOpPMaINN, TpedyeTcs CTPOUTh MaTeMaTudeCKue MOJIeJI, OITH-
chIBafoIne CTPYKTYpy win pyHKIMOHUPOBaHUe TaKUX cucTeM. B yaebHOM
OCOOMH pacCMaTpPUBAIOTCS HEKOTOPhIe N3 TAKUX MOJeIeii.

OnauM n3 HamboJlee BaXKHBIX MOHATUM, OTHOCAIIUXCA K CTPYKTYpe
JNIUCKPETHBIX CHCTeM, SABJIAeTCA MOoHATUe Tpada. ITO MOHATHE, OMUCHIBA-
folee CTPYKTYPY CBsA3eil MeXK/Iy OTIeJbHBIMA YACTAMU CHUCTEMbI, B CHJTY
CBOeil ODIMHOCTH MCITOJIB3YeTC sl BO MHOIUX MaTeMaTnIeCKnX MOJIeJIsX.

['padppl 0veHh YacTO MCHOJIB3YIOTCS B HPUJIOKEHUAX, MOCKOJIBKY
OHM BO3HUKAIOT KaK MOJe/b [IPA N3y4YeHNr MHOTHX 00bekToB. Hampuwmep,
CTPYKTYpa MOJIEKYJIbI SABJIsieTCs rpadoM, B KOTOPOM BepIInHAMHE CJIYZKaT
aToMbl, a pedpaMu — BaJleHTHbIe CBsA3HU. BJIOK-cxema ajiropur™a mpeji-
craBJisgeT coboii oprpad, B KOTOPOM BepHIMHAMU SBJISAIOTCHA OTIe/bHbIE
orepaTophl, a YT YKa3bIBAIOT Mepexobl MeXay HuMu. [Ipyrue mpume-
pbl rpadoB: Y3/l U COEINHEHWs B 3JEKTPUUECKONl Ieru, cxema JI0pOr,
MHOKECTBO MPEANPUATHA ¢ yKazaHUeM JIBYyXCTOPOHHUX CBs3eil Mex Iy
HUMHU, TPYIIAa JIFoAeil ¢ yKazaHeM UX [ICHUXOJIOTUYEeCKOoil COBMECTUMOCTH,
CTPYKTYypa yIpaB/IeHus ¢ yKa3aHeM 00'beKTOB U UX MOAINHEHHOCTH JIPYT
JIPYTy U T.JI.

Temarnka wucceloBaHnii, CBA3aHHBIX ¢ I'padaMu, OYeHb IHUPOKA.
DTo U UccIe/IoBaHUe CTPYKTYPhI U CBOUCTB IpadoB, n3ydeHnne crenuasib-
HBIX KJIacCOB TpadoB, MOCTPOeHHE OBICTPHIX AJTOPUTMOB JIJIsi PelleHu s
pasJIMYHbIX 3ajlad Ha Tpadax W T. J. 3JeCh Mbl PACCMOTPUM TOJIHKO
HEKOTOPbhIE IPOCThIE BOMPOCHI, OTHOCATINECS K CBOHCTBAM MPOU3BOJIBHBIX
rpadoB, a TaKKe pacCMOTPHUM JIBa BayKHBIX KJacca rpadoB — JIepeBbs 1
mIaHapHbie rpadbl, — U U3Y9IUM UX CBOCTBA.

B nacrosimee BpeMs TOJMYYNIN IMUPOKOE PACITpoCTpaHeHHe CJI0K-
Hble IpeobpaszoBaresin UH(MOPMAIUN, KOTOPble COCTAB/IEHbI U3 MPOCTeli-
mux npeobpasoBaresieil (37eMeHTOB) U B KOTOPBIX JIBUKYTCH CHTHAJIDI
HECKOJIbKUX TUIIOB, ITpeodpasyemMbie UK IepegaBaeMble OT/IeTbHBIMUI 3J1e-
MeHTaMH B COOTBETCTBUU C ONpele/IeHHbIMU 3akoHamu. B Teopun ynpa-
BJISFOIIUX CUCTEM PACCMaTPUBAIOTCS pa3TuIHbIe TEOPETUKO-TpadOBble MO-
nIein TaKUX TpeobpasoBaresieil, HadbiBaeMble cxeMaMmn. Kaxkmas cxema
XapaKTepu3yeTcs CTpYKTYpoii — rpadom ompenesieHHOro Bujia u (GpyHK-
UOHUPOBAHINEM — 3aKOHOM Ipeodpa3oBaHUs BXOJHBIX HAOOPOB MU HX
ocJe10BaTe/IbHOCTel B BBIXOIHBIE HAOOPHI MU UX MOCJI€/I0BaTe/ IhHOCTH.
OYHKIMOHUPOBaHNIE CXeMbl OJHO3HAYHO OIpeIe/IseTcs ee CTPYKTYPOil n
¢GbYHKIINOHUPOBAHUEM 3JIEMEHTOB Dasuca — Habopa IpocTeimx npeodpa-



3oBareJsieil, U3 KOTOPBIX MOCTPoeHA CXeMaA.

[Ipu n3ydeHnn cxem peniaroTcsd JABe OCHOBHBIE 3ajladn: 3ajada aHa-
JU3a U 3ajlada CUHTe3a. 3ajada aHan3a COCTOUT B HAXOXKJIeHUU (pYHK-
NMOHUPOBAHUSA JAHHOI cXeMbl, a 3ajada CUHTe3a — B IMOCTPOEHUU CXe-
MBI, nMeforeii (peannsyioteii) 3amantoe dhyHKnnonnposanne. Kaxmas ns
9TUX 3aJlad MOKeT pacCMaTpUBaThCsA JIMOO KaK WHIANBUIyaJTbHAA 3aada,
U TOTJIa €€ pelleHreM sBJISAeTCs KOHKpeTHoe (DYHKIIMOHUpOBaHue (cxema),
OO0 Kak MaccoBas 3ajlada, U TOIJIa ee pelleHneM J0J:KeH OBITh aJiro-
PUTM HaX0XKIeHWs (YyHKIMOHNPOBAHU (CXeMbl). 3ajiada CHHTe3a NMeeT,
KaK IpaBmUJIo, MHOXKECTBO pellleHuil, U3 KOTOPhIX BHIOMpAIOT pellleHue,
ONTUMAJIbHOE 110 KaKOMY-JI100 KpuTepuio. Halie Bcero B KadecTBe TaKOTO
KpPHUTepHUsA BBICTYIaeT CJI0KHOCTh CXeMbl, TOHUMaeMasa KaK CyMMa CJI0K-
HOCTell cOCTaBIAIOIINX ee 3JIeMeHTOB.

B §84-7 Mbl MBI paccMOTpHUM, KakK pelraeTcs 3ajlada CUHTe3a JJIid
cxeM 13 (pYHKIMOHATBHBIX 3JIEMEHTOB — JIJIs TIpeodpa3oBaTesieil be3 ma-
MATH, peaJim3yIoNnuX HEeKOTOopble cucTeMbl OyJeBbiXx (yHKIuil. B §§8-9
paccMaTpUBalOTCA aBTOMATHI-TIpeodpa3oBaTesin ¢ NaMAThIO, padoTaoIIe
110 TAKTaM B JJUCKpeTHOM BpeMeHHU. KpoMe 3aj1a4 aHaM3a U CHHTe3a aBTO-
MaToB, KOTOpbIe PACCMATPHUBAIOTCH B §8, N3yYaroTCA TaKKe SKCIePUMEHThI
c aproMaTami (§9), 9T0 TeCHO CBA3aHO C TECTHPOBAHUEM BBIYHCIUTE/THHBIX
YCTPOUCTB.



Hactp 1. I'padnl

§ 1. OcHOBHBIE TTOHATHS Teopuu rpadcdosn

Onpenenenne. I'pagom G (B MMHUPOKOM MOHNMAHWUN) HA3BIBAECTCS
mobas mapa (V. E), tne V.= {v,v9,...} — MHOKeCTBO 3/IeMeHTOB
moboit npuponsl, a E = {ej,eq,...} — cemeiictBo map s/ieMeHTOB u3
V', npudeM omycKaroTcs napbl Buia (v;,v;) W oInHaKOBBle mapbl. Ecin
napbl B V' paccMarpuBaloTcs Kak HeylnopsAjlodeHHble, To I'pad Ha3biBaeTCs
HEOPUEHMUPOSAHHbIM, €CJIN KaK yHopsaodeHHble, To Tpad Ha3bIBaeTCs
opuenmuposarHvim (opepadom).

DJIeMeHThl MHOKecTBa V' HasblBaloTCA eepuiunamu rpada, a mapbl
us E — ero pebpamu; B oprpade OHU HA3LIBAIOTCA OPUEHTUPOBAHHBIMU
pedopamu wim dyzamu.

LoBopsT, 4T0 pedbpo ¢ = (u,v) B HEOPHEHTUPOBAHHOM rpade coenu-
HseT BepIINHBI ¥ U v, & B OPHEHTHPOBAHHOM Tpade ayra e = (u,v) umer
U3 BEPUIMHbBI U B BEPUIMHY V.

I'padbl MOKHO yCIOBHO H300pazkarh CjeLyoimum obpasoM. Bepiiu-
HBI Oy/ieM m300pakarh TOYKaMn, a Kaxjaoe peopo (myry) (vi,v;) € E —
JTUHUEl, COeNHSAIONIeN TOYKN, COOTBETCTRYIONINe v; 1 v;. BEcmn (vi,vj) —
Jyra, To Ha 3TO| JINHUN 6yeM yKa3blBaTh CTPEJIKY OT U; K ;.

Ha puc. 1.1 npusenenbl HeOpUEHTUPOBAHHBI U OpUEHTHPOBAHHDII
rpadpet G = (V,E), tne V.= {1,2,3,4}, E = {ej,eq,¢3,¢€4,€5,€5,€7} 1
€1 = (1,2)7 €y = (2,3), €3 = (3,4), €4 = (472)7 €5 = (1,4), €g = (472),
€7 = (17 1)

€1 €1

1 2 1 2
€7 €71
(¥ €4
€5 e €9 €5 e €9
1 % 3 4 & 3
Puc. 1.1.

[Tapa Buma (v;,v;) HasbBaeTcss nemaeti B Bepiuhe v;. Ecam mapa
(vi,vj) BcTpedaercs B E 6Gosee 07HOTO pasa, TO TOBOPAT, 9TO (v, vj) —
xpammoe pebpo. B rpadax na puc. 1.1 (4,2) — kparnoe pedpo, e; — meTJis.



Samevanue. Hacro B jiureparype 1o rpadoM moHumaercs rpad
0e3 merejib U KpaTHbIX pedep. B aTtom cirydae rpad ¢ KparabiMu pedpamu
HasbIBalOT MyJibTUrpadgom, rpad ¢ KpaTHbIMU pebpaMu U HeTJIsAMHA —
nceorpagom.

['padpl 0veHh YacTO HMCHOJIB3YIOTCSH B HPUJIOKEHHUAX, MOCKOJIBKY
OHM BO3HUKAIOT KaK MOJeJb pU U3ydeHnn MHOruX obbekToB. Hampumep,
CTPYKTYpa MOJIEKYJIbI sABJIseTCs rpadoM, B KOTOPOM BepITUHAMHE SBJISIOT-
cs1 aTOMBI, & pebpaMn — BaJIeHTHBIe CBsI31. BloK-cxema ajiroputMa mpesi-
cTaB/isieT coboit oprpad, B KOTOPOM BepIMHAME SIBJSIOTCH OTHETbHBIE
orepaTophl, a AYyTM YKa3bIBAIOT Mepexoabl Mexk 1y HuMn. [Ipyrue mpumMepbl
rpadoB: 3JIeMEHTHhI U COEIUHEHUs B 3JEKTPUUECKOil Iernu, cxeMa Iepe-
KPECTKOB U JOPOT, MHOYKECTBO MPEINPUATHI ¢ YKazaHueM JIByXCTOPOHHHUX
CBsA3ell MexXy HUMH, I'PyNa Jjeil ¢ yKasaHueM HX IICUXOJIOTHIeCcKoi
COBMECTUMOCTH, CTPYKTypa YyIpaB/eHUs ¢ yKa3aHHeM O0beKTOB U HX
MOITIUHEHHOCTU JAPYT APYTY U T. II.

Onpenesienne. ['oBopAT, 9TO BEPUINHBI v; U U; cMexHcHb, B Tpade
G = (V,E), ecin B E Bxomut napa (v;,v;) wm (vj,v;). ToBopsar, |to
pebpo (iyra) (v;,v;) unyudenmmuo BepuIinHAM v; U U;.

Onpenenenne. Cmenenvro BepIIMHbI B HEOPHEHTUPOBAHHOM Tpade
Ha3bIBAETCS YUCI0 pedep, NHIUMIECHTHBIX JIaHHON BepllnHe, IIPU 9TOM II1e-
TJIM YIUThIBAIOTCAH JIBazkK ibl. Bepimnabl crernern 0 Ha3bIBAIOT U30AUPOBAH-
HOLMAL.

Hanpumep, B HeopuenTtupoBanuom rpade Ha puc. 1.1 cremnennb Bep-
NIMHBI 3 paBHA 2, CTeeHN OCTAJIbHBIX BEPINNH PaBHBI 4.

Teopema 1.1. [Tycms 6 2page G p sepwun u q pebep. ITycmo deg v;
— cmenenv gepuuny, v;. Tozda

P
> deg v; = 2q.
=1

Loxazameavcmeo. Korma Mbl cunTaem crenedb 0JHON BePITUHBI, Mbl
cyuTaeM Bce pebpa, BBIXOJSINIAE U3 Hee. Bblumciisas cymMMy Beex crere-
Heil, MBI [OJIydaeM, 9To KazKjioe pedpo cuuTaeTcs JBazKbl, TaK Kak OHO
WHINIEHTHO JIBYM BephimHaM (MEeTJIN 10 OIMpelesIeHIi0 CTelleHn TaKiKe
nocYuTaroTcs aBak bl ). [loaroMy obmias cymMMa 0yaeT paBHa YIBOCHHOMY
qHUCTy pebdep.

B opuentupoannoM rpade MOKHO ONPEIe/INTh CTelleHb Tak Ke, Kak
B HEOpUEHTUPOBaHHOM Tpadpe, ec/ii He YUYUThIBaTh opueHTanuio. Kpome
9TOr0, JIJIs OPUEHTUPOBAHHBIX TpadOB BBOIUTCS CJIELYIOIIee olpeaeeHue.,

Onpenenenue. [Joaycmenenwvro ucroda d~ (v) (nosycmenenvro 3axo-
da d*(v)) BepIuHbBI v B OPHEHTUPOBAHHOM I'pade HA3BIBAETCH YUCIO0 YT,



BBIXOJIAIINX U3 JIAHHOW BepIIMHBI (COOTBETCTBEHHO BXOJSAIINX B JTaHHYTO
BEPINHY ).

JIerko BUAeTh, 94TO B JIIOOOM OPpUEHTUPOBAHHOM rpade BhIIOJTHIETCS
pPaBeHCTBO

p p
2 deg™(vi) = 2 deg™ (v;),

MOCKOJIBKY B 00eHMX 9acTsAX paBeHCTBa KaKIas JIyra YIUThIBAeTCH POBHO
1 pas.

s gefoBeka ymo0HO reoMeTpudeckoe MpeicTaBieHne rpada, ta-
Koe, Hampumep, Kak Ha puc 1.1. B KoMmmbroTepe uCHoab3yoT Ipyrue,
“OoJiee TUCKpeTHBIE” , cTTOCOOBI TpeacTaBaeHn s rpadon. OmuH U3 HanbdoIee
pacipocTpaHeHHBIX CII0COO0B — MpejicTaBaeHne Tpada MaTpuieii cMex-
HOCTH.

Omnpenenenne. [lycts rpadp G umeer p BeplIMH U MYCTh €ro Bep-
HIMHBI 3aHyMepoBaHbl uncaamu 1,2,...,p. Marpuna ¢ p crpokamu u p
CTOJIONAMU Ha3bIBaeTCs mampuueti cmexrcnocmu rpada G, ecan s JTr0-
ooix lip u 1jp  ali, j] paBHO dncay pebep (myr), UAYIIUX U3 BEPITHHBL i B
BEPIINHY .

Hanpumep, rpadbl, nsobdpaxkennble Ha puc. 1.1, npencraBisorcs
CJIEIYIONIUME MaTpPUIIAMKA CMeKHOCTH.

1101 1101
1 01 2 0010
0101 0001
1210 0200

[Ipu npeqcraBienun rpacda MaTpuleil CMeKHOCTH JI€TKO BBITIOJTH -
IOTCST omepalnn 00aBJIeHNs WM BhIOpachlBaHUs pedpa (COOTBETCTBYIO-
Uil 3JIeMeHT MaTpPUIlbl IPOCTO YBEJINYNBAECTCSA U YMeHbITaeTcs Ha 1),
JIETKO CUNTAETCS CTelleHb BEPUIMHBI { (I0CTATOYHO TPOCYMMHUPOBATH 9NCIA
B i-0fi CTPOKe, TNAroHaJbHBIN 3JIEMEHT B35B JIBaK bl ). B 1mesiom, Marpumpt
CMEKHOCTH 0Y€Hb Y/I00HBI.

Onnako, ecsim B rpadpe Maso pebdep, To mpejicraBienne rpada Ma-
TpUIeil CMEeXXHOCTH MOXKeT ObITh He o4eHb Xopomum. Harnpumep, ecsm
B rpade 50 BepmuH, To Marpuna oyger nmerh 2500 371€MeHTOB, XOTs B
rpade MoKeT oKa3aThCs JIUITb HECKOJIBKO coTeH pebep. B Takux ciaydasax
UCTIOJIB3YIOT CNUcky cmexrcrocmed. s KaxXaoil BeplnimHBl obpasyercs
CITUCOK, B KOTOPBIIl 3aHOCAT BCe BepPIINHBI, B KOTOPble U3 JAaHHOW Bep-
muHbl nayT pedpa (nyru). Hanmpumep, rpadst, nzobpaxennbie Ha puc. 1.1,
NPEICTABIAIOTCS CJEAYIONMNUMA CITUCKaMU CMeKHOCTeld



1: 1, 2, 4; 1: 1, 2, 4;
2: 1, 3, 4, 4 2: 3;

3: 2, 4 3 4

4: 1, 2, 2, 3. 4: 2, 2.

[Tpu npencrapiennn rpadoB CIUCKaMU CMEKHOCTEH 1 P JTUHAMHU-
YeCcKOM U3MeHeHn rpadoB HeoOX0UMO KCII0Ib30BaTh aJIFOPUTMbI PabOThI
CO CIUCKaMU, 9TO XOPOIIO Peau3yercs B psjie aJroOpUTMIAIECKAX A3bIKOB.

[Tpu usydenun cTpyKTypbl rpadgoB HeKOTOpble rpadbl MOXKHO He
pas3In4arh.

Onpenenenue. [Iycrs Gy = (Vi, Ey) u Gy = (V3, E3) — nBa rpada.
Torna G1 u G9 Ha3bIBAIOTCS U3OMOPPHHBIMU, €CJU CYIECTBYIOT B3auMHO
OJIHO3HAaYHbIe oToOpaxKeHus @i : Vi — Vo, w9 : By — FEy Takue, 910 114
moboro pebpa (myru) (u,v) € E Boimonasercs @o(u,v) = (¢1(u), p1(v)).
Hpyrumu cjioBaMi, COOTBETCTBYIONIIE pedpa JI0JKHBI COSTUHSITH COOTBET-
CTBYIONIME BEPIIUHBI.

st rpadoB 6e3 neresib 1 KpaTHLIX pedep 3To olpeeseHne SKBUBa-
JIEHTHO CJIe/IyIoleMy GoJiee IPOCTOMY OlpejlesIeHIIO.

Onpenenenue (s rpadoB Oe3 meresib n KpaTHbiX pedep). 'pa-
bt Gi = (VI,Ey) n Gy = (Va, Ey) Ha3bIBAIOTCH U30MOPHHBIMU, €CITH
CYIIECTBYET B3aMMHO OJHO3Ha4YHOe orobpakeHue ¢ : Vi — V5 Takoe, 410
(u,v) € By <= (¢(u), ¢(v)) € Es.

Paccmorpum Tenepbh HEKOTOpbIE MOHATHUs, CBA3AHHBIE ¢ BHYTpeHHE
CcTpYKTYypoii rpada.

Onpenenenne. I'pad G| = (Vi, E1) nassiBaercs nodzpagom rpada
G=(V,E),ecmV, CVuE CE.

Onpenenenne. [Tymem B rpade (oprpade) G = (V, E) naspiBaercs
0CJTeI0BATe/TLHOCTh BeplinH u pedep (ayr) BuIa

V0, (V0, V1) U1y« « o s Une1y (U1, Un) s Un,

rie Bee v; € E u Bce (vi,v;11) € E. [Jauna nymu — 5710 ncso pedep (myr)
B HeM. ['0BOpAT, 9TO 3TOT MYTh UJIET U3 Vg B Uy,.

Ilenv — »T0 nmyTh Oe3 MOBTOpAOIMNXCA pedep (IyT), npocmas yens
— IyTh 0€3 MOBTOPSAIONINXCS BEPIITH.

Jlemma 1.1. X3 arwbozo nymu, udyuwezo usz vy 6 vy, 2de vy F# vy,
MONHCHO 8BIdesumd Nodnyms u3 vy 6 Uy, ABAAUULCA NPOCMOT Uenvo.

Joxazamenavcmeo. Ilycth nanHblii 1yTh — He npocTas 1enb. Torma
B HEM IOBTOpPsETCs HEKOTOpas BepHIMHA v, TO €CTh OH uMeeT BuUi: P =
voC1vCovCsvy,. Torna on cojepxut noanytb P = vgCivCsv,. Eciu B Py



MOBTOpAETCA HEKOTopas BepllInHA, TO aHAJOTHYHO YIAJUM ellle KYCOK U
T. ;1. IIponiecc mosizKeH 3aKOHYUTHCA, T. K. P| — KOHEYHBII Ty Th.

Onpenesnenne. IlyTs Ha3bpIBaeTCA 3GMEHYMBIM, €CTIA U, = vg. IIyTh
Ha3bIBACTCSH YUKAOM, €CITH Uy, = vy U pebpa (myru) ve moBropsiorcs. [IyTh
Ha3bIBAETCHA NPOCMBIM YUKAOM, €CIN U, = v) U 00JIbIIIe HET MOBTOPEHUI
BEPIITHH.

Hanee non rpadoM OYIYT MOHUMATHCA TOJIHKO KOHEYHbIe HEOPUEH-
TUPOBAHHBIE T'padHbl.

Omnpenestenne. I'padp G = (V, E) naspBaeTCs C6A3HIM, €CJIN [17T5
JOOBIX JIBYX BepHIMH v;,v; € V B G cyliecTByeT 1yTh U3 v; B v;.

OrHomenne “cylecTByeT MyTh U3 BepIIUHBI ¥ B BEpPHIMHY w B Tpa-
de G7 sABAeTCA OTHONIEHNEM 5KBUBAJEHTHOCTH HAa MHOXKECTBe BepINHH.
[TosTomy, ecsim rpacd G He CBA3HBIN, TO €ro BepIIUHBI MOKHO pa3OoUTh Ha
HECKOJIbKO TIOJIMHOYKECTB TaK, 9TO BEPITUHBI B OJJHOM U TOM K€ MHOXK€eCTBe
MOZKHO COEJIMHUTH MyTeM, a BePITUHBI U3 PA3HBIX MHOKECTB HeJIb3s5 COeIN-
HHATH TIyTeM. Kak 10e Takoe MHOKEeCTBO BepIIIMH BMecTe ¢ pedbpaMu rpada
G, COEIMHAIINMI 3TU BEPIINHBI, HA3BIBACTCHA CBA3HOU KOMNOHEHMOTU
rpacda G. Tak, nanpumep, rpad Ha puc. 1.2 umeeT 3 CBA3HBIX KOMIIOHEHTHI.

1 2 5
-7
4 3 6
Puc. 1.2.

HokaxkeM Ternepb HECKOJbKO BCIOMOIaTe/JIbHBIX YTBEepZKJIeHU o
CBA3HOCTH U IMUKJIAaX, KOTOpble OTPEOYIOTCS HAM B JaJibHefiIeM.

Jlemma 1.2. Ecau epap G = (V, E) ceasnwiua €V, b€V, a #b,
u (a,b) ¢ E, mo npu dobasaernuu % zpagy G pebpa (a,b) 6 nosyuenrom
2pagpe bydem npocmoti yuka.

Joxazamenvcmeo. Tak kak G — cBA3HBINA Tpad, TO B HEM €CTh My Th
u3 a B b. Torya no jiemMme 1.1 B G ecth nipoctas menb C' u3 a B b. [TosTomy
B nostydentoM rpade ects nuka C, (b, a), a.

Jlemma 1.3. Ecau 2pagp G = (V, E) ceasnuti u pebpo (a,b) codep-
AHCUMCA 8 HeKOmopom yurae 6 epape G, Mo npu 66iOpaAcHLEAHUY U3 2pada
G pebpa (a,b) cnosa noaywumca ceaznuili epagp.

Jloxazamenrvcmeo. DTo yTBepZK IeHNe CAeIyeT U3 TOro, 9TO MPHU BbI-
opaceBannn u3 rpada G pedpa (a,b) Bepmunbl @ n b Bce paBHO 0CTAIOTCS
B OJIHOIi CBsI3HOI KOMIIOHEHTe, MOCKOJIbKY U3 ¢ B b MOXKHO TpPOWTH I10
OCTaBIMelCs 9acTh MAKJIA.
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Jlemma 1.4. I[Iycmwv 6 epage G = (V, E) p sepwun u q pebep. Tozda
6 G' He Mernee p—q c8A3HBLT KomnoHenm. Fcau npu amom ¢ G Hem yux.aos,
mo G cocmoum Po8HO U3 P — ¢ CBAZHBLL KOMNOHEHM.

Hoxazameavcmeo. Ilycrs K HekoTopoMy rpady H, comepxamemy
BepIInHBL u, v, jobaBisercs pedopo (u,v). Torma ecam w, v Jjexar B
pPa3sHBIX CBA3HBIX KOMMOHeHTaX rpadga H, To 9uC/I0 CBA3HBIX KOMIOHEHT
yMeHbmuTcA Ha 1. Ecium u, v Jlexkar B ofiHOll cBA3HOI KOMIIOHEeHTe I'pada
H, 1o 4uc/io cBA3HBIX KOMIIOHEHT He n3MeHuTcsA. B 0boM ciaydae ducio
CBA3BHBIX KOMIIOHEHT YMeHbIIaeTcs He Dojiee 4eM Ha 1. 3HAYUT NpH J100a-
BJIEHUU ¢ pedep YNCJIO CBA3HBIX KOMIIOHEHT YMeHbIaeTcs He DoJiee dem
Ha ¢. Tak kak rpad G nonyuaercsa us rpada G = (V,) mobapiennem
q pebep, To B G He MeHee p — ¢ CBA3HBIX KoMmoHeHT. IIycTh Tenepp B G
HeT [IUKJIOB, U IIYCTh B mporiecce noaydenus G uz G jpodapiigercsa pedpo
(u,v). Ecom 661 u, v Jjexaan yzxke B OJHON CBA3HONH KOMIIOHEHTE, TO B
(G, cornacHo JiemMe 1.2, BosHukas obl nukJ. CiegoBaresibHO, U, v JIeKaT
B Pa3HBIX CBA3HBIX KOMIIOHEHTAX U HpH JdobaBieHnn pebpa (u,v) Gncio
CBA3BHBIX KOMIIOHEHT yMeHbImaercs poBHo Ha 1. Torma G cocTtouT poBHO
U3 p — ¢ CBA3HBIX KOMITOHEHT.

CaencrBue. Ecau qp — 2, mo amoboti 2pa¢d ¢ p sepuwuramu u ¢
pebpamu He C8A3EH.

Hoxazamearvcmeo. I1o nemme 1.4 9ucio cBA3HBIX KOMIIOHEHT He Me-
Hee p — q2.

Ecnu rpad G ¢ p BepmmHamu 3a1aH MaTpulieil cMmexxHocTu A, To ObI-
CTpoe HAXOXKJIeHNe CBA3HBIX KOMIIOHEHT MOYKHO OCYIIECTBUTDH CJIELY IOIIAM
obpasom. Paccmorpum Marpuily I) mopsjaka p, B KOTOpoil Ha JuaroHa/n
croar 1, I1(i,5) = 1, ecm a(i,7) > 0 u I1(i,5) = 0, ecom a(i,j) = 0.
Torma pasenctBo [i(i,j) = 1 paBHOCHJIBHO TOMY, YTO W3 BEPITHHBI C
HOMEpPOM ¢ B BepIIUHY C HOMEPOM j CYIIECTBYeT MyTh JIINHBI He Oosee 1.
Ompenesinm tenepsb Marpuity I, mopsaka p, B Koropoit Ii(i,j) = 1 Torma
1 TOJIBKO TOTJa, KOTJa U3 BEPHINHBI ¢ HOMEPOM ¢ B BEPIINHY ¢ HOMEPOM )
cymecTByeT MyTh JJIuHBI He Oojee k. Jlerko moHATH, YTO Bce MaTpPHILBI
It mpu kp — 1 coBmamaloT u 3jieMeHT ¢ HOoMepoMm (i,j) B HEUX paBen 1
Torjla U TOJIbKO TOT/Ia, KOIJIa W3 BEepPIIMHBI C HOMEPOM i B BEpIHIUHY C
HOMEpPOM j CYHIECTBYeT XOTs Obl ojIuH My Th. O003HAYUM TaKyI0 MaTpPHILY
I . PaccMoTpuM onepaliiio YMHOXKEHHUA MaTPUIl, KOTOpas OTJIMIaeTCH OT
OOBIYHOT'O YMHOYKEHHS TOJIBKO TeM, YTO BMECTO CJIOKEeHUS UCIOJIb3YeTCs
nu3bioHKnA. Tornga jgerko BuaeTh, 9to Iy = Ij - I.

YrBepxkaenue. [lycmo p—12™. Tozda mampuuy I, moxcro noay-
yums u3 mampuyst I, ucnosvsysa e bosee 2p°m onepayuii KOHBOHKYUL
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U JU3BIOHKUUU.

Hoxazamearvcmeo. Bynem nmocienoBare/ibHO BHIYUCIATh MATPUILBI [,
Iy, Ig, ..., Iom, BO3BO/A TpenblAyIyI0 MaTpuUIly B KBajparT. Bo3Benenue
MaTPHUIBl B KBAIPaT (10 00OBITHOMY TPABUIY: “CTpPOYKa Ha CTOJIOeI” ) Tpe-
6yeT He Gostee 2p° onepannii KOHBIOHKIIN 1 IN3bIOHKINH. JJoKa3biBaeMoe
yTBepKJeHne cemayeT u3 Toro, 94ro Iom = I ., MOCKOJIBKY p — 12™.

§ 2. llepeBbs

Onpenenenne. I'padp G = (V, E) naseiBaercs depesom, ecin oH
CBS3HBIN 1 He CoIep:KUT IUK/I0B. Bepimnabl cTenenn 1 B iepeBe Ha3bIBAIOT
€ro JINCThMM.

Omnpenenenne. [loarpad G = (Vi, Ey) rpada G = (V, E) nasniBa-
eTcst OCTOBHBIM JiepeBoM, ecin G1 — nepeBo u Vi = V.

Teopema 2.1. JIwb6oti (koneunwviti) ceaznviti epagh G = (V, E) codep-
aorcum xomsa 6w, odno ocmosnoe depeso G = (V, Ey).

Hoxazameavcmeo. Eciim B G HeT nukjaoB, To nojioxknm G; = G.
Ecnu B G ecTh ukJIbI, To yaagum u3 G Kakoe-HHOYIb peOpo, BXoisdlllee B
k. [oayaurces vekoropsiit noarpad G’ . Ilo siemme 1.3 G' — cBssHbIi
rpad. Eciun B G' "Her nuksios, o nonoxum G = G', nHade mpomosizKnm
5ToT Tporecc. [Iporecc moKeH 3aBepmnThCs, Tak Kak F — KoHedHoe
MHOZKeCTBRO.

Teopema 2.2. [Iycmwv 6 depese G umeemca p sepwun u q pebep.
Tozda ¢q =p — 1.

Joxazameavcmeo. Tak kak G — cBsa3Hblii rpad u G He cojlepKUT
NUKJI0B, TO p — ¢ = 1 1o jiemme 1.4. Orcrona ¢ =p — 1.

[TousiTue jepeBa MOKHO ONPEIeNTh Pa3IUIHBIMU CIIOCODAMU, YTO
BBITEKAET U3 CJeIyolleii TeopeMpbl.

Teopema 2.3. I[lycmv G = (V, E) — neopuenmuposarnuviti zpagp 6e3
nemeas u kpamuwr pebep, |V | =p, |E| = q. Tozda caedyrowue 5 yeaosud
IKBUBANEHITIH DL

1) G — depeso;

2) G — 6es yukaos u q=p —1;

3) G — ceasmwiiu q=p—1;

4) G — ceasuwid, o npu ydasenuu 106020 pebpa CMAHOBUMCA
HECBAZHBIM,
5) G — 6e3 yukaos, no npu dobasseruu 106020 HO6020 Pebpa Ha

mex Hce sEPUWUHATL NOABAAECTNCA UYUKA.
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Hoxaszameavcmeo. Jokaxewm ciaemynime mepexonbl 1) = 2) = 3) =
4) = 5) = 1), oTKyJa OyIeT cJIe10BaTh, 9TO U3 JHOOT0 YCIOBUS BHITEKAET
JIF00OE JIpyTroe.

[Tepexon 1) = 2) caemyer u3 Teopembl 2.2. IlycTh Temephb BBITOJ-
asercsa 2). Torma no siemme 1.4 B G 9UCI0 CBA3HBIX KOMIIOHEHT PaBHO
p—q = 1, To ectb G — cBasapiil rpad. Orcriona ciaemgyer mnepexo;l
2) = 3). [lepexon 3) = 4) BoiTekaer u3 ciaencrsus K jgemve 1.4, Ilycrn
Boinosasercs 4). Torma ecsim 061 B G 6L UKL, TO TIPU YIATEHAH JTIOOOTO
pedopa u3 sToro mukjga (G ocrajica Obl CBA3HBIM, corjiacHo Jemme 1.3.
D10 nmporuBopeunsio 661 4). 3uadnT G He MMeeT IMUKJIOB. Bropas dacTth
yCJI0BUs 5) BbITEKaeT, coracHo Jemme 1.2, uz toro, 4ro G CBS3HBIA.
Takum obpasom, nmosydaem, aro 4) = 5). Ilycrs Beimosiasercs 5). Ecan
npu 3ToM G — He CBA3HBIN Tpad U BEPUIUHBI U, ¥ JIEXKAT B PA3HBIX CBA3HBIX
KoMmroHenTax rpada G, to mobasienne Kk G pebpa (u,v), odeBHIHO, He
MMOPOZK/IaeT MUKJIOB, 4To mnportuBopednt 5). Orcioma ciaenyer, yro G —
cBaA3HbI Tpad, To ecth 5) = 1). Teopema okaszaHa.

YesoBust 4) m 5) MOKasbIBAlOT, 9TO MHOYXKECTBO BCEX JIEPEBHEB ——
9TO MHOYKECTBO BCeX MUHUMAJIbHBIX CBA3HBIX I'paoB W, B TO ¥Ke BpeMs,
MHOZK€ECTBO BCeX MaKCUMaJIbHBIX TpadoB 0e3 IMUKJIOB.

s mpenacTaBaeHna JAHHBIX B WH(MOPMAIIMOHHBIX CUCTEMax, B CIIpa-
BOYHUKAX, ITPU pean3aliun aJropuTMOB MTOUCKa U B IPYTUX MPUJIOKEHUAX
JacTo WCHOJb3YIOTCA KOpHesvie Jepesvs, TO eCTh JepeBbsA ¢ BbIe/eH-
Hoil BepnuHoil, nMenyemoii kopaeMm. Mbl JauM cienyolnee WHIYKTHBHOE
orpejie/ieHne KOPHEBOIO JiepeBa.

Onpenenenne. 1) I'pad, nmeronuii ogHy BepuinHy v, KOTOpas BbI-
JesleHa, U He UMelonuil pedep, ABJIAETCA KOPHEBBIM JIepeBOM C KOpHeEM
v.

2) Ilycts Dy, Do, ..., Dy, tie ml — KopHeBbIe JIepeBbs ¢ KOPHAMH
V1,02, ..., Up. ycers D; = (Vi E)) n VNV, =upu i # j. lycrs v ¢ V1 U
Vou. ..UV, Torma rpad D = (V, E), tne V = ViUW,U...UV,,U{v}, E =
E\UEyU...UE,U{(v,v1),...,(v,v,)} 1 BblIe/IeHa BEPITHHA U, ABJIACTCS
KOPHEBBIM jiepeBoM ¢ KopHeM v (cm. puc. 2.1). IIpu atom Dy, Do, ..., D,,
Ha3bIBAIOTCA MO/ IePeBbAMU KOPHEBOro jiepeBa D.

D, D, D,,
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Puc. 2.1.

3) Tonpko Takme rpadbl HA3BIBAIOTCS KOPHEBBIMHI J€PEBbAMI, KOTO-
pble MOTYT OBITH MOCTPOEHBI 10 1) u 2).

Hanpuwmep, daitioBasg cTpykTypa B KOMIbIOTEpe ABIAETCA KOpHe-
BBIM JiepeBoM. IIpu 3ToM KOpHIO COOTBETCTBYET caM KOMIThIOTED, BepI-
HaM BToporo spyca cooTBeTcTBytoT nucku A, B, C, D u 1. 1., BepmuHam
TPeThero Apyca COOTBETCTBYIOT JTUPEKTOPUN, BEPITUHAM CJIEIYIONIUX SAPY-
COB COOTBETCTBYIOT TOJIJIUPEKTOPUN U DAl ibl.

Onpenesieane. YopsjjoueHHOe KOpHEBOE JTepeBO — 3TO KOPHEBOe
nepeso D, B KOTOpoOM 3ajaH MOPAJIOK ero mnoajaepeBbeB Dy, Do, ..., Dy,
(MoKHO cuuTarh, 4TO YHCJaaMu 1,2,...,m 3aHyMepOBaHbI pedpa, BBIXO-
nsAnme 13 Kopus jgepeBa D) u kaxkigoe D; — caMo ecTh yIopsIodeHHOe
KOpHEeBoe JIepeBo.

Teopema 2.4. Hucro ynopadoueHnvix KopHesoux depesves ¢ q pebpa-
Mu He npesocrodum 49.

Hoxazameavcmeo. PaccMoTpuM BasKHBIN /18 TPUIOKEHU CIIOCO0
00X0/1a yOPAI0YE€HHOT'0 KOPHEBOT'0 JiepeBa, KOTOPbIii HA3bIBAIOT “TIOMCKOM
B IVIyOUHY” . DTOT 00X0/ OMUCHIBAECTCSA PEKYPCUBHO CJIEYIONIIM 00Pa30M.
1) Havyarp u3 xopus gepeBa D; 2) moka ecTh MOJJiepeBbs, IMepeiTn mo
pedopy B KOpeHb 049€epeIHOI0 TojIjIiepeBa, PeKyPCUBHO 000iTH 3To mojiepe-
BO “B IVIyOUHY , BEpHYThCA B KOPeHb HCXOJHOIO jepeBa. B pesysbrare
00x011, “B IIyOMHY' MPOXOAUT M0 KaixKjoMy pedpy nepeBa I) poBHO 2
pasa: oJMH pa3 IpH Mepexojie B odepegHoe TojjIepeBo, BTOPOil pa3 IMpu
BO3BpalleHNN 13 TOro IojjiepeBa. B coorBercTBun ¢ 00x0/10M “B r1youny”
OyJ1eM CTpoOuTh nocJjieioBarebHOCTh U3 0 1 1, 3anuchiBas Ha KaKJI0M Tare
0 wim 1, mpudem 0 OyneM 3amuchiBaTh, eCJIU MPOUCXOINAT Mepexojl B ove-
penHoe nojiiepeBo, a 1, ecim Mbl Bo3BpalliaeMcs U3 nojiepena. [loydnm
nocsieioBaTeIbHOCTh U3 0 1 1 JUTUHBI 2¢, KOTOPYIO Ha30BeM KOJIOM JlepeBa
D. ITo sToMy KOy OJTHO3HAYHO BOCCTAHABJIUBAETCH jiepeBo [, TOCKOIbKY
KazK/Iblil 09epe/IHOl pa3pA/l 0JIHO3HAYHO YKa3bIBaeT, HAYMHATH JIK CTPOUTH
HOBOE ovepejIHOoe T0/I/IepeBO UM BO3BpallaThCA Ha APYC OJINXKe K KOPHIO.
Takum obpasom, yHnopaJ04eHHBIX KOPHEBBIX JIEPEeBbeB C ¢ pedpaMu He
0oJIbIIe, YeM TocenoBaTesbHoCTell n3 0 u 1 JyIuHBL 2¢, & UX YUCJI0 PABHO
220 = 49,

N3oMopdusM KOpHEBBIX JIepeBbeB OlpeesseTcss TaK kKe, KaK H30-
MopdU3M 00bIYHBIX I'pad OB, HO JOIMOJHUTE/ILHO TpedyeTcs, 4T00bl KOPHIO
OJIHOT'O JlepeBa COIMOCTABJAJICA MPHU U30MOpdgu3Me KopeHb JIpYroro jepe-
Ba. /15 ynops109eHHBIX KOPHEBBIX JlepeBheB JIONMOJHUTETLHO TpedyeTcH,
4TOOBI PN U30MOpd U3Me coXpaHAIaCh YIOPAJI0OIYEHHOCTD.
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CrnencrBue. Yucao Heu3oMopPHuT KOPHESHIT depesbes ¢ ¢ pebpamu.
U YUCAO HEUZOMOPPHOIT 00buHbLE depesves ¢ ¢ pebpamu He npesocrodum
41,

Joxazamenvcmeo. Boimensis B Hem30MOPMHBIX TepPeBhAX 0 OJIHOI
TOYKe, MbI MOJIyIUM Hen3zomMop(Hble KOPHEBbIE JiepeBbs. Y IOpsI0unBas
oJ1/IepeBbs B HeN30MOP(MHBIX KOPHEBBIX JIEPEBbSX, MbI ITOJIYIUM pa3Ind-
HbIe YIIOpsiI09eHHbIe KOpHeBbIe JiepeBbs. [loaTomy dncsio HemsoMopghHBIX
IepeBbeB € ¢ pebpamMu He MPEeBOCXOANT YNCTa HeMm30MOP(HBIX KOPHEBBIX
IepeBbeB ¢ ¢ pedpaMu, KOTOpoe, B CBOIO 0Yepelhb, He MPEBOCXOMUT TUCIa
Pa3JIMIHBIX YIIOPSI0YEeHHBIX KOPHEBBIX JlepeBbeB ¢ ¢ pedopamu. Orciona n
u3 TeopeMbl 2.4 mojiydaeM J0Ka3blBaeMoe CJIeJCTBIE.

OrMeTnM, 9TO KOpHEBbBIE JIePeBbs YaCTO PACCMaTPUBAIOT Kak OpUeH-
THUpPOBaHHBIE.

Omnpenenenne. OpueHmMuposaHHM Jepesom Ha3bIBAETCS KOPHEBOE
IiepeBo, Bce pedpa KOTOPOro OpreHTUPOBAHbI K KOPHIO.

B opueHTHpOBaHHBIX HepeBbAX HET OPUEHTUPOBAHHBIX MHUKJI0B. Ho
9TO He eJIMHCTBeHHbIe Ipadbl, 00/1a/1a0IINe ITUM CBOWCTBOM.

Onpenenenne. OpueHmMupoBaHHBIM AGUUKAUYECKUM 2Padom Ha3bI-
BaeTcs JII000i oprueHTUpOBaHHBI I'pad, B KOTOPOM HET OpHeHTHPOBAHHBIX
IUKJIOB.

Omnpenenenne. BepnmmHa opueHTHpoBaHHOIO I'pada Ha3bIBaeTCH
ucmoxom (cmokom), eciu B Hee He BXOINT HU OJIHA [IyTa, TO ecTh dt(v) =
0, (cooTBeTCTBEHHO, U3 Hee He BBIXOIUT HU OIHOf ayrH, To ecTh d— (v) = 0.

YrBepxaenue 1.1. B awbom (KoHEUHOM) OpUEHMUPOSIHHOM aYU-
KAUYECKOM 2pade ecmb xomsa Ovl 0dur ucmox u xoms 6wt 0duH cmoxk.

Joxazamenrvcmeo. BeibepeMm JTro0yI0 BepIIUHY U OyIeM CTPOUTH MY Th
13 Hee, IBUTAsCh MPON3BOJIHHO 0 HAIpaBaeHnio ayT. [Ipu 3ToM BepHinHbI
He MOTYT MOBTOPATHCS, TaK KakK B JJaHHOM oprpade HeT OprueHTHPOBAHHBIX
nukJoB. [loaroMy nyTh J0/:KeH NPUWTH B TYNHUK, KOTOPBIA U SBJISETCS
crokoM. 15 mosiydeHnsi KCTOKa Ha0 aHAJOTUYHO CTPOUTh IyTh, JIBUTA-
sICh TIPOTHUB HAIPABJIEHUS JIYT.

Omnpenenenne. [ryburoti BepUIMHBI ¥ B OPUEHTUPOBAHHOM AIlUK.J -
JeckoM rpadpe HasbhIBaeTCs MaKCHUMaJbHas IJMHA OPUEHTHPOBAHHOTO ITY-
TH U3 BCEX MCTOKOB B BEPIIMHY V.

D10 ompejieseHne KOppeKTHO B cuity yrBep:xkjaerus 1.1. Ilpu srom
IyOnHa KasK 10if BepHIMHBI B OPUEHTUPOBAHHOM AIllMKJINY9eCKOM Tpade He
IpeBoCXoauT p — 1, riae p — duc/io BepuinH B rpade.

YrBepxaenue 1.2. [ITycmo (u,v) — dyza 6 0pueHmMupoBaHHOM
ayurauveckom 2pagpe. Tozda eaybura sepwunst v boavwe, vwem 2aYbuUHa



BEPULUHDL U.

Hoxazameavcmeo ciiefyer U3 TOTO, 9TO €CJIU U3 HEKOTOPOTO UCTOKA,
B BepUIMHY % CYIIECTBYET OPUEHTUPOBAHHBIN MyTh JJUHBI k, TO U3 TOTO
JKe NCTOKa B BEPIINHY ¥ CYIeCTBYeT OpUeHTUPOBAHHBIN Ty Th JITUHBI k+ 1.

§ 3. Il.tapapubie rpadbl

[Tycts 3aman neopuentuposanubiii rpad G = (V, E). Ilycrs kaxkmoii
BeplHe v; U3 V' cornocraBjieHa TOYKa a; B HEKOTOPOM €BKJIMIOBOM ITPO-
CTPAHCTBe, NpuveM a; # a; npn i # j. Ilycrs kaxmomy pedpy e = (v;, v;)
n3 E comnocraBieHa HelpepbiBHasA KpuBas L, coelMHsAIOIAA TOYKH a; U
a; U He Ipoxojidlnas depe3 Jpyrue TOYKHU ar. Torna eciam Bce KpuBble,
comocTaB/ieHHbIe pedOpaM Tpada, He UMEIOT 00IMUX ToYeK, KpoMe KOoHIle-
BBIX, TO 9TO MHOYKECTBO TOYEK U KPUBBIX HA3BIBACTCS 2€0MEMPUNECKOT
peaausayueti rpada G.

Teopema 3.1. Kaoxtcduii xoneurnd 2pap G MOHCHO pearuszosams 6
MPETMEPHOM €6KAUJOBOM npocmpancmee (be3 nepeceuenusn pebep).

Hoxazameavcmeo. BosbMeM B TpocTpaHCTBe J0OYI0 MpsAMyto [ n
pasMecTuM Ha Heii Bce Bepmuubl rpada G. Ilycth B G umeetcs ¢ pedep.
IIpoBenem ¢ mosrymtockocTeii depes [ Tak, 9To0bI IpsMasi [ ObLIa UX 00ITUM
pedpom (tuma terpajakn). [Tocae sroro kaxmoe pedpo rpada G MOKHO
n300pa3nuTh JIMHUEH B CBOeil MOJIYIIJIOCKOCTH W OHU, OYeBHUIHO, He OYIYyT
nepecekaTbCs.

Omnpenenenne. I'pad HasbIBaeTCA NAGHAPHBIM, €CJTH CYIECTBYET
ero TJIaHapHas peasu3allisdg, TO eCTh TeoMeTpUYecKas peajan3alnus Ha
iockocTr (0e3 mepecedenns pedep).

Ecnn nMeercsa nianapHas peaiusanus rpada Ha MJIOCKOCTH U MBI
paspe:keM ILJIOCKOCTh MO BCeM JIMHUAM 3Toll miaHapHOll peajuszanuu, TO
MJIOCKOCTh pacnajercss Ha 4YacTh, KOTOpble Ha3BIBAIOTCH 2PAHAMU ATOM
IJIaHapHoil peanusannu (ojHa W3 TpaHell OecKoHedHa, OHA HA3BIBAETCH
GHEWHET 2PaHDBIO).

Teopema 3.2 (bopmyna Ditnepa.) Jas 4060t naanapHot peanu-
zayuu c6a3H020 naanaprozo zpaga G = (V, E) ¢ p sepwunamu, q pebpamu
U T 2PAHAMYU BHNOAHAECNCA PAGEHCMEBO: P — ¢ + 1 = 2.

Hoxazamearvcmeo. [lpu pukcupoBanHoOM p HAYKIKe o ¢. Tak Kak
G — cBA3HBIA rpad, To ¢p — 1 1Mo ciiecTBUIO U3 JIeMMbl 1.4.

a) Basnc nanykmmm: ¢ = p — 1. Tak kak G — cBaAsupiii 1 ¢ = p — 1,
To o TeopeMe 2.3 G — nepeBo, To ecTh B G HeT nukJaoB. Torma r = 1.
Orciomap—qg+r=p—(p—1)+1=2.
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6) ILycts nyist p— 1g < qp Teopema cnpaBenBa. JJokaxkeM, 9T0 /115
q¢ = qo oHa ToxKe cupaBenuBa. Ilycth G — cBsA3HBII rpad ¢ p BepmHaMu
n ¢y pedbpamMu U MycTh B ero IJjaHapHo# peanusamnun r rpaeil. Tak Kax
qo > p — 1, To G — He nepeso. CuenoBarenbno, B G ectb uka. IlycTh
pedpo e BxoauT B k1. Torjga K HeMy ¢ JIBYX CTOPOH PUMBIKAIOT Pa3HbIe
rpanu. Yaaanm peopo e u3 G. Torna jiBe rpaHn cobIOTCA B OJIHY, & MOJIY-
JeHHbIit rpad G no Jemme 1.3 octaneTcs cBA3HBIM. IIpn aTOM mostydnTcs
IaHapHas peanusanud rpada G ¢ p BepmuHamu, ¢p — 1 pedpamu n r — 1
rpaamn. Tak Kak ¢g— 1 < ¢g, To, IO TIPEIOJIOXKEHNI0 UH YK, 118 G4
cripageinBa (popmysta Diitepa, To ectb p— (qo — 1) + (r — 1) = 2, orryna
p— qo+r =2. Uro n TpedoBaI0Ch JOKA3aTh.

CnencrBue 1. Qopmyra Jisepa cnpasedausa u 0af 2eomempuie-
CKOU PEAAU3AUUL CBAHBIT 2Pado6 Ha chepe.

Hoxazameavcmeo. Ilycts cBasnblii Tpad G ¢ p BeplimHAMU U ¢
pedOpaMu peajn3oBaH Ha cdepe S Tak, 4To 4nucao rpaneit pasuo r. [Iycts
Touka A Ha cdepe He JIEKUT Ha JUHUAX TOI reoMeTpUIecKoil peansa-
nuu. [Iycts P — HekoTopas miaockocThb. [loctaBum chepy S vHa P Tak,
9TOOBI TOYKa A OblIa camoii yjanaeHHoil oT miaockocTu. Cupoektupyem S
Ha P nenTpaJibHBIM TpoeKTupoBaHueM c meHTpoMm B A. Torna Ha mioc-
KOCTH P MBI MOJIYYUM IreoMeTpUYecKyio pean3aliio cBsA3Horo rpada c p
BepITUHAMI U ¢ pebpaMi, pUYeM YncyI0 rpaHeil OyaeT paBHo r (rpaHb Ha
cepe, comepxkanias A, 0Tobpakaercs Bo BHEITHIOW IPaHb Ha IJIOCKOCTH).
[To Teopeme 3.2 monmydaem p — q 4+ r = 2.

CnencrBue 2. [[aa 2106020 86inyKkA020 MHO202PAHHUKG CNPAGBEJAUBO
pasenHcmeo p — q+r =2, 2de p — “UCAO BEPUWUH, § — YUCAO pebep, T —
YUcAo 2paHet.

Hoxazamearvcmeo. IlycTh BBINYKJIBIF MHOTOIpaHHUK M nMmeet p Bep-
nuH, ¢ pedep u r rpaneil. ITyctb O — BHYTpeHHsAA ToOYKa MHOTOTPAHHUKA
M. Paccmorpum cepy S ¢ nmentpom B O HACTOJIBKO OOJIBIIOTO paJinyca,
q1o0obl M 1esmkom Jexas BHyTpu S. PaccmMoTpum neHTpabHOE TMpPOEK-
TUpoOBaHUe ¢ IeHTPoM B TouKe (O, U CIIPOEKTUPYEM BeplIuHbl U pedopa M
Ha S. Torja Ha S MBI MOJIYy9UM IeOMeTPUYECKYI0 peau3anuio HEeKOTOo-
poro cBs3Horo rpacda ¢ p BepHinHaAMU, ¢ peopamu u r rpanamu. OTcrona
p—q+r=2

Qopmyna Diinepa Mo3BoJIsAeT JI0Ka3aTh HEMJTaHAPHOCTh HEKOTOPHIX
rpados.

Onupenenenne. ['padpom Kj; HaspiBaeTcs rpad ¢ 5 BeplimHAMU, B
KOTOPOM KaKJas mapa BeplinH coenHeHa pebpom (cm. puc. 3.1).

Teopema 3.3. I'pap K5 e naanapen.
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IHoxazameavcmeo. Jonycrum, dro s rpada Kj cyliecrByerT ILIa-
HapHas peayimsanusa. Tak Kak rpad Kj cBAzeH, To JJid 3TOi MIaHapHO
peanusaluu crpasejinBa dpopmyna Ditnepa p — ¢ + r = 2. IlockoabKy
B rpade Kz umeem p = 5 u ¢ = 10, To 4mucja0 Bcex TpaHeil TOJTKHO
paBHAThCA 1 = 2 — p + g = 7. Ilycrs rpanum 3anymepoBanbl 1,2,....r
U MyCTh TpU 00X0j1e i-0fi TpaHu Mo nepuMeTpy (M0 ee Kparo) MPOXOINTCS
¢; pebep. Tak Kak mpu 5TOM Kaxkjaoe pedpo MPOXOINTCH IBakKbl (OHO
SIBJISIETCST CTOPOHOI J171s1 IBYX TpaHeii), To YI_, ¢; = 2¢ = 20. Ho B kaxkoii
rpann He MeHee 3 cTopoH. [ToaTomy ¢;3 s Beex ¢. Orcrona Y7, ¢;3r = 21.
[Tosrygaem 2021 — nporuBopedne. 3Hadut 1 rpacda K5 He cymecTByeT
IJIaHAPHOI peaJn3alnim.

a a9 as
bi by bs
K Ks3
Puc. 3.1.

Onpenenenne. ['padom K33 naswpiBaercsa rpad ¢ 6 BepmmHamu
ai, as,as, by, by, by, B KOTOpOM KazKjas BepllMHa a; COeJUHEeHa PeopoM ¢
KazKJ10il BepuinHoii b; u Her npyrux pebep (cMm. puc. 3.1).

C rpadom K33 cBA3aHa cienyomad n3BecTHAA 3a/1a9a 0 TPeX JToMax
n Tpex Kosoanax. Ecte 3 moma n 3 KoJso/ia, HO Xo3seBa JIOMOB B 00JIb-
noit Bpaxkie. MoXKHo M TaK TMPOJIOKUTH JTOPOKKHU OT KaxkKIOTO JoMa K
KasK/IOMY KOJIOMILY, YTOObI OHW HUTJIe He MepeceKasnuch?

OTBeT Ha TOT BONpOC JaeT cJeylolias TeopemMa.

Teopema 3.4. I'pag K33 He naarapen.

Loxazameavcmeo. Jomycrum, uaro Jid rpada Kj 3 cylecTByer Iia-
HapHad peann3anusd. Tak Kak rpad Ks3 cBA3eH, To 114 3Toil IJ1aHapHOI
peanusaluu crpaBenanBa gpopmysia itiepa p — ¢ + r = 2. [lockosibKy B
rpacde K33 umeem p = 6 u ¢ = 9, To 9nCI0 BCex rpaHeil 10/IKHO PaBHATHCA
r=2—p+q=>5. Tak Ke, Kak B J0Ka3aTe/JJbCTBe TPEIBIAYIIEl TeopeMbl,
nosaydaem, 4rto y.i_; ¢; = 2q = 18, roe ¢; — 4Yuncga0 CTOPOH B 1-0il TpaHM.
Ho B rpade K33 mer nukiaos anuuel 3. IlosTomy B Kaxoil rpanm He
meHee 4 ctopoH. CnenoBarenbHo, ¢4 nida Beex i. Orciona i ¢;i4r = 20.
ITorygaem 1820 — nportusopeune. 3Haunt 114 rpada K3 3 He cymiecTByeT
IJIaHAPHOI peaJsn3alini.

['panuna Jirodoit rpann ABadgercs nmyTeM B Tpade, Tak, Hapumep,
rpanutieii BHyTpeHHeil rpann Ha puc. 3.2 ABIAETCH My Th (YKa3aHbl TOJTHKO
seprmub): 1,2,4,5,4,6,4,2.3.1. Tlycts mymHa rpaHutipl i-oif TpaHu (4ncsio
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pebep) paBHa ¢; (115 rpann Ha puc. 3.2 ¢ = 9).
2

Puc. 3.2.
Jlemma 3.1. [[as 41060t 2comempuveckoti pearu3auul, Ha NAOCKO-
CMU CBA3ZHO20 NAGHAPHO20 2pada ¢ ¢ PEOPAMU BLINONHAEMCA PAGEHCMEO!

> ¢ =2q,
=1

2de CYMMUPOBAHUE BEJEMCA NO BCEM 2PAHAM (B6KAOUAA GHEUNION 2PAND ).

Joxazamenrvcmeo. PaBeHCTBO cjeayeT U3 TOro, YTO y KazxkKJI0ro pe-
Opa JiBe CTOPOHBI U NpPU CYMMHUPOBAHHUHU ¢; KaxK/0e pedpo yUUThIBAETCS
JBazKIpl: JIMOO OHO BXOJUT B IPAHUIIBI JIBYX COCEIHHUX IpaHeil, Judo 0HO
NBazK Ibl YIUTHIBAETCS B OJIHON I'DaHM.

Teopema 3.5. Ecau 6 ceaznom naanaprom epape G = (V. E) ¢ p
SEPUUHAMY U ¢ pebpamu Hem Yukao6 daunvl mervwe k (k3), mo qk%(p—
2).

Joxazamenrvcmeo. Tak Kak 1o ycsioBuio ¢;k 1ist Becex k, TO U3 JIeMMBbI
3.1 noJtyaem 2qkr n r%q. N3 dpopmyssl Ditnepa r = 2 — p + ¢. Orcrona
2 —p+¢3L Hanee (k—2)qk(p — 2) n ¢i55(p — 2).

CaencrBue 1. [aa awbozo ceasnozo naanapHozo epaga G = (V, E)
be3 nemeasv U KPamMuxr pebep ¢ p 8epuuUHaAMY U ¢ Pebpamu cnpasediuco
Hepasercmaeo: q3(p — 2).

Yrasanue. B Teopeme 3.5 MoxkHO B3ATH k = 3.

CnencrBue 2. /las awbozo naanwaprozo epaga G = (V. E) 6es
NemMeNs U KPAMHLLL pebep ¢ P 8EPUWUHAMU, ¢ PEOPAMU U M CEAZHBLMU
KOMNOHEHMAMU CNPAaBeJAUBO HEPABeHcmBo: q3(p — 2m).

Hoxazameavemeo. Ilycth B i-off cBsA3HON KommoHeHTe (i =
1,2,...,m) p; BepuuH u ¢; pedep. Torna B Heii no ciemcreuio 1 ¢;3(p; —2).
CyMMupys Bce 9TH HepaBeHCTBa, HosydaeM ¢3(p — 2m).

CaencrBue 3. B awbom naanaprom epada G = (V. E) 6e3 nemeaw
U KpamHoulr pebep ecmu gepuuHa cmenenu He boaee b.

Hoxazamenavcmeo. Ilycts G — mnaHapHbIi rpad ¢ p BepnimHamu u
q peopamu. Torma ¢3(p — 2) < 3p. IIycrb dyin — MUHUMAJbHAS CTENEeHb
Beprind B G. Torma ¢ ygerom teopemsbr 1.1 mosrydaem

P
6p > 2¢ = >_ deg vipdmin.
1=1
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Orcrona dyin < 6, To ecTb dpind.

Ecnn pebpo rpada mzodpakeHo B Buje JUHUU, TO MOKHO Ha Heil
MOCTaBUTh TOYKY U CYNTATh ee HOBOil BepminHoii cternenn 2. GopMasibHO
9Ta oleparus onpenessaeTcs CJIeayonIM 00pa3oM.

Onpenenenne. Ilycrs G — mo6oit rpad u (a,b) — ero pebpo.
Onepayueti nodpaszdenenus pedpa (a,b) HaspiBaeTcs ynaiaenne u3 rpada
G pebpa (a,b), mobassenne HOBOfI BepIINHBI ¢ U 100aBIEHNE JIBYX HOBBIX
pebep (a,c) n (¢,b).

Onupenenenne. I'pad G| HaszbiBaeTcsas nodpasdencnuem rpada G,
ecim (i MoxkeT OBITH TosiydeH n3 (G HECKOJbKUMH TOJipasie/IeHusIMI
pebep.

Omnpenenenne. I'padvr G| nu G5 Ha3BIBAIOTCA 20MEOMOPPHBIMU,
€CJIU CYIIECTBYIOT UX Mojpas3/ieJIeHus, KoTopble U30MOpP(HEI.

CymniecTByeT cjeayonmuii KpuTepuit miaHapHOCTH.

Teopema 3.6 (Ilourpsaruna-KyparoBckoro). /[as mozo, 4mobo
epap G 6via NAGHAPHBIM, HEOOTOJUMO U docmamouro, wmobvl OH HE COo-
deporcan Hu odnozo nodepapa, 2omeomopdprozo epadam Ks uaru I3 3.

Hoxaszameavcmeo. 1) Heobxomumocts. [lycrs G — mutanapubrii. Jo-
MyCTUM, 4TO OH cojiepKut noarpad Gy, romeomopdublii rpady Kz nim
K3 3. PaccmorpuM mtanHapaylo peasnsanuio rpada G. Yiaaus Jnnrane
BepIIMHBI U pedpa, MbI MOJIYYUM IJIaHapHYo peanunsainnio nojarpada Gy.
Ho G reomerpudeckn — »to rpad K; nim Ks3 ¢ ToukamMn Ha pedpax.
Ecnu nmpournopupoBarh 3TH TOYKH, TO MBI TOJIYYUM TJTAaHAPHYIO peasin3a-
nuto rpada K5 nnn Ks 3. Ho aTo HeBo3MokHO 1o Teopemam 3.3 n 3.4.

2) TocTaToqHOCTh TOKa3bIBACTCS TAXKE0, U 37eCh MBI 9TO JT0Ka3a-
TeJThCTBO ofycTuM. JloKasareibcTBO MOKHO HaliTh, Hanpumep, B [2].

[TonmHOKecTBO BeplnH I'pada Ha3bIBACTCA HE3ABUCUMbBILM, €CJTA HU-
KaKWe BepITMHBI W3 TOTO MOJMHOKECTBa He CMeKHBI (He COeIMHeHbI
pedpom). Bo MHOTIX IPUITOKEHIAX PACCMATPUBAIOTCH Pa3bUeHns BepuinH
Ha He3aBHCUMBIe TOJIMHOXKeCTBa. Takme paszdneHus yJI00HO ONMUCHIBATH
CJIeJTYIONTAM 00pa3oM.

Omnpenenenne. [lycte K = {C,Cs,...,C,} — npousBoJsibHOE
MHOZKECTBO 3JIEMEeHTOB, Has3biBaeMbIX uysemamu. Orodopaxenne C @V —
{C1,Cy,...,Cp}, tne V. — wmHokecTBO BepinH rpada G, HasbBaeTCs
packpackoti (eepwunnot) rpada G. Packpacka HaspIBaeTCH NPaSUALHOTU,
ecsin 171 Joboro pedpa (vy,vy) € E Bomonnsercs C(vy) # C(vq).

Teopema 3.7. Bepwunovr 2106020 NAGHAPHO20 2pada MOHCHO NPa-
BUNBHO PACKPACUMb 68 He boaee wem 5 uysemos.

Hoxaszamervcmeo (MHAyKIMedi 10 9UCTY BEPIIHH p).
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1) basuc mugykmun: p = 1 — odeBuIHO.

2) Ilycth miist p < pg yTBep:KaeHue cnpaseninBo n nycth G = (V) E)
— maHapHbiil rpad ¢ [V]| = po. Ilo caencrsuto 3 u3 Teopemsr 3.5 B G
eCTh BeplIMHA v cTeneHn He Gosee 5. Paccmorpum yKIaaky Ha MJIOCKO-
ctu rpacda G 0e3 nepecedenus pedep. Ynanum us3 G BepHIUHY v U Bce
UHIMeHTHbIe eii peOpa. [Tosyanm ntanapuseiii rpad G ¢ 9ucjioM BepIiinH
po — 1. Ilo mpe/imnosio:keHn0 UHAYKIMA €r0 BepPHIMHBI MOYKHO MPaBUIbLHO
packpacuthb B 5 1nBetro C,Cy, Cy, Cy, Cs5. Ilycth B G BepiinHa v CMeXKHa
C V1, Vg, ...,V (rme k5). Paccmorpum 2 BapuaHTa:

a) Cpeyt IBETOB BEPINUH vy, Vs, . . ., U B G Her nBeta C; (145). Torma
BepinHe v npunumiem et C; 1 TOJY9IUM IPaBUJIbHYIO pacKpacKy rpada
(G B 5 1BeToB.

6) Crenenb BepHnImHbl v paBHA 5 U CPEIU BepUINH Ui, V9,...,U; B G
ecTh Bce 5 1BeToB. be3 orpaHudeHus obHHOCTU Oy/eM CYUTaTh, 9TO B
ykJagke rpada G peopa (v, vq), (v, v9), (v,v3), (v,v4), (v, v5) BBIXOAAT U3 ¥
B TIopsjIKe 1Mo 9acoBoii crpesike u ato C(v;) = Cii =1,...,5. Ilycts V) —
MHOKeCTBO Bcex BepIlinH B (G, 10 KOTOPBIX MOKHO JIOWTHU U3 v 110 pedpam
rpacda G, ucnop3ysa ToJabKo BepimnHbl 1BeToB C u C3. Bo3mMoxKHBI 2
BapuaHTa:

61) v3 ¢ Vi. Torma B Vi nomensiem npera C; — Cj, C3 — €. Tak
KakK BepIiuHbl U3 V| He cMexKHBI ¢ Ipyrumn BepimHamu 1iBetoB C u Cf,
TO OCTaHeTCs TTpaBUIbHAA pacKkpacKa U Cpein vy, Vs, . . . , U5 He OYIIeT 1BeTa
(. Torna Bepmune v npunuirem et C'.

62) vg € Vi. D10 3na4uT, 94to B G| €CTh 1elb U3 U B U3, BCE BEPIINHDI
KoTopoii mmeror 1Bera Cy u Cj. Dra 1ens BMecte ¢ pebpamn (v3,v) u
(v,v1) obpasyer Uk B (G, IpUYeM BEPITHHBI V9 W U4 JIEKAT 110 Pa3HbIe
CTOPOHBI OT HTOTO MHUKJa. DTO 3HAUNAT, 9TO U3 Uy HEJIb3sI MPOUTH B U4 B
rpacde G ToabKo 1o BepimmaaMm 1petoB Cy n Cy. Ilycts Vo — MHOXKecTBO
Bcex BepmuH B (1, 10 KOTOPHIX MOXKHO J0WTH M3 w9 1o pedpam rpada
G, ucnosib3ys TobKo Bepiuabl 1BetoB Cy u Cy. Torma vy ¢ Vo u nasee
nocrynaeMm Kak B 601).

B r0boMm ciiydae Bepinabl rpada G MOXKHO NPpaBUJIbHO pACKPACUTh
B He DoJiee YeM 5 IBETOB, U TeopeMa JIOKa3aHa.
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YHacTp 2. CxeMbl

B nacrosimee BpeMs TOJYyYWIN IMHPOKOE PACIPOCTpaHEHHe CJI0K-
Hble IpeoOpaszoBaresin UH(MOPMAINN, KOTOPble COCTAB/IEHbI U3 MPOCTeli-
mux npeobpasoBaresieil (371eMeHTOB) W B KOTOPBIX JIBUKYTCH CHTHAJIDI
HECKOJILKUX TUIIOB, TTpeodpasyeMblie UK TepegaBaeMble OTIeTbHBIMUI 3J1e-
MeHTaMH B COOTBETCTBUU C ONpele/IeHHBIMI 3akoHamu. B Teopun ymnpa-
BJISFOIINX CUCTEM PACCMaTPUBAIOTCS pa3TuIHbIe TEOPETUKO-TpadOBble MO-
NeJTn TaKuxX IpeoOpasoBaresieii, Ha3biBaeMble cremamu. Kaxmgas cxema
xapakTepusyercs cmpykmypoti — rpagom ompeesIeHHOT0 BUIa U PyHK-
YUOHUPOBAHUEM — 3aKOHOM ITPeodPa30BaHUs BXOJHBIX HAOOPOB WM UX
ocJe0BaTe IbHOCTel B BBIXOIHbBIE HAOOPHI MM UX MOCJI€/I0BaTe/ IhHOCTH.
OYHKIIMOHUPOBaHIE CXeMbl OJIHO3HAYHO OMNpeIe/isgeTcss ee CTPYKTYPoil n
GbYHKIINOHUPOBAHUEM dAeMEHMOE basuca — Habopa IpocTeiinux npeodpa-
30BaTeseil, 13 KOTOPBIX MOCTPOEHA CXeMA.

[Ipu u3ydeHun cxem pemiarTCs JiBe OCHOBHBIE 3a/ladu: 3a/lada aHa-
JU3a U 3ajlada CUHTe3a. 3ajada aHan3a COCTOUT B HAXOXKJIeHUU (pYHK-
IMOHUPOBAHUS JIAHHON CXeMbl, a 3ajada CUHTe3a — B [OCTPOEHUN CXe-
MbI, nMeforeii (peasnnsyiomieii) 3anannoe dyHknnonuposanne. Kaxmas ns
9THUX 3aJ1ad MOKeT PacCMaTpuBaThCs JIMOO KaK MHINBUIyaJ bHAs 3a1a4a,
U TOTJIa €€ pelleHreM sBJISAeTCs KOHKpeTHoe (DYHKIIMOHUpoOBaHue (cxema),
b0 KakK MaccoBas 3ajlada, U TOIJa ee pellleHrneM [T0JI2KeH ObITh aJiro-
PUTM HaXoXKIeHWs GYHKITOHNPOBAHU (CXeMbl). 3ajiada CHHTEe3a NMeeT,
KakK MpaBUI0, MHOYKECTBO pelieHnii, 3 KOTOPHIX BHIOMPAIOT pelieHne,
ONTUMAaJIhHOE 110 KAKOMY-/Tu00 KpuTepunio. Halie Bcero B KadecTBe TAKOTr0
KPUTEPU S BBICTYIAET CAOHCHOCTNG CLeMbl, TOHIMaeMas KaK CyMMa CJI07K-
HOCTEll COCTaB/ISIONINX ee 3JIEMEeHTOB.

B §4-8 ™Mbl paccMoTpuM, Kak pemiaeTcda 3ajada CUHTe3a JJid
HEKOTOPHIX KOHKPETHBIX BUJ/IOB CXEM.

§ 4. @opmMyJibl U cXeMbl N3 (YHKINOHAIbHBIX
3JIeMEeHTOB. 3aJada CUHTe3a U IIPOCTelNIne CIIoCcoObI
ee perleHus

B [8, c. 14-20] mano mHIyKTUBHOE onpesesieHne (GpopMy/Ibl U peasin-
syemoii efo pyuximn aaredopst gorukn (PAJI). C comepxareibHON TOUIKH
3peHus popMmysa MpeacTaBiasger coboil ¢J0Bo, MOCTPOEHHOE U3 CUMBOJIOB
“basucupix” ®AJI, cumBosioB OyseBbix nepemennbix (BII) m pasnesnmre-
Jieil, KoTopoe 3a7aeT MocJae10BaTe/IbHOCTh BBIITOJIHEHUA ollepalluii cymnep-
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nosunun. HammoMHuIM 3TO ompeiesieHre U pacCMOTPUM CIIOCOO TIpeicTaBIe-
HUs (POPMYJI C TIOMOIIBIO JI€PEBHEB.

I[Iycre X — cyerHblii ynopsigodensbiii ajdasur BII, u nycrs y
HaC mMeeTcs cYeTHbIH andabnt dyHKInoHaIbHBIX cuMBosIoB (PC) ms
obosnadennst PAJI or srux BII. [Ige ®AJI cunrarorcs, Kak oObrdHO (8],
PABHBIMU, €CJTH OHU UMEI0T OJHU U Te Ke cymecTBeHHbie BII u 3amaror
OJIMHAKOBBIE 0ToOpaKeHus odJacTu 3HadeHnit atux BII, 1. e. equHIIHOTO
ky6a B", rne B = {0,1}, a n — qucno BII, Bo mHo)kecTBO B. OyHKINUS,
CyIecTBeHHO 3aBucAInas oT Beex cBonx BII, HaswiBaeTcs cywecmeaentoi.

[Iycrs, nanee, B = {¢1,p9,...,0p} — cucrema “ncxomnanix” GAJT
niu, uHade, oasuc, riae GAJI ¢;, « = 1,...,b, 3aBucur ot k;, k;1, BII n
sapasercsa cymecrBennoit ®AJIL, ecnu k; 2. Ilpennosiaraercs, 9410 cucrema
oasucapix OAJI nosiHa B ajiredpe JIOTUKHU, U JIONYCKaeTCsA, B 00IIEM CJIy-
qae, Hasmm4ane B Hell “ymmranx” GAJI, mocse ynaieHus KOTOPbIX 0CTaBIIIA-
ACS cucTeMa To-npekHeMy sBjsgercs nosHoii (cMm. [8]). Ilpenmonaraercs
takxke, 4To Bce PC @;, ¢+ = 1,..., b, pa3udnbl, XOTH, BO3MOXKHO, HEKOTO-
PhIM U3 HUX COOTBeTCTBYIOT paBHbie DA L.

Conocrapum kaxjomy ©C ¢;, ¢ = 1,...,b, GyHKIMOHATBHBIN 3.J1€-
ment (PD) &;, umeronuii k; BX010B, NpUYeM BXOIY C HOMEPOM j COOT-
sBercrByer j-a BII 2; ®AJI ¢;, n onun Bbixon, Ha KoropoM 3Ta PAJI
peasmsyercs (cM. puc. 4.1.a). Yrpouienubiii Bapuant nzobpaxenns O &;
B BHU/Ie BEPIUHBI I'pada ¢ MoMeTKOil ;, B KOTOPYI0 BXOAAT k; yHopA104YeH-
HBIX, T. €. IPOHYMEePOBAHHBIX YucjIaMu 1, .., k;, 1yT, noKasaH Ha puc. 4.1.0.
IIpu »ToM mpejmosiaraeTcs, 9To JIyra ¢ HoMepoM j, 1jk;, cooTBeTCTByeT
J-My BxXony P9 &;. B manbHeiineM Mbl, Kak NpaBuJio, He OyaeM deJiaTh
cyniecTBeHHBIX pasanunii mexky PC ¢; u @D &;. Hame Bcero Mbl Oyaem
umerh jiesio ¢ basucom by = {&,V,—}, rme 6asucapimu sisitorest GAJT
T+ T9, x1 V Ty U T7.

r1...Tk

Puc. 4.1

HaanM nHAYKTUBHOE orpenesienne (popmMyJibl Hajl B 1 peajmsyemMoit
eto DAJI (aT0 onpenenienne B ortmane ot [8] HesABHO MpejmosiaraeT HaJIH-
gie B 5 ®AJI, roxnecrsenno pasnoit BIT).

JIobas BII x; uz X cunraerca gopmynoti eayburv 0 nan b, koropasd
peanusyer ®AJI, pasnyto z;. Ecin a4 Beex j, j = 1,..., k;, onpenesena
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dbopmysta F; ryounsl ¢; naj 6asucom B, koropas peasusyer PAJI f; or
BII u3 X, To 3anuch Buaa

ABIAETCA popmyrot eayburet ¢ + 1 nan b, rie

q = maX{gl? - 7qki}7 (42)

koropas peannszyer ®AJI f or BII uz X rakyio, ato f = o;(fi1,..., fr;)-
Tax, 3anuch BuIa
(l‘l : IQ) . (Il \ IQ) (43)
siBasierca popMysioit ryonabl 3 HaJ 0asucom by, KoTopas peausyer
DAJI zy & x9. Bece 3anmcu, nosydeHHble B pe3yJibTare yKa3aHHOI'O WMH-
NYKTUBHOT'O TIOCTPOEHUS, I TOJIHBKO OHU, CANTAIOTCSA opmyaramu Haa b.
Ba:kupiM dacTHBIM ciydaeM (GopMyJsT Hajl 0asucom By SBIAOTCA
(cM., mampumep, [8]) musbooHKTHBHBIE HOpMasbhbie dbopmbl (JHD). Ha-
moMunM, uto Jodyio ®AJT f(xy,...,2,) MOXKHO TPEICTABATH ee COBep-

mennoii JTHO:

flzr,... xn) = \V R (4.4)

o=(01,...,00)EN;

0 1

rie, Kak oOblYHO, &° = T U & = ¥, a [Ny — MHOXKeCTBO Tex HaboOpoB 0,
o € B", nis koropbix f(o) = 1.

NMunyknueit mo riiyonne kaxk ol popmysie riyounsl ¢ Hajg B MoxK-
HO COTNIOCTABUTH YIHOPsI0UeHHOe KOpHEBoe JIepeBo TUIYOUHBI ¢, Bce pebdpa
KOTOPOTO OPUEHTUPOBAHbI K KOPHIO, KaxKJIOMY JUCTy comnocTaBieHa BII
n3 X, a xaxjgoit suyrpenteii sepmune — ®C uz b. Tak, dopmyie z;
COOTBETCTBYeT “TpUBUAIbHOE [epeBO C eJUHCTBEHHOW BepINNHOM, ABJIA-
follieficsa KOpHeM 1 JIMCTOM OJIHOBPeMeHHo, KoTopoil conocTtasiena BII z;
(cm. puc. 4.2.a). @opmyse F Buma (4.1) coorBerctByet nmepeso D ¢ KopHeM
v, MoKaszaHHoe Ha puc. 4.2.0, rne D;, j = 1,...,k;, — zHepeBo ¢ KopHeM
vj, KoTopoe coorsercrByer dopmyiie F;. I'pad, koropslil nosnyyaercs us
nepesa D, coorBercTBytomniero ¢dpopmysie F, B pesyabrare “cCKJIeuBaHUA
JINCThEB C OJNHAKOBBIMU IMOMETKAaMU, HA3BIBACTCH KBA3UIEPEBOM, COOM-
semcmeyrowum popmysre F. Ha puc. 4.3.a nokasaHo nepeBo, a Ha PUC.
4.3.6 — KBasmIepeBo, KOTOpble COOTBeTCTBYIOT hopmyite (4.3). Bamernm,
410 (hopMyJia Mo COMOCTABIIEHHOMY €l JlepeBy WM KBa3WIepeBy BOCCTa-
HaBJINBAETCS OJIHO3HAYHO.
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Puc. 4.2

Puc. 4.3

PaccmoTpum Ternepn 6oJiee o0IyI0 10 cpaBHeHUIO ¢ (hOpMyTaMHA MO-
TesTb — MOJIesTh cXeM n3 (PYHKIMoHATBHBIX 3eMeHToB (CDD), B KoTopoii
mocJie/IoBaTe IbHOCTh omnlepalnii cynepriosunuu basucubix PAJI 3amaercs ¢
MTOMOIIIHI0 OPUEHTUPOBAHHOTO AIMKJINYeCKoro rpada, ododIanero Kpa-
3UJIepPeBO, U TJle BO3MOYKHO MHOTOKpATHOE HUCIOJIh30BaHUe MPOMeKyTou-
HBIX Pe3yJIbTATOB.

[Iycte X m Z — cYerHBbIe ynopsjodeHHbIe TOMapHO He TepeceKa-
forecst asidaursl BII, mpuaem BII nz X (Z) cuuraorcs exoduvimu
(cootBercrBenno, swroduvimu) BIL. Ilycts mo-pexnemy B, B={¢p; b,
— noJHblil 0asuc, tne PAJI ¢;, i = 1,...,b, 3aBucutr or k;, k; 1, BIIl n
Apasercs cymectBernHoit ®AJI, ecnn k; 2.

[To anamoruu ¢ ynopaja04YeHHBIMU JepPEeBbAMU OPUEHTUPOBAHHHBIN
rpad G HasbIBaeTCA YnopAadoueHHbiM, €CITA JIYTH, BXOJIANINE B KA IYI0 ero
BEPIINHY v, YIIOPAI0YEHbI, T. €. IPOHyMepoBaHbl dnciaamu 1,2,...,d"(v).

Onpedenenue. Cremoli u3 GYHKUUOHANOHOIE IAEMEHMOE Had 6a3U-
com D HasbpIBaeTcA OpUEHTHPOBAHHBINA AINUKJIUYECKUI YIOpsAI09eHHbII
rpad X, BepIIuHBI KOTOPOTO MMOMeYeHbI CJIEYIONIIM 00pa30M:

1) kaxapiit nctok ¥ nomeden nexoropoit BII w3 X, npudem pasimd-
Hble UCTOKU ToMeveHbl pa3indabiMu BII;

2) KaK/1as OTJIMYHAsA OT NCTOKA BepIinHa v cxeMbl & nomedena OC
©i, e k; = d*(v);

3) HeKoTOpbIe BepITUHBI X oMedeHbl BhixoauabiMu BIT 3 Z tax, dTo
OJIHOII 1 TOii JKe BepIInHe MOXKeT ObITh conocTaBieHo Heckoibko BIT ns3 7,
HO pasHbIM BepIlIMHAM He MOYKeT OBITh colocTaBjeHa ojiHa u Ta ke DBII.
[Tpu sTom Bxomuble (BhIxOmHBIe) BII, KoTOpBIE mMpUNUCcaHbl KaKnAM-THO0
BepIINHAM X, CIUTAIOTCH 6LOOHUMU (COOTBETCTBEHHO, 6virodHbimu) BIT X,

25



a Te BepITNHbBI, KOTOPBIM OHH COTIOCTABIEHbI, — 6200aMU (COOTBETCTBEHHO,
svizodamu) COD .

3aMeTnM, 9To KBa3WJaepeBo, COOTBeTCTBYoIIee (hopmyJsie Hajl Oa3u-
com B, cranourcsa CO9D nan b, ecam ero KOpHIO NMPUNNCATh BBIXOIHYIO
BII. B cBs3u ¢ srum dopmyJibl Hajl B OyjieM cuduTarbh YaCTHBIM CJ1yYdaeM
CD9 najm L. Ha puc 4.4.a nokaszan npumep COPD nHajn daszucom by c
BxogabiMu BII xq, x9 m BeixogusiMu DBII 2y, 29, KoTOpas moaydeHa u3
KBasujaepeBa, NpuBeaeHHoro Ha puc. 4.3.0, a Ha puc. 4.4.6 1aHo ee doJiee
“HarisaHoe” n3obpazkenne B Buie cetn (cM. [6, c. 227-229]), mocTpoenHoii
13 cooTBeTCTBYOMUX P9,

X1 )

1

Puc. 4.4

Onpenenum Tenepb ¢yakimnonnposanne COD ¥ Haj 6asucom B ¢

BxojubiMI BII 1,29, ..., 2, 1 BeIXogHbIMU BII Zz1,..., %, . CHavana nH-
nykunueit mo ¢, ¢ = 0,1, ..., oupenesnm i KaxK 0 BEPIIUHBI ¥ ITyOUHBI
¢ B cxeMe X peanusyemyto B Heit popmyny F, = F,(x1,...,2,) NIyOUHBI

q Haj 6asucom b. Ecim ¢ =0, 1. e. v — Bxon X, nostoxum F, = x;, rie x;
— BxojHasA BII, conocraBiennas seprmie v. [lycTth Teneph v — BeplinHa
TUIyOWHBI ¢, g1, cXeMbI X, KoTopas uMeeT MMOMeTKY ¢; U B KOTOPYIO BXOIUT
k; nyr, npuyem gyra ¢ HoMepoM j, 1jk;, MCXOAUT U3 BepUIMHBI v; IVIyOUHBI
qj, Toe yxe peanusoBaHa dgopmyna F; = F, rayomnsel ¢, a Q14 quce
qsq1s- - - qr; Boinosaeno (4.2). Torma B Bepiune v peasnusyercs dhopmyia
F = F, suna (4.1), koropas umeer riyouny q + 1.

[Ipu sToM cuntaetcs, 9to B Bepuiune v COD X peasrusyemca PAJI
f(z1,...,2,), ectm DAJIL f peanusyercs dopmysoit F,, u aro COI ¥
peaausyem cucmemy PAJIF, F = (fi,..., fm), win pearusyem cucmemy
byareenix ypasHenud: 21 = fi,..., 2m = fm,ecam f;, 7 =1,...,m, — OAJI,
peann3oBaHHas B Toii BhIxoiHoil BepimmHe CPID X, koTopoii npunucana BII
z;. Tak, COD ua puc. 4.4 peanusyer cucremy PAJI (x; - 29, 21 G x9) nan
CUCTEeMY YpaBHEHWil: 21 = x| - X9, 29 = x1 B x9. CXeMbl, peansyroniue

lpenmonaraercs, aTo BxomaHbie n Bhixomabie BII mepeumncrensr B coorBeTcTBUM € WX
YIOPAIOUYeHHOCTHIO B X 1 /.
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onnHakopbie cucteMbl DAJI, Ha3bIBAIOTCA 2KBUBAAECHMHBIMU. SAMETHM,
4TO U3MeHeHre HyMepalluu JIyT, BXOJIANINX B TaKyio Bepmuay v COPD 3,
KoTopoii comnoctaBiien @I ¢; ¢ cummerpudeckoit AJI ;, He U3MeHsAeT
DAJI, peannsyemyto B BepliinHe v, a 3HAYUT, He BiausAeT Ha (HYHKINOHN-
poBaHme Y. B cBsA3M ¢ 3TUM B MOJ00HBIX CJAyYasX HOMepa JIyT, BXOIAIINX
B BEPIINHY ¥, MOI'YT He YKa3bIBAThCH.

Ope COD X' u ¥ cunrarorcs uzomop@drvimu, ecin OHE U30MOPQHDI
KakK moMedeHHbIe Ipadbl, T. €. eCJIN CYHIECTBYIOT TaKie B3anMHOOTHO3HAY-
Hble 0TOOparKeHWsA MHOKeCTBa BepIINH Y Ha MHOXKeCTBO BepmuH L' u
MHOYKeCTBa JIyT ¥/ Ha MHOKecTBO J1yT X, KoTopble COXpaHsOT OTHOIICHTEe
UHIMIEHTHOCTH BepIINH U JyT, a TakK:Ke Bce rnoMerku. V3 ompejeneHuns
BBITEKAET, YTO B COOTBETCTBYIOIIUX IPYT JPYTY BepIIMHAX U30MOPQHBIX
CD peanusyrTcs oJiIMHAKOBbBIE (hOPMYJIBI, a 3HAYUT, N oquHaKoBbie DA JI.
CarnenosareibHo, 1Be n3oMopdHble CPY 5KBUBATEHTHHI.

[Tycrr COD Y nonydaercsa nz COD X B pesysabrare yiaaleHUs
BEPIINHBl U U TepeHoca HadaJIbHON BepHIMHBI BCeX YT Y, UCXOISAIIAX
3 v, a TaKkKe BcexX BBIXOAHBIX BII, mpunucaHHbIX v, B OTJINIHYIO OT Hee
BePIIMHY w, IJIyOMHA KOTOPOii B X2 He Oosibie, 4yeM riyouna v. Torma COD
Y cunraercs pesyabraroMm npumMenenns Kk COD ¥ onepavuu ydasenus
ePWIUHDL U, & BEPIINHA W Ha3bIBaeTCA npeemHukrom Bepuunbl v. Tor dakr,
g10 COD ¥/ nostygaercs uz COD X B pesysbrare (MHOrOKparHOit) onepa-
nnu yjaasienns sepiun n3 COD Y, OyaeM 3anmuchbiBaTh B BUAJIe HepaBeHCTBA
Y < 3. Cxema ¥ HasblBaeTCs mynukoeotl, ecii OHa He KBUBaJICHTHA HIU
onuoit CPD ¥ rakoii, yro ¥’ < .

Bepmuna CP9 naswiBaeTrcs sucAveli, ecii U3 Hee He BBIXOIUT HU
OJIHa JIyra W OHa He sABJIAeTCsS BBIXOAOM cxeMbl. IIBe Bepmmuabl CDD
CUNTAIOTCS IKEUBAACHMHLMU, eCJIN B HUX peainsytorcs paBHbie DAL
[Tpumenss k COD ¥ oneparuio yaaJaeHns ogHoi 13 IBYX 9KBUBAJEHTHBIX
BEPIINH, IPEeMHUKOM KOTOPOil SBJISAETCs Jpyras BeplInHa, MbI Oy YUM
COD Y/, koropas, 04eBUIHO, SKBUBAICHTHA Y.

Cxema HasbiBaeTcs npusedennoti (cmpozo npusedennot), ecin B Heli
HeT BUCAYINX (COOTBETCTBEHHO BUCAYNX U 3KBUBAJCHTHBIX ) BEPITHH. 3aMe-
TiM, 9To Tynukopasg CDD ABsgeTCA CTPOro NPpUBEAEHHON, I 9TO U3 JII000
CDD MOKHO MOTYINTH SKBUBATEHTHYIO eif MPUBEIEHHYIO (CTPOro MmpuBe-
nernyio) COD ¢ MoMOIIbIO omeparin yIaaeHns BUCAINX (COOTBETCTBEHHO
BUCSAYNX U 9KBUBAJIECHTHBIX) BEPIITHH.

PaccmoTpum Tenieph 3anady cuaTesa Ha nmpuMepe CO9D. Hucao O B
CD9 HaspiBaeTcs ee caoncrocmovro. CioxaocTh CDID ¥ obosHavdaeTcs ve-
pes L(X). Ina cucrempr @AJL F yepes L p(F') 0603na41M MIHUMAJIBHYTO
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citoxHOCTh Tex CPD Y HaJ1 baszucom b, KoTopblie peannsyior F. Bennyuna
L p(F) naspiBaerca caoscrocmoto cuctrembl @AJI F' nan dasucom B. Ilpu
srom COI X, xoropas peanusyer F, u ana koropoit L(X) = Lg(F),
cantaercsa murumarvrot COD Haj basucom b. 3amernm, yro CDI, mno-
KaszaHHad Ha puc. 4.4, sapasgercsa muauMasibHoit COD Han dasucom by, u
910 caoxkHoCTh cucrembl DAL F = (z1 - 29, x1 B x9) Haz Gasucom By
paBHa 4.

Beenem, nasee, dynxnmo L p(n) HaTypasibHOTO apryMeHTa 1, KOTO-

pas omnpejiesisieTcs CJIeIyonuM 00pa3oM:

Epn) = s, EBU)
n HasbiBaeTcsa Pyurxyuet Ilennona nisa xinacca CPID najg dasucom b.
Oynknusa [Mlernona xapakTepusyer cJI0X)KHOCTH caMoii “ciioxnoil” DAJI
ot BII x4,..., 2z, B k1acce COD Haj1 6a3ucom b.

Bwmecto crnoxnoctun L(X) COD ¥ MoKHO paccMOTpeTh ee TIIyOnHY
D(X), a 3aremM aHaJOrHYHBIM 00pazoM onpenents rayouny D p(F) mna
cucrembl @AJI F' B 6asuce b n seectn dpynkimio Hennona D p(n). Moxkno
paccMoTpeTh “B3BeneHHyt0” c0kHOCTE (r1ybuny) CDD, Korma npn nos-
cdeTe CJI0KHOCTU (COOTBETCTBEHHO NIyOMHBI) Kaxkplii @YD yanrTeiBaercs
co cBouM Koaddurmumentom, n T. M. MoxkHO paccMarpuBarh TOJI00HBIE
bYHKIMOHAIBI CI0KHOCTH s TofKTaccoB Kiaacca CPD (kmacca dop-
mya, kiracca JH® u 1. 1.). B manpreilmeM Mbl, Kak mnpaBuio, Oyaem
paccMaTpuBaTh ONTUMAJBHYIO 10 c10KHOoCTH peannsannio PAJI B knacce
CDD naj 6asucom by. B cBsisu ¢ atum unjgekc b = By 0yjieM olyCcKaTh.

Insa pemenus 3anadn cuateza COD MOKHO HCIOJIb30BaTh Tepedop-
HBIIf aJITOPUTM, KOTOPBIl TpocMaTpuBaeT Bce CXeMbl CJIoXKHoCcTH 1,2, 3, ...
JI0 TexX Top, MOKa He HaiijeT cXemy, peaju3yILyio 3aJaHHYI0 CUCTEMY
DAJI. Creryer oTMETUTD, 9TO TPYJ0EMKOCTH 3TOI'0 METOJIa CUHTe3a 09eHb
OBICTPO pacTeT ¢ POCTOM YHUCJIA MepeMeHHbIX 7, U 9YTO MPHU N 5 OH CTaHO-
BUTCA MPAKTUIECKN HEITPUMEHUMBIM.

C napyroii cTOpoHBI, BCerjla MOYKHO KCIOJb30BaTh MeTO]l CUHTe3a,
OCHOBaHHBII Ha MonesmpoBanun copepiiennoit JTH®. Ciemyroniee yTep-
KJIeHne HermoCpeiCTBeHHO BhiTekaeT n3 (4.4).

Jlemma 4.1. [laa awboi QAJI f(xy,...,x,) cywecmeyem CPI,
peasusyrowas f co caoncHocmubio He Goaee, wem n - 2"+

Caencrue. L(n)n - 2",

Sameuanne. Bo MHOrux ciydasx rnocse nocrpoerns CPI o jemme
4.1. mesiecoodbpaszHo UCMOJIH30BATh ONEpaIUi0 yIaleHUs SKBUBAJEHTHBIX
BePIINH /15 Mepexojja K COOTBeTCTBYoINel ctporo npusenennoii COI.
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§ 5. Peanuzamums HEeKOTOPLIX “yHOpaBJ/IisIIONIAX’ CHCTEM
byHKIUI ajaredpsl Joruku B Kjacce CDD

PaccMmorpum nipuMepnl pelieHus 3aJ1a4qi WHIUBUAIYATbHOIO CHHTe3a,
CDD — cunareza COI s cucrem PAJI, KoTopble 4acTo BCTpeYarOTCs
B IpaKTHKe MPOEeKTHUPOBAHUSA IUCKPETHBIX YIIPABJAIONINX CUCTEM U I
KOTOPBIX XOTeJI0Ch ObI UMeTh HoJIee MPOCThIe CXeMbl, 9eM CXeMbI, TOCTPO-
eHHble 110 JeMMe 4.1.

st MHOXKecTBa A 1 stroboro HaTypasabHoTo N depes (A)” mam mpocto
A" obo3HavaeTCs, KaK 00bIYHO, N-51 JIeKapToBa cTelleHh MHOXKeCcTBa A, T. e.
MHOZKeCTBO HabopoB (cJI0B, cucteMm) daunv, n ¢ sneMmentamn u3 A. s
Habopa (3, f € A", depes (i], tme 1 i n, obo3HavaeTCs €ro i-ii sJeMeHT,
. e. 8 = (0[1],...,3[n]). Ecin o € B", 1o uncyio T, afi] - 2" 1. e.
YUCJI0, IBOMYHAS 3aIllUCh KOTOPOI'0 COBIAIAET C (v, HA3BIBAETCIH HOMEPOM
« 1 obo3HadaeTcs depes |al.

I[Iycte Py(n), n = 1,2,..., — wmHoxkecTBo Bcex DPAJI or BII
2 ) 3 4 3

T1,X9, ..., Ly, & PJ"(n) — ero m-s mekaproBa cremeHb, m = 1,2,...,

T. e. MHOXKecTBO cucteM n3 m ®AJI or BII zy,29,...,2,. Onpeaenum

HeKoTopble “yrpaJisgtoniue” cucteMbl PAJI u paccMoTpuM peansyroniue
ux CO9. Ilpu sToM MBI dacTo OydeM JdaBarb OJIHO U TO Ke Ha3BaHUe
kKak camoit cucteme @AJI, tak u COD, KoTopas ee pean3yeT, 100aBJIsAA
K HeMYy B cJiydae HeoOXOJUMOCTU CJIOBO “(DYHKIMOHAJIbHBINA, ec/in pedb
njiet o cucteme GAJL, u cioBo “cxeMHBII”, ecqii pedb UJIET O CXeMe.

Cucrema @®AJI Q), n3 Py(n) takas, 9ro npn Beex i, i = 1,2,...,2",
CIIpaBeIJIMBO PaBEHCTBO:

Qnli] = 27" - ... 20, (5.1)

rie 0 = (01,...,0,) € B" n |o| =i — 1, nassiBaercs (HpyHKINOHATHHBIM)
dewugpamopom nopadka n. ITo CBA3aHO C TeM, 9TO Ha JIIOOOM Hadope «,
o € B", snavenwnit BII x1,...,2z, posHo ogna n3z ®AJI cucremn (), —
DAJI ¢ nomepom |a| + 1 — obpamntaercs B 1.

Dyukimst pi, ot (Bxomabix) BIL z1, ..., 20, Yo, Y1, - - . , Yon_1 TAKaH, 9TO
npu Bcex a, a € B, u 3, B € B¥', umeeT MecTO paBeHCTBO:

fn (v, B) = Bli],
rie (i — 1) = ||, HaspiBaercs (HYHKIMOHATIHHBIM) MYALMUNAECKCOPOM
nopadrka n. Ecim pacemarpusarhk BIT xq,...,x, kak “agpecunie” BII, a
BII yo,y1,...,ym_1 — Kax “undopmaruonubie” BII, To 3HayeHne MyJib-

TUILIEKCOpa [, paBHO 3HadeHUo Toil ero mHdopmarnumonnoit BII, Homep
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KoTopoii noctynu Ha ajpecubie BII u,. Jlerko yoenurbcs B ToM, 9TO 11
DAJI p, cupaBe//INBO Npe/iCTABIeHHUE:

2Tl
,un(xl, s LYo, - ,an_l) = \/ Qn[l] “Yi—1- (52)
1=1

[Ton (byHKIIMOHATBHBIM) wWu@pamopom nopadka n TOHNIMAETCS JTIO-
oas cucrema u3z n OAJI or Bxogubix BII zg,2q,...,297_; Takas, 4TO
KayKJ0My BXOJIHOMY Habopy «, B KoTopoM paBHa 1 Tosibko onna BII z;,
0 7 2" — 1, oHa cornocTaBjsieT BbIXOAHOI Hadop 3,3 € B", njisg KoToporo
|3] = j. Tem cambim, mmmdparop BeipadaTbiBaeT “ajipec” Toii BXOIHOI
BII, xotopasa pasHa 1, ecsim gpyrue Bxonable BII nmpumHuMaror mpu sTom
HyJIeBble 3HAYEHU .

Bynem HaswBaTh cXeMHBIM e pPaTopoM, MYJIbTUILIEKCOPOM UJIH
nugparopom Jirodoyro COI, KoTopas peasim3yeT COOTBETCTBYIONLYIO CUCTe-
my OAJL

O6oznaunm depes O, cucremy Jnabl 22 13 Beex pasanaabx OAJI
MHOKecTBa Py(n), B Koropoil crosiben snadennit ®AJI O,[i], 1 i 2%,
paccMaTpruBaeMblil KakK JIBOMYHBIN Habop manHbl 2", nmeer HoMep (i — 1).
Cucremy ©,, 0y1eM Ha3bIBaTh yHusepcasvrot cucmemot PAJI nopadra n,
a Jgdyrn COD, KoTopas ee pean3yeT, — YHUBEPCAALHHM MHO20NONNC-
HUKOM NOPAJTKA N.

Ormerum, 9to nemudparop, MyJbTHILIEKCOp W IMH(paTOp YacTo
UCIIOJIB3YIOTCS B KadecTBe COCTABHBIX dYacTell cxeM 3almucu W 9TeHU s
nHdOpMAINN 10 3aJI]AaHHOMY aJipecy.

PaccmoTpum Tenepb BONPOCHI, Kacalolluecs CJIOKHOCTH ONMUCAHHBIX
CXEM.

[Ipu moctpoenun “cinoxubix” COYD nu3 Oojiee MPOCTHIX MBI OyeM
OMMPATHCS Ha MOHATHE TOJCXeMbI U TPUHITAT 3KBUBATEHTHON 3aMeHbI (CM.
[9]). CDD X' naspiBaercs nodcremoti CPD X, ecim MHOKECTBO ee BEPIITHH
(myr) ABJISETCS TOIMHOKECTBOM MHOYKECTBa BEpITNH (COOTBETCTBEHHO
myT) ¥, a BCe Te BEPITMHBI X', 3 KOTOPHIX B X BBIXOINT XOTs OBl OJIHA [TyTa,
He NpHHa/IekRanas X', Wi KOTopble ABJISAI0TCS BBIXOJAMU X, SIBJISAIOTCS
Bbixojgamu X', IIpu sToM npejmonaraercs, 4To Bce Oyrd B Y UMEIOT Te
JKe HoMepa, 9TO M B X, a Bce Bepiiudbl X' umeror Te ke ®C, uyro u B X.
[Ipunnun skBuBaseHTHO#N 3aMenbl i CDPY BhITEeKaeT U3 OIpe/leSIeHu s
X (PYHKINOHUPOBAHUS U COCTOUT B TOM, 9TO ecn nojacxemy Y COD X
3aMeHUTh sKBuBaeHTHoi eii CPD ¥, To monydennas B pesysibrare COD
S 6yner skusagentaa CDD T. B CBA3K ¢ 3TUM [OICXEMBI, KOTOpbIE HE
IMeIOT OOINX BHYTPEHHUX BEPIINH, MOKHO paccMarpuBarTh Kak (MHOTO-
BBIXOJIHBIE) MAKpPO3JIeMEeHTHI.
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Jlemma 5.1. J[as 2106020 HamypasvHo20 N cyusecmayem creMHuid
dewudpamop nopadka n, umerowudi caoncrocms He 6oaee, vem n - 2" u
enybuny ne 6oaee, wem® |log n[+1.

Joxazamenavcmeo. s mocTpoeHns nckomoro jgenudparopa j1octa-
TouHo Kaxayo OAJI cucremnl (), peannsoBarh 1o ee coBepiienHoii JTHD
(5.1) Ha ocnoBe d-spycuoro mepeBa u3 n @D &, rne d =]logn[ (cm. puc.
5.1).

apycos | & L.

Caencrue. L(Q,)n - 2",

Cienytomee yTBeprK/IeHUe JIOKA3bIBAETCSH, 110 CYIIECTBY, IIpUMeHe-
HHUeM K MOCTPOeHHOMY B JieMMe 5.1 cxeMHOMY jemmudgparopy oneparmn
y/laJIeHus 9KBUBAJEHTHBIX BepITuH (CM. X4).

Teopema 5.1. CroocHOCMbd MUHUMAALHO20 CTEMHO020 dewudpamo-

pa nopadra n PasHa
2" + O(n - 2"?).

Joxazamenavcmeo. IlockostbKy J1000it memudparop mopsgaka n upu
n2 peaysmusyet cucremy n3 2" O®AJI, ornmuanbix ot BII, To B HEM mM0/T7KHO
OBITH 110 KpaiiHeil Mmepe 2" BeplInH, OTJINYHBIX OT BX0o10B. ClieqoBaresbHo,
CJIOXKHOCTh JIIoboro jgemnmudgparopa mnopsajaka n, n2, B kiacce CDD He
MeHbIIe, 9eM 2".

Paszobnem wabop Bxomubix BII @ = (z1,...,2,) Ha nonnabops ' =
(x1,...,2¢) m 2" = (Tpy1,...,2,), T k — HEKOTOPBI Hapamerp u
1k (n—=1). IIycrs Q' n Q" — dynkumonanbubie gemmdparops! MOpsIKa
ku(n—=Fk)or BIl 2’ nz" a¥ u X' — coorBercrByIomnme M cXeMHbIE
nemudparopbl, KOTOpble MOCTpoeHbl 1o JemMe 5.1. Jlerko Bumerh, 910
by AT Q,[i], 1i2", MoKHO NpeICcTaBUTh B BUJIe

Qnli] = Q'5]- Q"[1]. (5-3)

rae i = 2"°F(j — 1) + 1 n 152%, 112"~*. Hemmdparop ¥ nopsanka n or
BII = conepxur nemudparoper X', Y B KadecTBe MojcxeM U peaansyer
kaxayio QAT Q,[i], 1i2", ¢ nomommpo omgaoro @D &, BXOIBI KOTOPOTO

2Yepes |a[ oboznauaercs Gauxaiiliee cBepxy K a MeJoe YHUCTIO; OCHOBaHME 2 y Jiora-
puGMOB ONMyCcKaeTcs.
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npucoeqnHenbl K BoixogaMm X' n X (em. puc. 5.2) B coorBercTBUE € (5.3).
13 nocTpoenus X cienyert, 9To

LX) =2"+ LX)+ L(E"2" + n+ k- 21 4 (n — k)2nF+1,
u nosromy 1pu k = [n/2] nosyunm:
L(Z)2" + O(n - 2"/?%).
TeopeMa JOKa3aHa.

CnencrBue 1. [locmpoennwiti dewugdpamop nopadka n umeem 2.ay-
buny He boavwe, uem |log n[+2.

CaencrBue 2. Ecau 6 xauecmese dewugpamopos L' u X" ezamo
dewugpamopni, yrce nocmpoernsie no meopeme 5.1, mo nosyuenHwil de-
wugdpamop nopadka n bydem umems CAOHCHOCTNG

. . 3V2

u nosmomy

3V2

PL(Q,) = 2" + T\/_Q"/Z +O(n- 2",
T Tg Th41 Ln

I ..... I I ..... I

El EII
R'[J] Q"[l]
n[1] in [¢] n [27]
Puc. 5.2

JIemMma 5.2. [[aa 4106020 HaAMYypasvHo20 N CYWECTNEYEM CTEMHBL
MYALTUNAEKCOP NOPATKA T, KOMOPYIT UMEEM CAOHCHOCTIL He boace, 4eMm
3-2"40(n-2"?),

Lloxaszameavcmeo. ITlocTponM cXeMHBIN MYJILTHILIEKCOP X B COOTBET-
creum ¢ (5.2) Ha ocHoBe memmudparopa L' mopsaKa n, KOTOPBIH ABIAETC
ero mozcxemoii. s sToro Kaxaplii Beixon L n coorBeTcTByIOmMUii emy
nHgopMaIMoHHbIil BXoja ¥ npucoegauHuM K BxogaMm @D &, a sarem npo-
U3 BbIOHKTUPYEM BbIX0bl Beex Takux @D &. Ecsu pemudparop X" B3sTh
u3 TeopeMbl 5.1, TO MOJIy4YeHHbII TaKUM 00pa3oM MYJIBTUILIEKCOP Y Oy1er
MCKOMBIM.

Jlemma nokaszana.

CaencrBue. [[ocmpoenHbili MYALMUNAEKCOP NOPATKA N UMEET, 2%~
buny we boavwe, wem n+]logn[+3.

32



Teopema 5.2. Cywecmeyem cremubili MYyssmuniexkcop nopadka n,
UMEN WU CAOHCHOCTIID

277,-1-1 4 0(277,/2)

Hoxazameavcmeo. Pazobbem nabop x = (x1,...,2,) aapecubix BII
MYJIBTUILIEKCOpa f, Ha mogHadopbl 2’ n 2"Tak ke, Kak T0 ObLIO CleJIaHOo
IpH JI0Ka3areJbCcTBe TeopeMbl 5.1, a Habop y = (yo, co vy Yon_1) ero uHbOp-
mannonubix BIT — na HOJIHa60pr y Dy @) mmen 277F kasksiit, Tie
Yyl = yioy npn i = 2"7%(j — 1) +1 u Bcex j,1 Takux, uro 152F, 1127,
[Tpu stom u3 (5.2), (5.3) caemyer, dro:

-Zk 2n—k .
imtean) = V QUL (V Q-1
n IO5TOMY

(2, y) = (2, k(2" D), k(@ y®))). (5.4)

PaceMoTpuM MyJIBTUILIEKCOP X, KOTOPBIH peainsyer fi, no (popmyJie
(5.4). dnsa kaxmoro j, j = 1,... 2% 'Y comepKNT B KadecTBe MOJICXEMBI
mysbTHIIeKcop XY nopaaka (n— k) or BIT 2, yY) | mprdaem BBIXOJIBI 5THX
MYJIBTHUILIEKCOPOB TOJIAI0TCSA B cooTBeTCTBUE ¢ (5.4) Ha nHbOpMAaInOHHbIE
BXOJIBI MyJIbTHILIEKCOpa ' nopsika k ¢ agpecasivu BIT 2’ (em. puc. 5.3).
Ecym mynprunsekcoper ¥' n X1, 5 =1,. .. . 2% TI0CcTpONTH B COOTBETCTBUN
¢ nemmoii 5.2, a 3arem nepeiitn ot CDD ¥ K 3KBUBAJEHTHOH el cTporo
npusenentoit COD T (em. x4), To pu k = [n/2] MBI TTOJIyYIUM HUCKOMBIii
MyJIbTUILIEK Cop. elicrBUTe/IbHO, U3 JIOKa3aTe/IbCTBa JeMMbI 5.2 clleyer,
9TO BCe MyJIbTHIIEKCOphl X7, j = 1,..., 2k umeror obmmit nemmdparop
Y nopsanka (n — k), n nosTomy

L(D)L(Y) 4 2" + L(2") 2"+ + 0(27/?)

B cuJly Teopembl H.1.

Teopema noKa3aHa.
Caenctsue. L(y,)2"t +0O(2"/?)

Hapsny ¢ nemmudparopoMm (), U MYJbTUIIIEKCOPOM [i, TIOPAIKA N
MHOT/Ia pacCMaTpUBAIOT TakK:Ke noaydewudpamop (), NopAaIKa n ¢ BXO]I-
ueiMu BII z1,..., 2, u noaymysvmunaercop ji, TOPAIKA N ¢ BXOTHBIMU
BII z1,..., 2,90, ...,Ym-1_1, TAKHE, UTO

on-1_1

= Vo y@Quli 27 1) Qulil = Qa2 44
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rne i =1,...,2""'. Bamernm, uro npn x; = 0 UMeIOT MECTO paBeHCTBA:
fn =0, Qufi] = 0.

Anastorngno JOKa3aHHbIM BbIIIE€ YTBEPZKACHNAM YyCTaHaBJIMBAaOTCA OIEH-

KU:
L(Qn) — 2n—1 + O<2n/2)7
L(j1n)2" 4+ O(2"/%).
ygl) y(n)—k ng ) y‘()n—)k
I I
Thtl — 7" Thtl o— 7"
. b R xn a 22}:
Ty o
El
oy p—
k
Puc. 5.3
[Tepeiijiem Tenepb K mocTpoeHuto mudparopos. OmpeaesimmM CUCTEMY
DAJI D,, nomnet n ot BII x = (g, 21,...,%9_1) Tak, 970
D,li] = v v (5.5)
0-:(0-11~~~70-i—11170-i+17~~~10-n)
7Jist Beex 4, ¢ = 1,...,n. 3amerum, 9to D,[i] = 1 Torma u TosbKo Torja,
korga cpenn BIT x;, 7 = 0,1,...,2" — 1, HomMep KOTOPBIX MMeeT eJUHUILY

B i-M paspsie cBoeil IBoMYHOI 3ammcu, ecth Xotrs 0bl ogHa BII, panas
equHUIe. D10 o3Hadaet, 4to cucreMa OAJI D, apisercs (yHKIMOHATH-
HbIM) T paropom nopsaka n. Ecan mis kaxaoro i, i = 1,...,n, ©AJI
D, [i] peanusoBars (gopmyioit (5.5), To MBI HOTyYIUM cXeMHBI Mg parop
caoxuoctn n(2"1 — 1), Tak Kak B Kaxjylo ausblouknuio (5.5) Bxomut
posHo nosioBuHa BII Habopa . CiieioBare/ibHO, JI0Ka3aHO YTBepK IeHUE:

Jlemma 5.3. J[as 2106020 HamypasvHo20 N cyusecmayem creMHbil
wudpamop nopadra n, KOmMOpwIli UMEEM CAOHCHOCTNL HE DOAEE, YeM N -
an—1,

Bosiee “skoHOMHBII” cxXeMHBII Hmudparop MoxKeT ObITh OCTPOEH C
MOMOIIBI0 PEKYPCUBHOTO pas3brueHnsi MHOXKecTBa BXomHbiX BII mormosam.

Teopema 5.3. Cywecmsyem cremmoili wugdpamop nopadka n,
CAOHCHOCTL KOMOPO20 He boavwe, wem 2",

Hoxaszameavcmeo. Pazoobem uabop BII & = (z¢,...,29n_1) Ha TOM-
Habopbl &' = (xq,...,Ton-1_1) n 2" = (xon-1,...,290_1). llycts D' u D" —
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dbyuknnmonaapubie mudparopsl nopsaaka (n—1) or BIT 2’ n 2", a ¥ n ¥
—— COOTBeTCTBYMOIINE UM cxeMHbIe mndparopsl. 13 (5.5) ciemyer, dro

(n—1)

Dn[l] = T9n-1 V...V Ton_1 = T9n-1 V \/ DH[]] (56)
j=1
u
D,li +1] = D'li] v D"[i] (5.7)
s Beex i, 1 = 1,...,(n—1). CienoBarenso, u3 mudparopos X' u ¥, a

takxe (2n —2) @D V Ha ocuose (5.6)(5.7) MoxKHO TOCTpOUTH TMHpPATOP
Y mopsAaKa n, 1J1A KOTOPOro:

L(S)L(Z) + L(Z") + (2n — 2) (5.8)

Ucnosbsys Hepaserctso (5.8) pekypcuBHo u nosaras, 4to L(Dy) 1,
Tak Kak D coctout u3 BII z1, momy4unm:

L()2n—1)4+4(n—2)+...+3-2" y2.2"2 p ol —

1 1 X 1
__on—1 n—1 _
=2 (1—|—§.2—|—...—|——2n_1(n—1))2 (E:—QH)_

t=1

. o0 00 1 n
:2 IEEF:2+1

s=1t=s
Teopema j10Ka3aHa.
Caencreue. L(D,)2"!.

Teopema 5.4. MuHumasbHbil YHUBEPCANOHBIT MHOZONOMOCHUK NO-
padka n umeem cioncrocms 22 — n.

Hoxazameavcmeo. HuKHAA olleHKaA cJeayeT U3 TOTO, 49TO YHUBEp-
caJIbHBII MHOTOMOJTIOCHUK TOPAIKA 1 peanusyeT cuctemy us 22 —n GAJI,
ormaabix or BII (cMm. mokasarenbctBo Teopembr 5.1). s momydenns
BepXHeil OIeHKW MOCTPOUM YHUBEpPCAJbHBII MHOTOMOJIIOCHUK X TI0 CO-
seprrenabiM [JTH® Bcex peanmsyempix @AJI (em. jemmy 4.1), a 3arem
mepefiieM OT Hero K »KBHUBaJIeHTHOH cTporo npusenennoit COD X' (cm. §4).
Bamerum, 4rTo yuco Bepuma CPD ¥, orIMUHBIX 0T BXOI0B, He DOJIbIIE,
geMm qncsio pasandabix GAJI or BIT x4, ..., 2,, otinaabix oT stux BII.
CrenoBareJibHO,

L(X)2" —n.

TeopeMa JOKa3aHa.

35



§ 6. Peanmuzamus HekoTOphIX “apudmerndeckmx’”’
cucteM PAJI B ki1acce CDI

PaccmoTpum Tenepb HekoTopble “apudgmerndeckne” cucteMmbl OAJI
u octpouM peasinsyiomne nx CO9.

Cucrembr Sy, M, n W,, cocroammue u3 (n+ 1), 2n u n ®AJI or BII
r= (x1,...,%4),¥y = (Y1,.-.,Yn) COOTBETCTBEHHO, TAKHe, 9TO

[Su(e, y)l = || + lyl, [Ma(a, )| = |2| - |yl

u, ecau |z||y|, To

(Wala, y)| = [z = |yl
Ha3bIBAIOTCA ((DYHKIIMOHATBHBIM) CYMMAMOPOM, YMHOHCUNEAEM U B4 U~
mamenem nopadka N COOTBETCTBEHHO.

Cucrema C,, cocrosimas uz (n + 1) ®AJI or BIl z = (xy,...,29),
Takasd, 9ro 3Hadenne |Cy(2)| paBHO YuCTy eMHUI B HAbOPe 2, Ha3bIBALTC S
(byHKIIMOHAJIBHBIM) cyemyuKom nopadxa n.

B [8] npuBesen cymMmmarop mopsijka 1, UMEIHi CJI0KHOCTh 9n — 5.
MbI IOCTPOMM TaKoil 7Ke CyMMarop HeCKOJIbKO nHade.

Teopema 6.1. Cywecmeyem cremuvilc Cymmamop nopadka n, ume-
rouut caoxrcocms 9n — 5.

Hoxazameavcmeso. IInan = 1 cymmarop X4 nokasaH Ha puc. 4.4. Ha
puc. 6.1.a nokazana CO®D ¥’ cioxuaoctu 9, KoTopas peanusyer CUCTEMY
DAJI S or BII x, y u ¢’ rakyio, 9o

|S/(I,y7ql)| =r+y+ qla

T. €. peajnu3yeT CJA0KeHHe TpexX OJHOPa3pAIHbIX duces. [leiicTBuTeIbHO,
Ha BIXojie 29 CDD Y peanmusyerca AT xHyDq’, a Ha BbIXOE 21 €JIMHUATIA
NOABJIsIeTCs TOJNBKO TOrja, Korjga Juoo x =y = 1, o © Hy = ¢ =1,
T. €. Ha Bbixoje z; B CDD Y peanmusyercs OAJI

zyV(x@y)d =xyVad Vyd =h(z,y.q).

CxemHBIT cymmarop X, nopanaka n ¢ BXogubiMu BIT zq, ... 2, y1,..., Yn
n BeIxomHbIME BIT zg, 21,..., 2, MOXKHO TOCTPOUTH U3 CyMMaTopa X,_|
nopsika (n — 1) ¢ BxomupiMun BIT z9,..., %5, ¥Y2,...,Y, U BBIXOIHBIME
BIT z{,z9,...,2,, a Takxke omuoii COD ¥’ tak, Kak 3T0 MOKa3aHO Ha
puc. 6.2. BaMeTnMm, 4TO Mepexoj OT cymMMmaTropa Y, _; K CyMMaropy X
MOJIEJIUPYET CJ0KEHNe N-paspsIHbIX YUCeT B JIBa ATara: Ha TepBOM ATarle
CKJIQJIBIBAIOTCH 9IHUCIa, obpasyeMble (n — 1) MuaammMmn paspsgamMu, a Ha
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BTOPOM 3Tall€e CKJIAAbIBAOTCA CTapllnue pa3pAldbl U IIEePEHOoC, BO3HUKIINIA
Ha II€EPBOM >STalle. ()‘IGBI/IILHO7 qT0

L(S,) =9n — 5.

Teopema nokasaHa.

CanencrBue. L(S,)9n — 5.

Sameuanue. Ecin cxemy Y/ Ha puc. 6.2 samenurh Ha cxemy X,
noKasaHHyio Ha puc. 6.1.6, MBI MoydnM (CXeMHBIH) K8a3UCyMMamop no-
pAdka n, N2, KOTOPBI UMeeT CJI0KHOCTh 9n — 9 U NPaBUILHO CKJIAIbIBAET
n-paspAIHbIe IBOMYHBIE YHCTa, KayK10e N3 KOTOPhIX He mpeBocxoanT 2" !,

T Y q
I I [ I x y
. . I I
¥/ 1L D 422 D ¥
ztll q’
\ \%
JZl E'2
a) 6)
Puc. 6.1
r1T 0N T3 Tn Y2 Yn
A B GRS N R
b Yot
T LT T 1

Teopema 6.2. Cywecmsyem cremuvili vuumamens nopadka n,
UMENUUT, CAOHCHOCD He boavuie, wem 11n — 5.
Hoxazameavcmeo. 3aMeTHM, 9TO

7| =2"-1-

T b
rae ¢ = (x1,...,2,), T=(T1,...,Ty), U HOITOMY
o o) — 2|l — on n . ) = § (7
Wa(e,y) = o] =y =2" -1 - (2" =1 = [z + [y]) = Sa(,y)
CiteoBaTe/IbHO, CXeMHBIl BbIYATATEb MOPAJIKA N MOXKET ObITh I0JIy4YeH
13 CXeMHOI'0 CyMMarTopa HOpsJIKa n B pe3y/ibTrare NHBePTUPOBAHUS BXOI0B
ero HepBOro CJaraeMoro, a TakzKe BCeX €ro BbIXOJ0B, U UMeeT CJI0KHOCTh

X

He OoJiblie, YeM 11n — 5.

Teopema jloKazaHa.
3ameuanwne. I13 nmocrpoeHHOro BhIYUTATE A B pe3yJbTare “TOJHSA-

Tus” OTpULIAHWI, PUCOEIUHEHHBIX K BBIXOJAM Zz9 CXeMbl Y WA Y| B
COOTBETCTBUU C paBeHCTBAMU

29 = u&w, Zg = u VW,
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riae u nw — BbIxoapl P & u V COD ¥y (cMm. puc. 4.4.6), MOKHO TTOJTYIUTh
BBIYUTATEh CJIOXKHOCTH He DoJibiie, yeM 10n — 4.

Teopema 6.3. Cywecmsyem cremuoili cuemyur nopadka n, Komo-
PuLli umeem, CAOHCHOCTG He boaee, vem 9 - 27,

Hoxazameavcmeo. Cderdmk X, mnopanka n ¢ BxogabiMu DBII
X1,...,%T9n 1 BeIXOAHBIMEU DII 21, ..., 2,11 MOXKHO MOCTPOUTH U3 CHETUYHKA

Y,—1 nopsanka (n — 1) ¢ Bxomubimu BII xy,..,29n-1 n BoixomneiMu BII

!

21y ..y 2, TAKOTO XKe cYeTInKa Y,_1 ¢ BXOAHBIMEU BII Zgn-1,1,..., 297 1

1"

Zns

BeixoabiME BIT 27 . .. a TaKKe KBasMCymMMaropa (CM. 3aMedaHnne K

9
teopeme 6.1) ¥ mopsnka n ¢ sxomgapivu BIT 27, ... 20, 2, ..., 2} u BBIXO/I-
b BIT 2y, ..., 2,41 (cm. puc. 6.3), MOCKOJIbKY Ha BBIXOJAX CYETINKOB
Y,_1 9ncia, bosbmme, dem 2" He mo3BosATOTCA.

B cuty 3amedanus K Teopene 6.1 KBa3HCYMMATOp 3 MOKHO MOCTPO-

UTh CO CJIOKHOCTHIO He DoJIbIlle, 9eM 9n — 9, u mosTomy
L(X)2L(X) + (9n — 9) (6.1)

Ucnosbsys nepaBenctso (6.1) pekypcusro u nosaras, ato L(X) =
4, rak kak Ci[1] = z1 - 29,C1[2] = 21 & 29, TO ecTb C] = Sy, HOTYyYUM

L(Z)9(n—1)+18(n—2) +...+9-2"2 4 4.2

CiorenoBareJsibHO (CM. BBIKJIQJIKU B KOHIIE JIOKa3aTeJIbCTBAa TeOPeMbI 5.3)7

L(S,)9- 2"
TeopeMa JOKa3aHa.
CaencrBue. L(C,)9 - 2",
X1 Lgn—1 Tgn-1471 T2n
En—l En—l
L b L Bl
by
L b
Puc. 6.3

3ameuanne. B ob1iem ciiydae c4eTdYuK, TO €CTh cXeMa C 1N BBIXO-
JIaMU, Ha KOTOPBIX MOSBJAETCSA IBOUYHASA 3alUCh YUCIa eJIMHUIL B Habope
3HaYeHWl BXOIHBIX MepeMeHHBIX, MoxKeT nMeTh N, 2"~ N < 2" BXoJ0B.
Takoii c4eTYNK MOXKHO TOCTPOUTH U3 “CTaHIAPTHBIX CYETYUKOB, TTOPHA]I-
K KOTOPBIX COOTBETCTBYIOT HOMepaM eJIMHUYHBIX KOMIOHEHT Hadopa «,
« € B", takoro, 4to |a| = N, u ne 6ostee gyem (n—1)-ro cymmaropa nopsi-
ka n. Kaxapiii n3 cTaHgapTHBIX CYeTYNKOB BBIYUCTSAET YUCTO €IMHUIL B
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cBoeil yacTu Habopa n3 N epeMeHHbIX, & CYMMaTOPbl CKJIaAbIBAIOT YNC/Ia,
HOSABUBINUECs Ha BbIXoJAaX c4eTInKoB. CJI0KHOCTD IIOCTPOEHHOI cXeMbl He
npeBocxouT, odeuino, (N + n?).

PaccmoTpum Tereph CJI0KHOCTH YMHOXKUTeAss M, 11 yMHOXKe-
HUS JIByX HEOTPHUIATETbHBIX N-Pa3psIHbIX JIBOMYHBIX dncesg X =
(z1,29,....2,)| 1Y = |(y1,y2,- .. yn)|- Tax kax X < 2" nm YV < 2",
to XY < 22" u mya npejicraBienus pesyiabTara Tpebyercs He 6oee
2n BBIXo0B. Obo3HavdnM depe3 Lj(n) HamMeHbIlee BO3MOKHOE HHCJIO
3JieMeHTOB B ymHoxkutese M,. Oueumno, uro Ly (l) = 1, tak Kak
YMHOYKeHIe 1-pa3psIHbIX YHiCes OCYIIECTBIIAET 3J1eMeHT KOHbIOHKIINS.

YrBepxkaeane. Cywecmseyem COO daa ymHorncenus n-pa3padnozo
wucaa X Ha 1-pa3padnoe 4ucao y ¢ YUCAOM INEMEHMOS N.

HeiicrBurenpro, ecim X = |(x1,29,...,2,)| 1 Xy = Z =
|(21, 22, -+ 2n)|, TO zi=2;y nst Beex i = 1,2,...,n.

[Ipu ymMHO:KeHUU JIBYX n-paspsaHbix ynces X u'Y “B cTos0uK” HaJl0
n pas ymHoxuTh X Ha l-paspsajHoe uducio (Bcero n? KOHWbBIOHKIMIH) U
3aTeM 1 — 1 pa3 CJI0KHUTh YHUcia JInHOoi He Oosiee 2n. Takoit aaropurm
(cxema) umeer cyioxKHOCTH 1o opsAaKy n?. Crieyonias TeopemMa MoKasbl-
BaeT, 4TO aJroOpuTM YMHOXKeHUs “B CTOJOUK He ONTHUMaJIeH 110 MOPAJIKY.

Teopema 6.4 (Kapamy6a A. A. [4]). Cywecmsyem makas xoH-
cmarma ¢, wmo daa eécex n Lyr(n)en'®823,

HokaxkeMm cHadaJia HECKOJIBKO BCIIOMOTATETbHBIX JIEMM.

Jlemma 6.1. Cywecmsyem wowcmanma c¢; makasa, wmo Ly(n +
1)Ly(n) + cin das scex n.

Hoxazameavcmeo. Ilycth Tpebyercs mnepemHOXKNTH nBa (n +
1)-paspsannpix dncia X; = [(xe,x1,...,20)] 1 Y1 = (Yo, Y1,y -+ Un)l-
Torma obosuaunm |(x1,x9,...,2,)| =X u [(y1,y2, ..., yn)| =Y. Ilpu s10M
X1 :I()Qn-i—X, Y1 :y02n-|—YI/I

X1Y) = 20y02”" + (20 + 50 X)2" + XY,

[TosTomy nuist Bramucenust X1Y; J10CcTaToO9HO UCMIOJIB30BATh YMHOKUTE
M, nnsa sBerauciaennsa XY, 2n 3J1eMeHTOB 171 BbIYACIeHUA xoY 1 yoX, 1
9JIEMEHT JJIsl BBIYUCTIEHUA ZgYg U 3 cymMMaTopa TMopsaka He doJiee 2n + 2,
Tak Kak X Y] < 222, Ormernm, urto umenaa zoyp U Y + yoX Hao
Mmo/IaBaTh HA CYMMATOPhI CO CABUTOM, OJTHOBPEMEHHO TojlaBast Ha MJIAIITe
paspsiabl 0. IIpu aTom 0 MOXKHO MpeaBapUTEIbHO MOJTYYUTh MOJACXEMOit
¢ 2 syiemeHTaMu, peanusyitonieit xoZy = 0. Tak Kax cJ0KHOCTH KaxKI0TO
cyMMaTopa MOKHO ciesath ne 6osee 9(2n 4+ 2), a ciaoxnocts M, paBHOii
Ly(n), TO CI0KHOCTD TOJTy9eHHO cxeMbl OyeT He bostbre dem Ly (n) +
c1n U HEKOTOPO#l KOHCTAaHTHI ¢;. JlemMMa mokasaHa.
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JIemma 6.2 (ocHOBHasA). Cywecmsyem KOHCMAHMA Co MAKAA, YMO
Ly (2n)3Ly(n) 4 con, das ecex n.
Toxazameavcmeo. IlycTh HYZKHO TepeMHOKNTH JBa 2n-paspsaaHbIX

gnciaa X n Y. PasobbeMm ux Ha 4acTu, cojepzKaline 1mo n paspsjaos. Toria
nonyaum X = X 12" + Xy, Y =Y12" + V5. Orcrona

XY = X,¥12% 4+ (X)Ys + Xo¥1)2" + XV) =
— X1V122 4 (X1 + Xo) (Vi 4+ Y2) = X1V) — Xo¥3)2" + X5,

Tax kak X1Ys+X5Y70, To npu BelunTaHUM B KBaJAPaTHOI CKOOKe He BO3HMU-
KaeT oTpuliaTe bHbIX dnces. Takum obpaszom, cxeMmy JJisi yMHOKeHUs X Y
MOYKHO IIOCTPOUTH, UCIIOIb3YA 2 ONTUMAJIBHBIX YMHOXKUTeA:A M, ¢ 9ncjiom
31eMeHTOB Ly (n) B Kaxk oM 1uis Beranciaenus X 1Y) n XoYs, yMHOKUTEH
M, 41 ¢ aucyiom sstementoB Ly (n+1) ms seraucaenns (X + Xo) (Y1 +Y5),
4 cymmaropa mopsjika He bosiee 4n (Tak kak XY < 24") u 2 BprYmMTaTENA
nopsAnka 2n + 2. B HEKoTophIX cyMMaTopax OonATh Ha MJIAJININE Pa3p bl
HaJ10 ojaBaTh (), KOTOPHI peajmn3yeM rojacxeMoii ¢ 2 anementamn: ) = x,
rie x - Jwbas BXojHas nepemenHas. [Lyis nocrpoenHoit cxembl Mo, c
y4eToM JieMMbI 6.1 To/ryduM /1711 HeKOTOPHIX KOHCTAHT ¢ U Co:

L(My,)2Ly(n) + Ly(n+ 1) + en3Ly(n) + ein+ en = 3Ly (n) 4+ can

Jlemma 6.3. Cywecmeyem maxaa xoncmanma cg, 4mo das 106020
Hamypaavrozo k evinoanaemes Ly (2%)c33*.

Hoxazameavcmeo. [onoxum f(k) = LJV{Efk). Torna n3 npenpiayIeit
3
JIEMMBI MeeM
LM(Qk) LM<2k_1) n CQ<2)k_1
3k 3k-1 33
! 2 2 2
€2 2 \k—1 C2 4 k-2 , C2 4\
EYf(k—1)+ —(= k—2)+ —(= —(=
FF = 1)+ 2O =2 + 202 4 22
L f)+ =4+ (2 (s -
FO+ 24 G+ 4 () e

TSl HEKOTOPOit KOHCTAHTHI €3, MOCKOJIBKY CYMMa B KBaJpaTHBIX CKODKaxX
He TPEBOCXOIUT CyMMY 2 DECKOHEYHO yObIBalolleil TeoMeTpruiecKoil mpo-

f I 2k
rpeccun C N€epBbIM YJIEHOM % 1 3HaMeHaTeJIeM % Takum 06pa30M %63

IHoxazameavcmeo meopemur Kapauybw. Ilyctb n — Jrobdoe Hary-
paJsibHoe dncygo u n > 1. Torna cymecTByer HarypaJibHoe k Takoe, 4TO
k=1 < n2% IInsa yMHOKeHUs n-paspsAIHBIX dHCe]T OYIeM HCIO/Ib30BATh
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cxeMmy Moy ¢ 9uCI0OM 3J1EMEHTOB LM(Qk), nojaBas Ha crapmme 2% —n Bxos-
HBIX pa3pA0oB 000ux coMHoKuTeseil 0, mpeaBapuTeIbHO peaan30BaHHbII
nojicxeMoii n3 2 synemenToB. Torna nmeem

— 3C3Q(k_1) log23 + 2 < 3C3n10g23 + 26n10g23

ISl HEKOTOPO# KOHCTAHTHI C.

B saksrouenne ormernm, 4to cymiectByer ajiroput™m Illenxare u
[MITpaccena nyist yMHOXKEHUs ABYX N-paspAIHBIX YUCET, JTAONII OIeHKY
Lyr(n)enlog nloglog n, riue ¢ - HekoTOpas KOHCTAHTA U JTOTApUpMbI MOKHO
CYNTaTh JIBOUIHBIMI.

§ 7. Meton Illennona njist cuatesa CPID. Bepxaue n
HU>XKHWe olleHKu PyHKImu [llenHoHa M C/I0KHOCTH
HeKoTopbix PAJI

B §4 obu1 pacemoTpen npocteiimuii Meto cuaTesa CDD i mpo-
usBosibHOit PAJT f(xy,...,2,), OCHOBAaHHDIH Ha MOJIEJINPOBAHNN €€ COBep-
mennoit JITH®. Ecim npu aToM BocnoJib3oBaThcs 3aMevdanneM K Jjiemme 4.1
U BCe KOHBIOHKIMU BUJa Z]' - ... 27" pealn30oBaTh C MOMOIILI OIHOTO
cxXeMHoro Jietmnudgparopa, To B ¢y TeopeMbl 5.1 MoxHO noctponth CDD
Y, koropas peanusyetr QAL f(x1,..,2,) 1 1708 KOTOPOH

L(Z)2" T + O(n - 277,

Paccmorpum emie 0osiee “skoHOMHBIIA” Meron cuHtesa CDD — wmerojl
IITennona.
Teopema 7.1. [laa aoboti PAJT f(xy,...,T,) MOHCHO NOCPOUMY

CDI Xy, komopas peasusyem f u das xomopot

on o]
L(Z)6- =+ 0 (ﬂ)
n

n2

Hoxazameavcmeo. Pazodbbem nadop BIl = (xy,...,2,) Ha nonHa-
oopot &' = (x1,...,2) u 2" = (¥p41,...,2,), tae k, lkn, — HeKOTOPHI
napamerp. s sioboro nabopa o' = (a1, ..., 0;) us B¥ nosoxum:

" ! 2
fo(z") = f(o',2").
Torna nyst DAJI f Oyner cupaBedInBo HpecTaBIeHTe:

f(a' 2") = \V el ealt e (2 = () fy(27), L fi(2)
o'=(o1,...,05)EB*
(7.1)
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ITocrpoum COD Y ; n3 yHUBepCAIbHOIO MHOIOMOJIIOCHUKA X TopsiKa (n—
k) or BIT 2" u mynsruniekcopa ¥’ nopsaka k ¢ agpecasiMu BIT 2/, Ha
nHMOpMAIIMOHHBIE BXOIbI KOTOPOTO IOJIAITC BHIXOIB X B COOTBETCTBUN
c (7.1) (cm. puc. 7.1).

Ecyin mynibTumniekcop X' mocrponts o Jiemme 5.2, a yHUBepcaJIbHBbII
MHOronoJifocHuk Y’ — 1o reopeme 5.4, To

L(Z)3- 25 + O(k - 24/7), L(=")2""".
CrnenoBarebHO, ToJiaras
k =]n —log (n — 2logn)],
OJTY 9UM
on

L(¥Xf)6 —————
(%) n— 2logn

. 2" 2" 2m1
com s 2o 2 o (ZlEn)
n

n n?

TeopeMa JOKa3aHa.

Tk41 Ln
..... |
!
¢ ..... 01(1‘“) ¢
yo lo’| ilzk—1
1 T
. >/
T
#f(:t?/,:t?//)
Puc. 7.1

Caencreue. L(n)6 - 2 4+ O(21%").

PaccmoTpum Terepb Bonipoc o HUKHEUX olleHKax dpyHkimun [Hlennona
L(n) u cnoxHOCTH HEKOTOPBIX KOHKpeTHBIX PA.JT.

IIycts y(L,n) — ducao Bcex TexX MOMapHO HEM30MOP(MHBIX HENpH-
BoauMbix COD ¢ Bxonubimu BII x4, ..., x, u BeixomgHoit BII z1, cioxkHocTh
KOTOPBIX He 00JIbIlle, 9eM L.

Jlemma 7.1. IIpu awbvixr namypasvuuix L,n cnpasediuso HepaseH-
cmao

Y(L,n)(L + n)*,

IHoxazameavcmeo. Ilycts ¥ — nenpupogumast COD ¢ Bxomgabivu BII
x1,..., 2, n Beixonnoit BII zy, misa xkoropoit L(X) L. s sananus COD ¥
JIOCTaTOYHO:

1) BeiOparh 1esbie HeoTpunaresbable ducaa Ly, Ly, Ly Tak, 9T06BI
Li+ Ly+ L3L, — 310 MoXHO ¢ienarh He 6osee, yem (L + 1)* cniocobamu;
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2) B3aTh L1 @D &, Ly @D V u L3 ®I -, a 3areM KaxKblii BXOJ
KasKJIOro U3 HUX “NPHUCOEIMHUTH K BBIXOILY HEKOTOPOro jpyroro @2 mim
K OJIHOMY U3 BXOJOB ¥ — 3T0 MOXKHO cjesiaTh He Gosee, yem (L + n)*
criocodaMu;

3) momectuth enuucTBenubiii cTok CPD ¥ k BhixonHoii BII 2.

CrenoBareJibHO,

YLyn)(L+ 1) (L +n)* (L +n)*H 0
JlemMa nokasaHa.

Jlemma 7.2. IIpu awbvix namypasvruix L,n cnpasedauso HepaseH-
CcMBo:

(Lon) (32(L + n))*.

Hoxazameavcmeo. Ilycrs ¥ — "Henpuogumas COD ¢ pxonubimu BIT
T1,...,2, u BoixomHoit BII zy, aisa koropoii L(X) = L'L. Comnocraum
CD9 Y opueHTHpOBaHHOE KOpHEBOE YMOpsAA0YeHOe MoMedeHHOoe JIepPeBOo
D, noaydamwtnieecs u3 rpada X B pesysbrare “cHstuss’ BXonaHbix BII c
UCTOKOB Y, “oTcoe/lnHeHUsT” OT KaK I0il BeplinHbl v Ipada X, Takoii, 4To
dt(v) > 1, kakux-sbo (d*(v) — 1) ucxondmmux us Hee JAyr U 00bABJICHU I
HAYaJIbHBIX BEPITNH 3THX JIyT HOBBIMH BepITHHAMU-TNCThAMEI D (cM. puc.
7.2). Bamernm, 9TO MOMETKN BHYTPEHHUX BepinuH fepeBa Drumamu O
basuca By coOXpaHAITCA, U 9TO B KazkKIyI0 TaKyio BepmnHy D ¢ moMeTKoi
OC — BXOANUT OJHA /IyTa, a ¢ MoMeTKoil & mim V — JBe JIyTn.

SaMeTuM Takxke, 9To A5 nosaydenns COD ¥ u3 nepena D mocrarod-
HO KaK/Iplit iucT D npucoeIMHUTH JIN00 K o7HOo# 13 BX0/IHBIX BepiruH CDD
Y, nomedennbix BII zq, 29, ..., 2,, U00 K oAHOI N3 BHYTPEHHUX BepINUH
caMoro Jepena D.

N3 noctpoenns aepepa D ciiegyer, 9TO YUCI0 BHYTPEHHUX BepIITH
(T. e. BepIIMH, OTJIMYHBIX OT JINCTheB) B HeM paBHo L', a dnciio pebep He
Gosbine, yem 2L, u nosromy 4ducsio guctbeB B D' He Gosbire, yem L'+ 1
(cm. §2). CienoBaresibio, Yncsao pazandabix COD X, cBA3AHHBIX ¢ OIHAM

7
u TeM ke jgepeBom D, ue 6oabmie, yem (L' +n)¥ 1 a uz §2 serrekaer, uro
YUCJI0 PA3JINIHBIX jJepeBbeB D paccMaTpuBaeMoro BHja He 00JIbIe, YeM

42[/ . 2L' — 25[/
CrenoBareJibHO,

L
HLym) 32 327 (L' + n)P 4 (32(L 4 )+,
L'=1

JlemMa nokasaHa.
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Puc. 7.2

HokaszareJbCcTBO JABYX CJIEAYIONUX YTBEPKIeHUl OCHOBAHO Ha T.H.
“MOIIIHOCTHOM  IIPUHIIUIIE [TOJIyYeHUusI HUKHUX oleHOK dyHKiunu Ilerno-
Ha.

Teopema 7.2. /lasa 4106020 HAMYPaALHO20 N CNPABEJAUBO HEPABEH-

cmeo
2n—1

n

L(n)

(1= o(1))-

Hoxazameavcmeo. 13 onpenenenns gynknnu [ennona L(n) u Be-
mmaunel (L, n) ciemyer, 9To

y(L(n),n)2%".
JlorapudpmMupys 510 HepaBeHCTBO U PpUMeHssA JeMMy 7.1, nosydum:
(2L(n) +4) - log(L(n) + n)2",
OTKY/Ia B CHJIYy TeopeMbl 7.1 BbITEKaet, 4To
(2L(n) +4) - (n+ o(1))2".

CrenoBaresibHO,
2n—1

n

L(n)

(1-o0(1))
JlemMa nokasaHa.

Teopema 7.3. /lasa 4106020 HAMYPAALHO20 N CNPABEJAUBO HEPAGEH-

L(ﬂ)z_n (1+ 10gn—6—0(1)) |

n n

cmeo.

Hoxazameavcmeo. Pacemorpum MHOKecTBO Py(n), cocTostiee n3 Tex

DAJI f, f € Py(n), nist KOTOPBIX

L(f)L(n) = L'(n) = n, (7.2)
e . 2" logn —6
Lny="" (1 + T) . (7.3)
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13 (7.2), onpenenenns Beswannnt y(L,n) u gemmbr 7.1 caemyer, 910
By)y(E(), m) (32 (). (7.4
Jlorapudmupys (7.4) n ucriosibsys (7.3), moaydnm:
log | Py(n)|L'(n)(n —logn + 5 + o(1))

on (1+logni—6) (1_logn—5—0(1))

n n

(11700,

2" —log |Py(n)| = oo m

CrenoBareJibHO,

— 0

Ipu 1 — 00, & 3HAYUT, MHOKeCTBO I (n)\ Py(n) He mycTo mpu 10CTaTOIHO
bosbIux n, u nmostomy Haiinercs takas QAJL f, f € Py(n), nisa koropoii

L(f)> L(n) = = (1+10g”_6_0<1)). (7.5)

n n

Teopema moka3ana.

CanencrBue. Hepasencmeo (7.5) evinoansemca Oas noumu ecex
QAJI f uz Py(n).

PaccmoTpum Tenepb HEKOTOpbBIe METOJIbI TTOJTYYeHU I HUZKHUAX OTeHOK
cinoxaocTn KOHKpeTHBIX PAJI. CoobpaxkeHus, cBa3aHHbIe C TeM, 4YTO
cioxaocTh CDI Y, KoTopasd peajnsyer cuctemy n3 m pasandubix OAJI,
oTngHbIX oT BII, He MoxKeT ObITh MeHbIIe, YeM 17, Mbl yKe HCI0Ib30BaJIN
B TeopeMax 5.1, 5.3. B ciayvae nemudparopa, a TaKKe B HEKOTOPBIX TO-
JIOOHBIX CJIydasiX 3Ty TPUBUAIBHYIO ONEHKY MOXKHO HECKOJIbKO YTOYHUT.

Jlemma 7.3. Caootcnocms cxemmozo dewugpamopa nopadka n, n 2,
ne menvwie, wem 2" + /2 -2V —p — 1.

Hoxazameavcmeo. Ilycth X — cTporo NpuUBeNeHHBI CXeMHBIN j1e-
mudparop nopsijgika n, n 2, ¢ BxojgabiMu BII xq,...,x,. 3 crporoii
NIPUBEJIEHHOCTH Y CJIEIYeT, YTo KaxK bl ero BeIxomHoi P sABIsAeTCs JTnd0
DD &, nmubo O —. [eiicTBuTeibHO, ecin Ob1 Ha Bbhixoge OD V COI X

peasm3oBasiach KoHbloHKIMA K = z{' - ... x0",

TO XOTsA OBl HA OTHOM
M3 ero BXOJOB TaKKe peaJsinzoBasach 0bl KoOHbIOHKINA K, n B COD X
0Ka3aJ10Cch OBl /IBe pas3JIMYHBIX 3KBUBaJeHTHBIX Beprmubl (cMm. §4). Ilo
9TOIl Ke MpUYMHe Ha BXOJbl BceX JBYXBX0/10BbIX P9 CDI Y monatorcs
paziananbie A JI. Bamerum Takxke, 4ro Boixog O £', Koropblil o1HOBpe-

MEHHO ABJIAeTCH BBIXOJO0M E, He MOZKET IOCTYIIaTh Ha BXOM IPYyroro O]
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E", BBIX0O KOTOPOTO TaKiKe fABJISETCs BBIXOIOM Y, T.K. npu 3tom O &’

u & nomxupl 0biTh P & WM -, Ha BBHIXOJAX KOTOPHIX PEATU3YIOTCS

pasHble KOH'bIOHKIINYU U3 (), 9T0 HeBo3MoxkHo. [IycTh a — 49ucsio BepnimH

CD9 ¥, oT/IMIHBIX OT ee BBIX0/I0B. I3 yKaszaHHBIX ocodbeHHOoCcTeli CDD X
cJIeryer, 9To

2na(a _ 1)

2 2

av2-2M% _1

n IO5TOMY

Taxum odbpasom,
L(X)2"+a—n2"+v2-2M2 —pn—1.

JlemMa nokasaHa.
CnencrBue. B cuay caedecmesus 2 u3 meopemut 5.1

2" 422" i —1L(Q,)2" + g\ﬁ 22 4+ O(n - 2/4).

Jlemma 7.4. Ecau CO9 Y pearusyem cyuwecmeennyro DPAJI
f(z1,...,2,), mo L(X) n—1, a ecau, xpome mozo, PAJI f nemonomonna,
mo L(X) n.

Loxazameavemso. Ilepeiinem or COD X, conepxamnieit L' @D & n
V, K gepeBy D Tak, Kak 3T0 OBLIO cleJJaHO TIPU J0Ka3aTeIbCTBe TeOpeMbl
7.1. 3amerum, uto 4yucso BII f He 6osbire, 4em duciio JinctheB aepesa D,
KOTOpPOe, B CBOIO o4depeih, He bosbine, yem L + 1. CienoBarennho,

L(S)L'n — 1.

Ecim ke B COD ¥ ecthb xoTs 661 0ime @D = (B Tom cirydae, korma OAJI
f wemonoronna, @9 = B COD ¥ obs3aresibHo HAliIETCs), TO

L(S)L" + 1n.

JlemMa nokasaHa.

[Mpumensis memmy 7.3 kK PAJL f = 71 V...VT,, noayqaum, aro L(f)n.
C npyroit ctoponbr, PAJI f MoxkHO peam3oBarh POPMYJIOH X7 - ... Ty,
1 TI09TOMY L(f) n. CrnenoBaresibHO, (bopmysia Ty - ... T, ABJIATCA MUHN-
MaspHol (B Kimacce COI), u L(f) = n.

Bynem ropoputh, drto moamHoxkectBo U wmuoxkectBa BII ®AJI f
sabusaem BIl x, x ¢ U, ®AJIL f, eciin mo/1cTAHOBKU HEKOTOPBIX KOHCTAHT
BMmecto BII U n3 @AJI f moxno nosyunts GAJI, He 3aBucANIyIo Cylie-
crBeHHO oT x. MHOXkecTBOo niepeMeHHbIX X PAJI f Oy/iem Ha3bIBATh He3a-
busaemoiM, eCJii JTI00as rnepeMeHHas x 13 X He 3a0MBaeTCsa MHOXKECTBOM
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X \{x}. Jlerko Bumeth, 910 npu Jiroboii MOJICTAHOBKE KOHCTAHT BMECTO He-
KOTOPBIX MepeMeHHbIX He3abnpaemoro MmHokecTBa X PAJI f ocrapmmecs
nepeMeHHble 13 X 00pa3yloT He3abWBaeMoe MHOXKeCTBO TTepeMeHHbBIX I
DAL, nonydatomeiics B pe3yabTaTe 3Toii mojicTaHOBKU. Q4YeBUIHO TaKXKe,
4TO Bce IepeMeHHble HezabuBaemoro MHoxkecTBa X DAJL f aABiasAorcs
CylIeCTBeHHbIMHE TepeMeHHbIME f, ecan | X| 2.

Teopema 7.4. Ecau y OAJI f ecmv He3abusaemoe nodMHoHcecmaeo
U3 N NEPEMEHHBLT, MO

L(f)2(n — 1).

Hoxazameavcmeo. Ilpu n = 1 oneHKa TeopeMbl, 09€BUIHO, BEepHA.
[Ipennosoxkup, 410 »Ta oleHka BepHa s Jiroboit GAJI f wu sodboro
n (I —1), toe | 2, mokaxkeM ee CIpaBeITHBOCTD s Tpon3BosibHoil AJI
h, KoTopas nmeer He3abMBaeMoe MOJIMHOXKECTBO, COCTaABJIEHHOE U3 CyTIe-
CTBEHHBIX IIepeMeHHbIX X1, . . ., ] DAJI h. [Iycth ¥ — muanmasibnas COI,
peanmusyiomas PAJI h co cioxkuaocthio L(h). Pacemorpum Beputnny v COD
Y, B KOTOPYIO BeJIeT Jyra U3 BXOJAHO BEpIIUHBI X1, U KOTOPOil IpUMUcaHa
DAJI ¢ 6asuca by. Ilycts 0 =0, ecit ¢ = u;y - ug, 1 ¢ = 1 B oCTATbHBIX
cirydaax. BepmuHa v He MoxKeT OBITh BBIXOJIOM Y, TaK KakK WHade IMPU
X1 = 0 Ha BBIXOJIe X MOsABJIAIACh Obl KOHCTAHTA U IepeMeHHas r1 3abuBaJsa
ObI, TEeM caMbIM, llepeMeHHbIe X9, . .., r; DAJI h. CnenoBaresibHo, HalieTcs
BepiimHa w CPD X, B KoTopyo BeieT jyra u3 BepmuHbl v. Ilycts X' —
C®D, nonyqaromasca nz COD ¥ B pesysbrarTe M0JCTAHOBKA KOHCTAHTHI®
o BMecTo nepemennoii 7. Cxema Y/ peamusyer nexkoropyio ®AJI f' ¢
He3a0MBaeMbIM MHOXKECTBOM W3 MepeMeHHBIX Z9,...,%; U He COJIePXKUT
BEPINH U, W, TO €CTh UMeeT CJIOKHOCTh He bosee, vem L(X) — 2. B cury

nHIyKTHBHOTO nipennosoxenns L(f') 2(1 — 2), n nostomy
L(h) = L(S)L(Z)) + 2L(f") + 22( — 1).

Teopema mokaszana.

Caencteue. L(u,) =2-2" 4+ O(2"?).

HefictBuresbHo, TpebyeMasi BepxHss omeHKa 1yist L(u,) BbITekaeT
3 Teopembl 5.2 (cM. cienctBue), a Tak Kak BII yg,...,y;m_1 obpasytor
He3zabuBaeMoe MHoXKecTBO DBII p,, To Teopema 7.3 1aeT HeoOXOIUMYIO
HUKHIOIO OTEHKY.

s[TomcranoBKa KOHCTAHT BMECTO HEKOTOPBIX BXOMHBIX mepeMenHbix CPD mompasyme-
BaeT, YTO “KOHCTAHTHBIE” BXOIBI CXEMBI, a TaKyKe Te 3JEeMEHThI, Ha BXOMdaX KOTOPBIX
MOABJIAIOTCA KOHCTAHTHI, TOCJIE0BATeIbHO YCTPAHAIOTCA TIPUMEHeHreM TOXKIecTB () =
1,1=0,2-0=0, 2V1=1, 2-1=2V0 =2z 00 Tex Top, TTOKa 3TO BO3MOKHO.
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PaccmoTpum, B 3aKJIi0UeHne, BOITPOC O CJIOKHOCTH peasTu3alui CUM-
MeTpudecknx OAJI.

Oyukrms f(xy,...,2,) HA3BIBACTCH CUMMEMPUIECKOT, €CJIN ee 3HaA-
YeHue He MeHAeTCs TPU JII000ii TepecTaHOBKe apTyMeHTOB. 3HaYeHHe CUM-
metpudeckoit ®AJI ogHO3HAYHO ONpeieiseTcss YUCIOM eIUHUIL B Habope
3HAYeHNl ee MepeMeHHbIX, TaK KakK JiBa Habopa ¢ OJUHAKOBBIM YHCJIOM
eINHUTL BCeT/Ia MOYKHO TIOJIYYHUTh JIPYT U3 JIpyra HEKOTOPOoil epecTaHOBKOi
apryMeHTOB. 3aMeTuM, 4TO JItodasd OTJINYHas OT KOHCTAaHThI CUMMeTpPH-
qeckasg PAJL f(xy,...,x,) aABagercs cymectBennoii ®AJI, n mosromy
L(f) n — 1 cornacuo jemwme 7.3.

Teopema 7.5. /by cummempuyeckyro QAJI om n nepemenrvir

MOHCHO PEAAUIOBATNY CO CAOHCHOCMBI0 9N + O (@) .

Hoxazameavemeo. Ilycrs f(xq,...,2,) — cumMerpudeckas OAJI,
k =]logy(n + 1)[, a PAJI g(y1,...,yx) Ha HAbOpe & = (aq,...,a), TIe
|&| n, paBra snavennto GAJI f Ha Habopax c |&| enuHUTIAME U TPUHUMAET
NpoU3BOJIbHBbIE 3HAYeHUs Ha ocTajbHbIX Habopax. ITycrs ¥ — cyerunk
C BXOIHBIMHU TMEPEMEHHBIMU ZT1,...,T, (CM. 3aMedaHne K Teopeme 6.3)
csioxHOCTH He BoJtee, yem 9(n+k?), a X" — CDI, peanusytomas OAJI g n
nMeroIas CJI0KHOCTh He DoJiee, 4eM 6(1—|—0(1))% (cM. Teopemy 7.1). Cxema
Y, KoTOpas MoJiydaercs npucoenntenneM Boixogos CPD Y k Bxogam

COD Y, peanusyet, odeBugao, DAJI f, u

ok n
_ ! 7 i
L(Sy) = L(S) + ()9 +0 (= 9”+O<1ogn)'

TeopeMa JOKa3aHa.
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YacTe 3. ABToMaThI

§ 8. ABromarHble pyHKIIMHU. VIX peanunsamums cxemMmamu
13 QYHKIIMOHAJIIBHBIX 3JIEMEHTOB W 3JIEMEHTOB
3a1€PKKHU

B nannom naparpade paccMaTpuBaroTCs HEKOTOPbIE BOIIPOCHI, CB-
3aHHbIE C aBTOMaTaMU M OCYIIEeCTBJIsAeMbIMA UMH OTOOpazKeHusMu. Ilo-
TpobHOEe M3JI0JKEeHNe Teopun aBToMaroB MoxkHo Hafitu B (7) . B (?7) pac-
CMaTPUBAIOTCI aBTOMAaTHbIE 0TOOpaKeHUsANsA 1 ollepallii HaJl HUMU. 3/1eCh
MbI PACCMOTPHUM CBsI3b MEXK,1y aBTOMATHBIMEI OTOOpaKeHUAMU U CXeMaMu
13 (PYHKIUOHAIBHBIX 3JI€MEHTOB U 3JIeMEHTOB 3a/1epiKKU.

Onpenenenne. HHuyuasbHbuM a6mMOMAMOM Ha3bIBaeTCs Ji0dasl
mecrepka (A4, B,Q,G, F,q), tne A, B, () - npon3BoJibHbIe MHOKECTBa,
G — dyukmus, oTobpazkarlnas mapbl U3 JieKapToBa Mpouspegenns A X ()
B (), F' — ¢dyskuus, orodopakarias napbl u3 A X () B B, u gy € Q.
MuoxkecrBa A, B, () Ha3bIBAIOTCsA, COOTBETCTBEHHO, BLOJHUIM aApa6U-
MOM, GULOTHUM GAGABUMOM T AAHAGUMOM (MHOHCECTBOM) COCTNOAHU.
Oyuknua G HazbiBaeTcsA pyHnruuet nepexodos, hyukuusa F — dynryued
6uL00a, () HA3BIBACTCH HAYAALHIM COCTNOAHUEM.

Onpenenum  gynryuonuposarue apromara. ByueM paccMaTpuBarh
napamerp t, npuHUMatonmii 3Hadenust 0,1,2,... , KOTOpbIii MOXKHO UH-
TepHpeTupoBarh Kak JUCKpeTHoe BpeMs. ByjieM cunrars, 9To Ha BXOJI aB-
TOMaTa MOXKeT MOCTYNUTh JTobas mocyaenoBaresbHocth a(l), a(2),a(3),...
(koHeuHas mam GeckoHedHast), rme a(t) € A nysa Bcex t. Bemem mepe-
mennbie ¢(t), t = 0,1,... m z(¢t), t = 1,2,..., KoTopble OyIeM Ha3bIBAThH
COCTNOAHUEM ABTMOMAMA 6 MOMEHM. t 1 GHLLOIHDIM 3HAYEHUEM 6 MOMEHM,
t. llycrs z(t) — 3madenue Bxona B Mmoment t. Torma onpenesnnm z(t) u g(t)

2(t) = F(a(t),q(t - 1))
o(t) = G(a(t),q(t— 1)) (8.1)
Q(O) = qo

AN pPaBE€EHCTBa Ha3bIBAOTCA KaHOHHMYECKMMHN YpaBHEHUAMHN aBTOMaTa.

paBE€EHCTBaMM

Jlerko Bujerh, UTo M3 KaHoHmdecknx ypasuenmit o z(1l) u ¢(0) = g¢q
onnoszHa4qHo onpenessorcs z(1) u ¢(1). Barem mo ¢(1) n z(2) ogHO3HAU-
HO ompenessorca z(2) n ¢(2) m T.a. B pesysabrare mo BXomHoii mocite-
nosaresbaocTn (1), 2(2),...,2(n) 0OJHO3HAYHO OMpPEIeJIAeTCS BBIXOIHA
nocsieioBareibHOCTh z(1), 2(2),...,2(n), To ecTh aBTOMAT OCYIIECTBJISET
oToOpazkeHne MOCJeIoBaTeIbHOCTel JIt000ii IIMHBl (KOHEYHO win Gec-
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KOHEYHOIi) ¢ 3/leMeHTaMn n3 A B MOC/IeI0BATEIbHOCTH TOR Ke JIJINHBI C
s/leMeHTamMu u3 B.

Onupenenenne. I[Iyctbh A u B — nBa MHoxkecTBa. OTobpakeHue
nocaegoBaTebHOCTel ¢ a/ieMeHTaMu 13 A B Moceq0BaTe IbHOCTH C 3JIe-
MeHTaMu 13 B HaswbiBaeTcs asmomamuoti pyHurxyued, eCan CymecTByer
MHUNAAIBHBII aBTOMAT, OCYHIECTBIAONINI 9T0 0TOOpaKeHne.

IIpumep. Ilycte A = B = @) = {0,1} u aBromar omnucbiBaeTcs
CJIEIYIONUMIA KAHOHUIECKUMU YPaBHEHU MU

A1) = qt—1)
o) = (1) 52)
q(0) = 0.

Jlerko BumeTh, 4TO BXOAHA HocsenoBareabnoctTh a(l),a(2),a(3),... oro-
Opaxkaercs TaKUM aBTOMaToM B mocaemoBareabrocth 0,a(l),a(2),.. ..
DTOT aBTOMAT HA3BIBACTCS eJuHUYHOT 3a0depHcKotl.

ABroMarhl yjI00HO 3ajaBaTh FeOMeTPUYECKU ¢ MOMOIILI0 OPUEHTH-
poBaHHBIX TpadoB. IIpy 3ToM KaiKIOMy COCTOAHHIO U3 MHOXKeCTBa ()
corocTaBisgercs BeplinHa oprpada, m Kaxofi nape (a,q), rme a € A,
q € () conocrapiisercsa jayra, Wiylias U3 BepIIUHbI, COOTBETCTBYIOIIEH ¢,
B BepInuHy, coorBeTcTBy0MYy 0 G(a, ¢). DToii 1yre MpUIUCHIBACTCS TTOMET-
Ka (a, F(a,q)). Bepmmna, cooTBeTCTByONIAs HAYATILHOMY COCTOSHUIO (),
nomedaeTcs (Mbl OyIeM momedarh ee 3Be3nodkoii). Onucannbiii rpad c
noMeTKaMu HasbiBaeTcs auarpammoii Mypa s3ajgannoro apromara. Hanpu-
Mep, Ha puc. 8.1 npeacrapiena auarpamMmma Mypa 1/ist 3a1epKKH.

(0,0) (1,0) (1,1)

*

(0,1)

Puc. 8.1

Jlerko Bumerh, 9To guarpamMmMa Mypa o/IHO3HAYHO 3aaeT aBTOMAT.
I[To myram m momeTkaM Ha JyraxX OJIHO3HAYHO OMpPeHessAroTcs (PYHKINN
MepexoI0B 1 BHIXOJIA.

PaccMmorpum Terephb KJacc cXeM, ¢ OMONIbIO KOTOPBIX MOYKHO pea-
JIN30BaTh aBTOMaTHbIe (DYHKIINN.

Omnpenesnienne. [Iycrs 3aman 6asuc b={&, ..., &, R}, tne &y, ..., &
— dyHKnnoHasbHble 3jeMeHTH (cM. maparpad 4), a R — ajement
eIMHUYHON 3a/lepKKU, UM oMH BXod U ojanH Bbhixod. Cxemoii u3
bYyHKIMOHATBHBIX 97IeMeHTOB 1 371eMeHTOB 3a/1epK K (CPI3) B 6asuce b
HasbIBaeTCs rpad, KOTOPBIH YI0BIETBOPsieT MyHKTaM 1)-3) onpeesienns



CD9 (cm. cTp. 7) 1 B KOTOPOM JI1000ii OpHEHTHPOBAHHBIN TNKJT TIPOXOIAT
XOTs OBl Yepe3 OJIHY BepIINHY, COOTBETCTBYIONLYIO 3JIEMEHTY 3aJIep:KKHU.

Bynem cuurtars, 4ro Bce nepeMerHble CPD3 NMpuHUMAIOT 3HAYEHU 5
u3 MHO)KecTBa {0, 1} u MoryT MeHsTh UX B MOMEHTHI Bpemenn t = 1,2, . . ..
[Ipu »ToM dyHKIMOHUpPOBaHWe 3JieMeHTa [ onuChIBaeTCs ypaBHEHUSAMU
(8.2), a dyuxnnonnposanmne @I &;, nmeroniero k; BXOIO0B, MO-TPEKHEMY
ommceiBaercs AT o;(ur, ... ug,), i = 1,...,s. g onucanus GpyHKIm-
orupoBanna CPI3 ¢ r saeMeHTaMU 3aJlepXKKH [ TOCTYNIUM CJIeTyOIAM
obpaszoM.

[Iyctw i-s1 3anmepxka R;, ¢+ = 1,...,r, npunucana BepiinHe v;, B KO-
TOpYIo UJeT ayra u3 Bepmnabl w;. s Bcex ¢ = 1,...,r ynaaum uz COD3
nyru (w;, v;). [o onpenenennio COI3 B mosrydeHHOM 10CIe 5TOr0 rpade He
Oy/leT OPUEeHTUPOBAHHBIX IUKJIOB U OH, T€M CaMbIM, OY/IeT MPe/ICTABIATH
coboit CDOI. Bxomamu sroit CDD OyayT Bce BXOJbl UCXOJIHON CXEMbl, a
TaKzKe BCe BEPIIMHBI v;, i = 1,...,7 (3aMeTHM, 9TO BCe OHH PA3/JINIHDI
U OTJIMYHBI OT BXOJIOB MCXOIHOW cxeMbl). Boixomamn mnosydennoii COD
00'bsABUM BCe BBIXOJIbl MCXOJIHON CXeMbl U BepIUuHbI w;, ¢t = 1,...,r. [IycTh
B HCXO/IHOI cXeMe BhIX0J/IaM ITPUIICAHBI TepeMEeHHbIE 21, . . . y Zy,, BXOJTAM —
nepeMeHHble X1, .. ., L,. BeplinHaM v; IPUIKAIIEM [epeMeHHbIe ), ..., ., a
BepIIMHAM w; — MepeMeHHbIe (i, ..., ({,. B COOTBeTCTBAU C onpeeeHeM
dbyuxnnonnposannsa COI, mia vexkoropsix PAJI f;, ¢g; cipasenuso:

o f - N —
2 fl(xl,...,:Ln,q},...,q,;),z' 1,...,m (8.3)
¢ = gi(x1,.. . 0, ¢y )0 =100,

EcrectBenno caurarh, 410 paBeHcTBa (8.3) BBIMOTHAIOTCSA B KaxK bl Mo-
MeHT BpeMeHu t = 1,2,3,..., To ecTh

z(t) = fi(xi(t), ..., on(t), @i (1), ..., d.(t),i=1,...,m (8.4)
qi<t) = gj(‘/El(t)?"'axn(t)v (t),---,q;(t)),jz1,...,7”. '

Tak Kak, B COOTBETCTBUN C KaAHOHMYIeCKNMHN ypaBHeHnaAMHN (8.2), BBIXO]

o~ =~

s7eMeHTa 3aJlepAKKN B MOMEeHT ! COBIIaJaeT C ero BXOJOM B MOMEHT t —
) —

1, TO eCTeCTBEHHO CYUTATh, YTO B MCXOIHON cxeme ¢;(t) = ¢;(t — 1) npn

t =1,2,... misa Beex ¢ = 1,...,r, tae ¢;(0) = 0. Torna pasencrsa (8.4)

npuarMaioT Bu (rne i =1,...,mu j=1,...,7):

zi(t) = filer(8), .., xn(t), it —1),...,q:.(t — 1)),
q;(t) gi(z1(t), ...,z (t),qu(t = 1),...,¢,(t = 1)), (8.5)
¢;(0) = 0.

[Tosryyennbie paBeHcTBa onpenensoT ¢pyaknonnposanne CPI3 u Ha3bI-

BalOTCA €€ KaHOHNYEeCKUMU YpPpaBHEHNAMU.



IMpumep. COD Y/ Ha puc. 4.46 siByisercs sideiikoii cymmaropa u
peanmusyer ®AJI z1 = 2y V¢ Vyq, 2o =2 Dy D q¢. Torna cxema Ha puc.
8.2 OyzeT uMeTh KaHOHWYECKNe YpaBHEHU s

2(t) = x(t) Dy(t) ©q(t—1)

q(t) = () &y(t) Va(t)&q(t —1) Vy(t)&q(t - 1)

¢(0) = 0.
Ecimn va Bxoapl x u y sroit CPD3 nogaBars ABa JABOUYHBIX YHUCIa 10 OTHO-
MY pa3ps/ay B KazK]Iblii MOMEHT BpeMeHU, HaunHas ¢ MJIAJIIINIX pa3psioB,
TO Ha BbIXO0OJ/l€¢ CXEeMDbI 6y,ILeT BblJ1aBaTbCA CyMl\/Ia 9TUX ‘{I/ICGJI, Ha4dMHaAd C
MJIQJIITNUX paBpHﬂOB. 9Ta CX€Ma Ha3bIBaeTCHAd nOCJLeaOGCZmeJL’bH’bLM CyLMJ\/LCl,-

MOPOM.
x y q
[
> | B
R s
Puc. 8.2

[Tycth EJ — MHO)KeCTBO BceX HADOPOB JJTUHBI 1 ¢ semMeHTamMu 0 u
1. Eciin 3ay1ana nocsieioBaTe IhHOCTh HabOpoB U3 K B KadecTBe 3HAYeHUI
BXOIHBIX MepeMeHHbIX z;(t), i = 1,...,n, t = 1,2,..., To cornacuo (8.5)
10 HAM OJIHO3HAYHO OIpeessieTcs MoCae0BaTeJIbHOCTh HAOOPOB JITUHBI
m 2y (t),...,zm(t) st =1,2,.... Takum 0bpazom, cxeMa OCYIIECTBIIAET
npeobpas3oBaHue MocJeoBaTeIbHOCTel ¢ asieMeHTamMu u3 E} B moc/ieioBa-
TeJILHOCTH C 3JieMeHTaMu u3 EJ.

Onpenenenne. IIycrs aBromarHas (YHKIUSA ¢ oTobpazKkaer Io-
cIeIoBaresIbHOCTH B KoHedHoM aJjipaBuTe A B II0CI€I0BATEJIHLHOCTA B
koHeuHoM aJsipaBute B. Ilycth COI3 ¥ ocymecTBisgeT npeodpazoBaHme
Y mocJsienoBaTesIbHOCTEH ¢ 3/leMeHTaMu U3 EJ B MOCJI€10BATETLHOCTH €
ssieMenTamu u3 E}'. Bymem roBoputh, 910 ¥ Mmodeaupyem @, ecan cylie-
CTBYIOT oTobpaxenus (koduposanus) Ky : A — El u Ky : B — EI,
COIOCTABJIAIONIAE PA3HBIM 3JIEMEHTaM pa3Hble 3JIeMEHThl U 00JIaJalomlie
cBoficTBOM: 7151 J11000# nocsenoBaresnbnoctn 1T = a(l)a(2)...a(t) B an-

dasure A, ecn o(P) = R=0b(1)b(2)...b(t), To Y (K(P)) = Ko(T), tie
Ki(P) = Ki(a(1))K(a(2)) ... K(a(t)),
Ko(T) = Ko(b(1))Ko(b(2)) ... Ko(b(t)).

Teopema 8.1. 1) Omobpascenue, ocywecmenaemoe aoboti COI3,
asasemcs asmomammots pyrxyuet. 2) s aobot aemomammots yrxyuu
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cywecmasyem modeaupyrousans ee COI3 6 bazuce u3 GYHKUUOHAALHBIL IAe-
MEHMOB JU3BIOHKUULU, KOHBIOHKUUL, OMPUYGHUSL U IACMEHMA 300EPHCKU.

Hoxaszameavcmeo. 1) Ilycth orobpakenne 1, ocymecTBIseMoe Cxe-
Moii ¥, 3ayiaercs KaHoHnmdeckumu ypasuenusmn (8.5). Beemem mepemen-
uele X = (x1,...,2,), Q@ = (q1,---,¢), Z = (21,. .+, Zm), IPAHAMAIOTITHE
3navenns, coorBercterno B B, Ef. EJ*. Ilonoxuwm ¢y = (0,...,0). Torna
(8.5) MOKHO Tlepenucarb B BUIe

Z(t) = F(X(1),Q(t-1))
Qt) = G(X(1),Q(t—1))
Q(O) = (o,

rie dyukmun F', G He 3aBucAT aBHO oT t. OTclo/la BUIHO, 9YTO OTOOpaKe-
HIUe, OCYIIeCTRIIIeMOe CXeMOil, CoBIaJaeT ¢ 0TobpaskeHueM, 3a/1aBaeMbIM
apromarom (EY, EY'. EY G, F,q), TO eCTh SABIAETCH aBTOMATHON (DYHKIH-
eil.

2) Ilycrs aBromarnas ¢yHKIUsA gaHa aBromarom D =
(A,B,Q,G, F,q). Boibepem n, m, r tak, uro 2"|A|, 2™|B|, 2"|Q|.

PaccMoTpum mpousBosibHbIe oTobpakenus (Koauposanns) Ky : A — EJ,

Ky : B - EJ, K3 : (Q — Ej, 1upnm KOTOPBIX pa3Hble 3JeMeHThI
0TOOpaKarTcsa B pasHble 3JeMeHThI. oMo/ ITHuTeIbHO ToTpedyeM, YToObI
Ks(q) = (0,...,0). Paccmorpum orobpaxenus G' : El x Ef — El n
F': E} x Ey — EJ takue, 9T0 /15 JIOOBIX ¢ € A 1 ¢ € () BBIIOJIHACTCS
{GI(I{1<G)71{3<Q)) = I{3(G<aﬁQ)) (8 6)

F'(K\(a), K3(q)) = Ky(F(a.q)). '

PasencrBa (8.1) ompemesnsior orobpaxenuss G u F' Tosbko 11 map

a € B}, B € Ej TakuxX, 4To « fABJAETCA KOJIOM HEKOTOpPOil OYKBBI U3
A, a [} aABnasgeTcA KojloM HeKOTOpoit OYKBbI u3 B. s ocTaJIbHBIX Tap

orobpaxennsa G' u F' noonpenesnum npoussosao. Iycers 0 = (0,...,0).
Paccvmorpum asromar H = (EY, EY', E5, G', F',0) ¢ KaHOHMYeCKIMH ypaB-
HeHUAMU

Z(t) = F(X(1),Q(t—1))

Q) = G'(X(),Q(t - 1)) (8.7)

QO) =0

13 (8.6) BBITeKaet, 4ro ecanm aBromar D mpeobpasyer moc/ienoBa-
resibHOCTL P B andasnre A B nocnenosaresnbHocTh T B andasure B, To
H upeobpasyet kon K (P) nociaenosarenproctn P B kom Ko(T') mocaeno-
paresabHoctn T'. Takum 00pa3oM, JOCTATOYHO MOKa3aTh, 9TO aBTOMATHYIO
dbyHKIMI0, 33/1aBaeMyfo paBeHcTBaMu (8.7), MOKHO peasn3oBaTh CXeMOii.
Tak Kak 3HadeHneM nepeMeHHON X sABJIAOTCSA HAGOPDI JIUHBL 1 U3 Bl 1o
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ee MOJKHO PacCMaTpUBaTh Kak HAOOp MepeMeHHbIX (&1, ..., Ty, ), IPUHAMA-
OIMX 3HadeHns n3 Fy. Anasormdano mis nepemenunix Q n Z. Torma (8.7)
MOXKHO Tlepenucarh B Bujie (8.4) nys nexkoropsix AL f;, g;. ITo Teopeme
4.2 moxHo noctpouth COD B 6aszuce { U3 bIOHKINSA, KOHBIOHKIINS, OTPHU-
naHue} ¢ n 4+ r BXoJaMU U M + r BBIXOJAMU, pean3yIoIyo ceMeiicTBo

byHKIMI

zi = filxy,o o a0 gy ql)i=1000,m

¢ = gj(x1, .. Ty qh), =100,
[ycrs B »roit CDD BXOIHAA TepeMeHHas ¢; NpUIUCAHA BepiinHe vj,
a BBIXOJIHAs TepeMeHHast ¢; — BepmmHe w;. dobasum nyry (wj,vj) n
COTIOCTABUM BepINHe v; 3JeMeHT 3ajep:Kku. IlpomesnaB 1o Jisi Beex
nap ¢;, ¢; (7 = 1,...,r) momyanm CPI3, pyHKIMOHMpPOBaHTE KOTOPOIi
ONMCHIBACTCH KAHOHMYECKNMN ypaBHeHUAMN (8.5). DTa cxema sBIsAeTCH
uckomoii. Teopema nokasaHa.

IIpumep (siueiika mamsitu). [lycts tpebdyercs nocrpouth COI3

IJISL aBTOMAaTa C JABYMsA BXOJaMU, B KOTOPOM BBIXOJI B MOMEHT BpeMeHN t
BCerja CoBNalaeT ¢ COCTOAHMEM B MOMeHT t — 1, a cocrosHmMe ocTaeTcs
Hen3MeHHbIM, ecn £y = () (sA9eiika 3aKpbiTa JJIs 3alHUCH), U COCTOTHUE
CTaHOBUTCS PaBHBIM Z1, ecau 9 = 0 (Advefika oTKpbITA 115 3aMUCH).
Kanonuueckne ypaBHeHUs TaKOro aBroMaTa MMeIT BUL

A1) = qlt—1)
q(t) = a1(t)za(t) V q(t = 1)72(?)
q(0) = 0.

Ha puc. 8.3 npuseniena COI3, peanusyonias Adeiiky namsaTH.

T )

Puc. 8.3
[l nosiydeHus: namsAaT u3 2" sgdeek € 3allChI0 OJIHOTO OUTa 110 ajpecy
JIOCTATOYHO B3ATh 2" sA4eeK NaMATH, UX BXOJbl T9 IPUCOEIUHUTH K
pas3JIMYHBIM BbIXojaM demudparopa HopsijiKa n, a Bce BXOAbl X1 IIPUCO-
eIUHNTh K eJMHOMY BXOJIy, Ha KOTOPbBI MOCTyIIaeT 3allCchbiBaeMblii OUT.



Yro0bI JOITOJIHUTEJIBHO o0ecIIednTh CYNThbIBAHUE II0 aapecy AJ0CTaTO4YHO
BbIXO/JbI BCEX dA4Y€E€K I110JaTb Ha Ppa3/IMYHbIe I/IHCbOpMaHI/IOHHbIG BXO/IbI
MYJIBTHUIIJIEKCODPa IMOPpAdKa 7.

§ 9. 9KcnepuMeHTHI ¢ aBToMaTamu. Teopema Mypa

Byjsem Tenepb paccMarpubBarhb aBTOMaTbl, B KOTOPBIX He Bbl-
JeJIeHO HavaJIbHOe COCTOsIHHe, TO eCTh aBTOMaTl 3ajaeTcs IATepKoii
(4.B,Q.G.F).

Yepes A* GyneMm obo3HaYaTh MHOKECTBO BCeX KOHEYHBIX CJIOB B aJl-
dbasure A. Pacmupum dbyukunn F' u G, onpenenns F(a, ¢;) n G(a, ¢;) nns
moboro coctosams ¢; € @ u moboro cioBa @ = (a(l),a(2),...,a(m)) € A*.
[Iycrs aBromar (A, B,Q,G,F) naxonntcs B cocrosannu ¢; € () n Ha
Bxo/1 mnomaercs caoso a = (a(l),a(2),...,a(m)). Torma na BeIXO/IE OyIET
oCJIeIoBaTe/IbHO BhIIaBaThCcs HeKoTopoe coBo b = (b(1),6(2),...,b(m))
U 1I0CJIe 110141 BCEro CJI0Ba 4 aBTOMAT OKaKeTcs B HEKOTOPOM COCTOSIHUN
qx. Pacmupum dbynknnu F u G, nosnoxus F(a,q;) = b, G(a, q;) = q.

Omnpenenenwne. [sa cocrosnus ¢; u ¢; asromara (A,B,Q,G,F)
Ha3bIBAIOTCS OTJIMYUMBIMU, €CJIA CYIECTBYeT BXOJIHOe CJI0BO a € A* Takoe,
aro F(a,q) # F(a,q;). IIpn sToM €JI0BO @ Ha3BIBAIOT 3KCIEPUMEHTOM,
OTJINYAIONINM ¢; U ¢j, a JUIAHY [(@) - JIJINHON TOTO 3KCIepuMeHTa.

Teopema 9.1 (Myp). Ecau 6 asmomame (A, B,Q,G,F) cocmo-
Q| = r, mo cywecmsyem sxcnepumenm a,

AHUA ¢ U ¢j OMAUNUMDL U
omausarouwud ¢; u ¢;, daunor l(a)r — 1.

Jlemma 9.1. ITycmwv 6 asmomame (A, B,Q,G, F) ecmv 2 cocmoanus
Qu U ¢y, OMAUNUMDIE IKCNEPUMEHMOM JAUHDL P U HE OMAUNUMDBLE OOAEE
KOPOMKUM IKCnEPpUMeHMom, mozda drs awbozo k, 2de 1kp, cyuwecmeyrom
2 COCMOAHUA, OMAUNUMDLE IKCNEPUMEHMOM OAuHbL K U HE OMAUMUMDLE
boaee KOPpOmKUM IKCNEPUMEHMOM.

Loxazameavemeso. Ilycrb cocTossiHUS ¢y, OTIUYUMBI 3KCIIEPUMEH-
TOM @ JJIMHBL P U He OTJIMYMMbI SKCHEePUMEHTOM MeHblneil juabl. [Tycrsb
F(a,q,) = b, F(a,q,) = ¢ Torna, b # ¢, npudem b 1 ¢ pa3/IugaioTcs TOJIbKO
nocsenneil 6ykpoit. Pazobbem Bce ciioBa @, b
b = blbg, c = 5152, rie l(C_LQ) = l(bz) = 1(52

G(ai,qy) = ¢". Torma F(as,q') = by, f(as,q") = ¢. Tak xak by u ¢y

b, ¢ Ha 2 nojACJIOBa G = @19,
) = k. Iyers G(ay,q4) = ¢,

pasmJarTcs nocjaenneii 0ykpoit, To ¢ n ¢’ ormunMBI 3KcriepuMeHTOM
amubl [(ag) = k. Homycrum, 910 ¢ u ¢" OTIMYNMBI SKCIIEPUMEHTOM a3
nunbt 1(a3) < k. Torna F(as,q') = bs, F(as,¢") = & u by # 3. Ho
torna F(aias, qu) = bibs, F(aias,q,) = ¢1¢3 m bibs # ¢,¢3. CenoBaresbHo,



qu 1 ¢, OTJIMYUMBI 9KCHEPUMEHTOM a1d3 JuuHbl [(ajas) = l(ay) + (ag) <
(p — k) + k = p. 910 nporuBopednT ycaoBuio. 3HAUUT (OT MPOTHBHOIO)
¢ n ¢ He OTIMYMMBI 3KCIIEPUMEHTOM JIJIMHBI MeHblreii, em k. Jlemma
NoKa3aHa.

Hoxazameavcmeo meopemovr Mypa. Ilycth cocrosnus ¢; n ¢ oTndn-
Mbl SKCHEPUMEHTOM JIJINHBLL P ¥ He OTJIMYUMBI 00/1ee KOPOTKUM IKCIIepH-
MenToM. PaccMoTpuM B JaHHOM aBToMaTe cJjejylolee oTHomenue I, Ha
MHOKecTBe cocTosunii @ (m=0,1,....p): cocTosiHNUsA ¢; U ¢; HE OTIMIUMBI
5KCIIEPUMEHTOM JIJINHBL M (CIUTAaeM, 9To JII0Oble 2 COCTOSHUS He OTTHYN-
Mbl aKciepumentoM ayubbl 0). Ecin qs o6oro ciosa a € A* niuabl m

F(a,q;) = F(a,q;) n F(a,q;) = F(a,q), 10 F(a,q;) = F(a,q), noaromy

R,, — »To oTHOIIeHNe KBUBaJEHTHOCTH J/1s Kaxgoro m = 0,1,2,...,p.

m

Ornocurenbio R, () pasduBaeTcs Ha KJacchl 3KBUBaJeHTHOCTH ()7 ,
m m

Qg ),..., Qg(n)l), TaK d9TO JIIOObIe JIBa COCTOSTHUS M3 OJHOTO KJjacca He

OTJIMYUMBI 5KCIIEpDUMEHTOM JJINHBI 177, A JIIOOBIe JdBa COCTOAHHNA U3 Pa3HbIX
KJIaCCOB OTJIMYUMbI SKCIIEpMMEHTOM JOJIWMHBI M. HpI/I 9TOM S(O) =1mn

Q = ng). [TocMoTpuM KakK MEHSIOTCS 3TH KJIACCHI [IPU Iepexoje oT 1m
K m+ 1. Eciin 2 cocrosiius oT/IMauMbl 3KCIEPUMEHTOM JIJIUHbBL 717, TO OHU
OTJINYUMBI U SKCIEPUMEHTOM JIJIMHBI m + 1, M09TOMY 3KCHepUMeHThl U3
pasHBIX KJACCOB OCTAlOTCA B pasHbIX KJaccax. ITo memme 9.1 ji1s r060ro
m=20,1,...,p—1 cyuectBytoT 2 cocTosAHUAHA, OTJINIUMbIE IKCIIEPUMEHTOM
IUINHBL M+ 1 1 He oTImYuMble sKcriepumenToM b m. CienoBaTebHo,
XOTsI ObI OJIMH U3 KJIACCOB SKBUBAJECHTHOCTH OTHOCHUTebHO R, pacnaja-
eTcsi He MeHee 4eM Ha 2 KJlacca SKBUBAJEHTHOCTU OTHOCUTEJHHO R,.1.
Orciona 1 = s(0) < s(1) < s(2) < ... < s(p—1) < s(p)r. Tak kak Bce s(i)
— HarypaJbHble dnciia, 1o pr — 1. Teopema j1okazaHa.

[Tpumep aBromara Ha puc. 9.1 mokasbiBaer, 4To ONEHKY r — 1 B
reopeme Mypa B 00meM ciydae YJIYUIIATh HeIb3sl. 3eCh, HE3aBUCUMO
OT BXOJIHOTO CHUMBOJI& @ G(a,qi) =0, s i=2,3,...,7ru G(a,q) = 1.

0,1
n 7 /\—’ m JO
N \/L* v

1 1 1 1

Puc. 9.1
st Toro, 9T00BI OTJAUYNATH COCTOSHUSA (1 U ¢, HAIO TEpPeBeCTH
XOTsi ObI OJHO W3 HUX B ¢ (BXOIHBIM CJOBOM IJTUHBI 7 — 2) W 3aTem
ojiaTh ele oJuH BXogHo# cumBoJi. CienoBare/ ibHO, MUHUMAJIbHAS J/TTHA
9KCIIepUMEHTa, OTJINIAoINIero ¢, 1 u ¢, paBHa r — 1.
Onpenenenne. Ilycrs 2 asromara (A, B,Q,G1,F)) n
(A, B,Q2, Gy, Fy) uMeror oqmHaKOBbIe BXOMHOM M BBIXOMHON asdaBUTHI.



ITycty ¢; € Q1 1 ¢; € (2. Byaem rosopurh, 4ro skcnepument a € A*
omIngaer cocrodnud ¢; u ¢;, ecan Fy(a,q) # Fy(a, q;).

Teopema 9.2. I[lycmv danw 2 asmomama (A, B,Q1,G1, Fy),
(A7B7Q27G27F2)' Hycmb |Q1| =T, |Q2| =m uq € Qli q; € QQ' Tozé’a,
ecAU ¢; U ¢j OMAUNUMDL, MO CYUJELCTNEYEM OMAUNGOUWUT UT IKCEPUMEHT
a daunw l(a)r +m — 1.

Hoxazameavcmeo. MoxkHo cautarh, 4To ()1 N (s =. PaccMmorpum
apromar (A, B,Q,G, F), B kotopom Q = ()1 U ()3 1 1narpamMma KOTOPOTO
noJTydaercsi o0beMHeHNeM JHarpaMM HCXOIHBIX aBToMaroB. Torma |Q] =
r-m ¥ 110 IpeJIblIyTIeil TeopeMe ¢, ¢; OTIIMINMBI 3KCIIEPUMEHTOM @ JIJINHBI
[(@)r +m — 1. Teopema nokaszana.

Crnenyromuii mpumep (puc. 9.2) mokasbiBaeT, 9T0 oleHKa r + m — 1
B 00IeM cJIydae HeyJIydliaeMa. 37eCh HMpearoaraeTcsi mr 1 OlATh BbI-
XOJHO# CUMBOJI 3aBUCUT TOJBKO OT TEKYIIEr0 COCTOAHUS U He 3aBUCUT OT
BXO/IHOT'O CHMBO.JIA.

0,1 0 0 0
(4N b+ @GN\ \O [G\O  0/TnNO [\
1 0 . o ML o ) Jo’l

Puc. 9.2

Jlerko B1I€TH, 9TO €CJIM HE€ HMCIIOJIb30BaTbhb COCTOAHNUE q;n BTOpPOI'o

aBTOMAaTa, TO HeJIb3s OTJIMYUThH COCTOsIHU ¢1 U ¢}. [loaToMy cHadaIa HAJIO
epeBecTH BTOPOHl aBTOMAT CJIOBOM a1 U3 ¢y B (... IIpu atom [(ay)m — 1
1 TepBblii aBToMaT 1011 JleficTBueM a mepeiiner u3 ¢ B .. UToObI jnasee
OIy9UTh Pas3JIU9Hble BLIXOJHBIC M0CJIEI0BATEJILHOCTH, HAL0 MepeBecTH
epBbIii aBTOMaT U3 ¢, B ¢ U II0JaTh elle oJuH CUMBOJ. Bcero mis Toro,
4T00bI OTJIMYUTH ¢ OT ¢}, MOTpedyercs BXOJHOEe CJI0BO jauHbl (m — 1) +
(r—1)+1l=m+r—-1.

Onpenesienre. Apromar, B KOTOPOM BCe COCTOSAHUSA IIOIAPHO OTJIN-
YUMbI, HA3bIBACTCA NPUBEIEHHDIM AGMOMATNOM.

Heornmnaumble cocTosiHuA B aBTOMaTe 00pa3syloT KJacChl SKBUBa-
JIEHTHOCTH.

Onpenesienne. Yncsi0 KaaccoB HEOTJIMUNMBIX COCTOAHMI Ha3bIBa-
eTcs 6ecoM aBTOMATA.

Ecnu ckyenTh Bce HeOTIMYUMbBIE MKy 000l COCTOAHMA, TO Jna-
rpaMMa KOpPpPeKTHO Iepeiijier B JuarpaMMy IIPHUBEIEHHOI0 aBToMara, Ko-
TOpBIIl peajusyeT TO Ke aBTOMaTHOe 0TOOpazKeHne BXOJIHBIX CJIOB B BbI-
XOJIHbIE, 9YTO M UCXOHBIA aBTOMAT.

PaccmorpuMm ciienyroniyto 3agady. JaH aBTroMar ¢ U3BeCTHOI nna-
rpaMMoii, Ho Hem3BeCTHO ero HadaIbHOe cocTosAHKe. Beerna mm cymecrsyer



9KCIEePUMEHT @, I03BOJIAIONIMI olpeseuTh 3T0 HadaJlbHOe COCTOsSHUE?!
[Tocsiennee paBHocuabHO ToMy, 4to F(a,q;) # F(a,q;) nus jobsix co-
cToAHu ¢; # ¢;.

Teopema 9.3. Cywecmeyem npusedenmnviii asmomam, 6 KOMOPOM
HEAB3A ONPEJEAUND HAUAALHOE COCTNOAHUE.

Ioxazameavemeso. Paccmorpum asromar Ha puc. 9.3. 31ech nepsoe
4UCI0 B CKOOKaX 0003Ha4YaeT BXOIHON CUMBOJI, a BTOpOe — BBIXOJIHOI
CUMBOJI.

(0,0) (1,0) (1,1) (0,1)

X

il (0,0) @ (1,0)

Puc. 9.3
OH npuBeeHHbBI, TaK KaK @9 OTJIMYAeTCS OT ¢ U (3 SKCIePUMEeHTOM
1, a ¢ omm4aercs ot ¢3 skcunepuMmenToMm (. C apyroii cropoHbl, HeT
eJIMHOT0 KCIIePpUMeHTa, OTJINYaloero Bce COCTOSHUA, TaK KakK JIF000Ii 2K C-
IepuMeHT, HadnHatotuiics ¢ 0, He oTJIMYaeT ¢ 1 ¢9, a JI00il SKCIIepUMeHT,
HadlHatomuiica ¢ 1, He omyimdaer ¢ 1 ¢3. Teopema j1oKa3aHa.
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